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This dissertation addresses two important problems in large-scale logistics, moti-

vated by first-hand experience in industry and military settings. The first part

focuses on offline contextual bandits, drawing from work at Uber on driver incen-

tive programs. I introduce Empirical Soft Regret (ESR), a novel loss function for

value-based learning that addresses limitations of accuracy-based approaches in

misspecified settings. Unlike standard methods that fail when reward models are

poorly specified, ESR provably yields policies that asymptotically achieve optimal

performance while remaining compatible with gradient-based optimization. The

value of this approach is demonstrated through applications in health datasets,

news recommendation, and computational materials science.

The second part addresses large-scale logistics involving simultaneous routing

and scheduling of commodity deliveries across intermodal networks. In collabora-

tion with the United States Marine Corps and Navy, I develop a mixed-integer pro-

gramming formulation for expeditionary warfare logistics that captures the various

physical constraints placed on the network. To address computational limitations,

I propose an efficient solution method based on dual decomposition that leverages

Lagrangian duality to split the problem into smaller, computationally tractable

subproblems.

This work bridges the gap between operations research theory and practice,

demonstrating how theoretical foundations can be successfully translated into prac-



tical solutions for complex real-world logistics challenges.
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CHAPTER 1

INTRODUCTION

Large-scale logistics are an integral part of modern society. Commonly used

technologies such as online marketplaces, ridesharing and food delivery apps, and

commercial airlines all rely on coordinating the movement of things or people across

space and time. Although simple in concept, deploying these technologies in the

real-world faces many technical challenges. Questions like how trips on ridesharing

apps should be priced, or which optimization algorithm to use for real-time routing

decisions require the expertise of operations research experts to answer. For such

settings, it is important to develop theoretically grounded algorithms, as they

provide performance guarantees and help decision-makers deploy solutions with

confidence at scale.

To that end, this dissertation addresses two problems that I have faced in

applied work over the past five years, both in large-scale logistics. The first came

from a series of internships I did at Uber, where I worked on a team that allocated

money to different incentive programs for drivers. The research question here was

how to leverage machine learning to intelligently solve a budget allocation problem,

given that each driver is associated with historically collected features. This is the

basis for Part I of this dissertation. The second came from an applied project with

the United States Marine Corps and Navy, where the goal was to develop a tool

that assists logisticians in making decisions about scheduling and routing vehicles

and commodities in areas of contestation. The key to addressing this challenge

was understanding what the right model is and which algorithm to use, given the

immense size of the naval logistics network. Part II addresses this problem.

In Part I, I study algorithms and applications for offline contextual bandits
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and loss functions design. I first discuss my work on loss functions for offline

contextual bandits in Chapter 2. Contextual bandits model sequential decision-

making problems in which at each time step, an agent observes a context, takes a

decision, and receives a reward. The goal of the agent is to maximize this reward

over time by deriving a good policy, a function which maps from context to action.

The offline variant of contextual bandits considers the case that the agent has a

static dataset of historical context-action-reward tuples, and must still optimize

the reward obtained in expectation over the distribution of contexts.

Offline contextual bandits model many important real-world problems, includ-

ing personalized medicine [Ameko et al., 2020], news recommendation [Li et al.,

2010], and online advertising [Chaudhuri et al., 2017]. I study value-based learning,

a kind of learning algorithm which relies on learning a reward model as a function

of the context and the reward. Standard value-based learning relies on accuracy-

based loss functions for training the reward model, which only work well when

the reward model is well-specified. In contrast, I study the mis-specified setting,

in which case training on accuracy-based loss function fail to yield good policies.

Instead, I propose a novel loss function, Empirical Soft Regret (ESR), which can

provably yield a policy which asymptotically achieves the best performance in a

model class. Importantly, this loss function can still be used with any machine

learning model which relies on gradient-based optimization, such as neural net-

works. Beyond theory, I also demonstrate its effectiveness on a health dataset and

a dataset on news recommendation.

In Chapter 3, I explore better loss functions for neural interatomic potentials

in computational materials science. I first introduce a novel approach for improv-

ing minimum energy pathway (MEP) prediction by combining neural interatomic

2



potentials with ideas from offline contextual bandits. I proposed adapting the

ESR loss to learning an energy model which optimizes for the downstream task of

identifying low-energy reaction pathways. Experiments on the oxygen reduction

reaction demonstrate that ESR enables accurate MEP predictions using signifi-

cantly fewer DFT evaluations than traditional methods, outperforming standard

baselines and showing promise for scalable materials discovery. I also introduce a

new loss function to use when predicting physical quantities that depend on the

distribution of energies of a material. Through the lens of statistical mechanics, I

design a loss function, Canonical Ensemble Loss, which targets the Boltzmann dis-

tribution of energies, a property of the canonical ensemble of the material. Using

a synthetic dataset of magnesium-iron oxide rock salts, preliminary results show

promising performance on the task of predicting the critical temperature.

In Part II, I study large-scale logistics problems which involve the simultaneous

routing and scheduling of commodity deliveries across an intermodal delivery net-

work. Chapter 4 introduces a mixed-integer programming (MIP) formulation of

this problem for expeditionary warfare involving the United States Marine Corps

(USMC). In contested areas, the USMC may need to quickly deploy people, equip-

ment, and sustenance to various locations across a wide network. The USMC has

at its disposal many modes of transportation, such as air, sea, and ground, and

many different vehicles for each mode with their own speeds, ranges, and capacities.

Currently, Marine logisticians plan the delivery of the commodities manually,

using a combination of spreadsheets and presentation slides. We instead model

this problem using a MIP, where the objective is to minimize the late and unmet

demand, and the constraints capture the physical constraints of the logistics prob-

lem, such as vehicle speeds, ranges, capacities, etc. We demonstrate the efficacy of

3



our approach on a fictitious warfare scenario set in Southern California designed

to reflect USMC training scenarios. Our approach is also currently in active use

by the USMC in training exercises.

In Chapter 5, I discuss an efficient way of solving the same kinds of large-scale

logistics problems as in the previous chapter. In practice, the MIP formulation

of Chapter 4 can be solved by state-of-the-art MIP solvers as long as the size of

the problem, as measured by the number of variables and constraints, can fit on

a reasonable computer. However, once the problem becomes too large, memory

and/or time requirements become practically infeasible, and an alternative solution

method becomes necessary. I propose a method based on dual decomposition

[Everett III, 1963] which leverages Lagrangian duality to split the MIP into many

smaller problems, each of which require much less memory and time to solve. By

solving these smaller problems in a loop, one can derive a solution for the overall

MIP. I demonstrate this method on the same scenario in the previous chapter,

showing that this method can yield solutions on large problems where the MIP

cannot due to the compute required.

4



Part I

Offline Contextual Bandits and

Loss Function Design
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CHAPTER 2

VALUE-BASED LEARNING IN OFFLINE CONTEXTUAL

BANDITS

This chapter is based on joint work with Peter Frazier.

2.1 Introduction

We study offline contextual bandits. Here, an agent takes an action a when pre-

sented with a context x drawn from a distribution PX and receives a reward r(x, a).

The agent’s goal is to learn a policy that maximizes the expected reward over the

distribution of contexts, using only a fixed dataset of past interactions, i.e. without

active exploration. Offline contextual bandits have many real-world applications

such as personalized medicine [Ameko et al., 2020], news recommenders [Li et al.,

2010], and online advertising [Chaudhuri et al., 2017].

Value-based learning first trains a reward model that minimizes an accuracy-

based loss function on the observed rewards, then outputs the greedy policy with

respect to this reward model [Beygelzimer and Langford, 2009]. Value-based learn-

ing is important to study because it is widely used [Rafieian and Yoganarasimhan,

2021, Huang et al., 2022, Sakhi, 2023] due to its ability to accommodate a wide

range of supervised regression models such as random forests, convolutional neural

networks, and transformers. Other advantages of value-based learning reported

by the literature include its superior generalization behavior when using overpa-

rameterized models [Brandfonbrener et al., 2021] and its low variance vs. methods

based on inverse propensity weights [Dud́ık et al., 2014].

A major challenge in deploying value-based learning is model misspecification,

6



that is, when the true reward model that generated the data is outside the class

of models being used to fit the data. When the model is misspecified, the induced

policy will not typically achieve zero regret. We provide a simple example showing

that value-based learning fails to achieve asymptotically zero excess regret. More

flexible models, such as neural networks with massive architectures, can reduce

model misspecification but at the cost of higher inference times, hardware cost,

memory use, and less interpretability.

While we should not expect to achieve zero regret when the model is misspec-

ified, we can hope to achieve zero excess regret, defined as the additional regret

incurred by a policy relative to the minimum regret achievable in a model class.

Hu et al. [2024] study this setting and show that a general version of the direct

method, i.e. value-based learning, achieves zero excess regret asymptotically in the

data size n. In particular, under the assumption that the MSE of the reward model

goes to 0 as n grows, they provide a loss function, the IERM objective, which they

theoretically shows yields asymptotically optimal regret over the policy class.

Under this framework, we provide a specific nearest-neighbor/matching esti-

mator for the reward which satisfies the reward model assumption, as well as a

softmax policy class which is suitable for gradient-based optimization. Moreover,

by applying results from Hu et al. [2024] as well as independently derived theory,

we show that the minimizer of this loss function, Empirical Soft Regret (ESR), en-

joys asymptotically optimal regret in the policy class as the number of datapoints

n grows to infinity.

The rest of the chapter is structured as follows. Section 2.2 overviews the lit-

erature. Section 2.3 presents our mathematical setting. Section 2.4 analyzes the

7



shortcomings of value-based learning. Section 2.5 presents our proposed loss func-

tion and Section 2.6 connects our work to Hu et al. [2024]. Section 2.7 goes over our

independently derived theoretical results. Section 2.8 demonstrates the effective-

ness of our method on experiments in both conditional average treatment effect

estimation and contextual bandits. Finally, Section 2.9 concludes and outlines

future work.

2.2 Related Work

Here we overview related work in offline contextual bandits. We also review ap-

proaches from other settings that are closely related to value-based learning.

2.2.1 Policy Learning in Offline Contextual Bandits

Algorithms for policy learning in offline contextual bandits are generally either

value-based or policy-based. In value-based learning, the contextual bandit al-

gorithm learns a reward model r̂(x, a) that predicts r(x, a) from x and a, and

then executes the greedy policy with respect to this reward model. In context x,

this policy takes action π(x) = argmaxa r̂(x, a) [Beygelzimer and Langford, 2009].

Within the space of value-based methods, the “direct method” learns the reward

model by regressing the observed ri on (xi, ai) using the MSE loss function, i.e.,

by minimizing 1
n

∑n
i=1(r(xi, ai) − r̂(xi, ai))

2. Other value-based learning methods

incorporate pessimism [Nguyen-Tang et al., 2021] and distributional robustness

[Yang et al., 2023].

In contrast, policy-based algorithms optimize over the space of stochastic poli-

8



cies π(x), which map from x to the d-dimensional simplex (for d actions). The

standard policy-based algorithm is the inverse-propensity weight (IPW) method

[Rosenbaum and Rubin, 1983], which uses 1
n

∑n
i=1 ri

π(ai|xi)
π0(ai|xi)

as the loss function,

where π(a|x) is the probability of taking action a given context x under policy

π, and π0 is the policy used when collecting the data {xi, ai, ri}. Many offline

policy learning methods build on the IPW method, e.g. to account for propensity

overfitting [Joachims et al., 2018, Swaminathan and Joachims, 2015a,c], pessimism

[Sakhi et al., 2024, Wang et al., 2024], PAC-Bayesian bounds [Sakhi et al., 2023],

propensity score variance [Behnamnia et al., Strehl et al., 2010, Kallus, 2018], lim-

ited overlap in context distributions between different actions [Kallus, 2021], tree-

and forest-based learning [Kallus, 2017], reduction to weighted classification [Zhao

et al., 2012, Zhang et al., 2012, Zhou et al., 2017], or distributional robustness [Si

et al., 2023]. A closely related policy-based method is Swaminathan and Joachims

[2015b], in which a softmax policy parameterization is also used, enabling gradient-

based optimization. One important difference in policy-based learning is that they

generally require knowledge of the propensities and/or logging policy as part of

the training data π0(xi).

The doubly robust method [Dud́ık et al., 2014] combines a re-

ward model r̂ and inverse-propensity weights 1/π0 to output π̂ =

argminπ∈Π
1
n

∑n
i=1

(∑
a∈A r̂(xi, a)π(a|xi) + π̂(ai|xi)

π0(ai,xi)
(ri − r̂(xi, ai))

)
. Variants

thereof address the high variance of inverse propensities [Su et al., 2020], distribu-

tional robustness [Kallus et al., 2022], or use k-fold cross-fitting to yield minimax

optimal regret rates [Zhou et al., 2023].

When using overparameterized models, Brandfonbrener et al. [2021] compare

value-based and policy-based methods, finding that value-based methods exhibit
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the same good generalization performance of overparameterized supervised learn-

ing, while policy-based methods do not. They show this is because policy-based

learning suffers from an “action-unstable” objective, i.e. one for which the mini-

mizer for each individual datapoint is different from the minimizer over the entire

dataset. They establish upper bounds on regret for value-based methods and lower

bounds on regret for policy-based methods based on this property.

2.2.2 Predict-then-optimize

Like this work, the literature of predict-then-optimize, or decision-focused learning,

explores alternative loss functions when training models for downstream decision-

making [Elmachtoub and Grigas, 2022, Wilder et al., 2019, Mandi et al., 2022].

These works, however, assume full feedback, in sharp contrast with offline contex-

tual bandits. In particular, they assume the objective function to be maximized

has a known form f(c, a), where a is the decision variable which must lie in some

set A and c is an uncertain parameter. A parametric model ĉ(x) is fit to training

data {(xi, ci)}ni=1 by regressing c ∼ x. Then, given context x, the approach outputs

decision argmaxa∈A f(ĉ(x), a). Regret results when prediction error, ĉ(x) ̸= c(x),

causes the value of the best action, maxa∈A f(c(x), a), to strictly exceed the value

of the chosen action, f(c(x), argmaxa∈A f(x, ĉ(x))).

In this model, f(c, a) is known, so that for each datapoint (xi, ci), the coun-

terfactual outcome f(ci, a) is known for each a ∈ A. This makes maximizing the

objective within the training data trivial; simply take argmaxa∈A f(ci, a) for each i.

In contrast, we only observe the output of the response function for a single action

and context, necessitating a regression model r ∼ x, a that can predict counterfac-

tual outcomes. Maximizing the outcome in the training data is not immediate.
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2.2.3 Contextual Optimization with Bandit Feedback

Hu et al. [2024] study contextual linear optimization with bandit feedback. In this

setting, an offline dataset of n data points D = {(X1, Z1, C1), . . . , (Xn, Zn, Cn)} is

drawn from a distribution on (X,Z,C). Here Xi is the context, Zi is the action ly-

ing in a polytope Z, and Ci is the observed cost which is linear in Z, i.e. Ci = Z⊤
i Y

for some Y . Given that E[Y |X = x] = f0(x), the goal is to derive a policy π̂(x)

which incurs low regret, defined as Reg(π) = EX [f0(X)⊤π(X)−minz∈Z f0(X)⊤z].

This setting captures offline contextual bandits when Z is the simplex, i.e. when

the vertices of the polytope Z comprise the canonical basis.

Hu et al. [2024] study three algorithms: the direct method, inverse spectral

weighting, and the doubly robust method, which all rely on optimizing an unbi-

ased estimate for the value of a policy EX [f0(X)⊤π(X)] over a policy class ΠF

induced by a model class F (which may or may not contain f0). They derive a

general bound on the regret achieved by the resulting policy. They show that the

regret bound enjoys a fast rate when the induced policy class is well-specified, i.e.

minπ∈ΠF Reg(π) = 0, and a slower rate when minπ∈ΠF Reg(π) > 0.

§2.6 analyzes their result for the direct method for offline contextual bandits

in more detail.

2.2.4 Causal Machine Learning

The literature on causal machine learning has studied settings with data of the form

(xi, ti, yi) where xi are contextual features, ti is the binary treatment indicator,

and yi is the outcome, where it is generally assumed only the outcome from one
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treatment is observed for each xi.

Most of this literature considers the problem of treatment effect estimation

and quantifying uncertainties in these estimates, not in designing policies with

low regret. In particular, many methods in the literature construct estimators

for the conditional average treatment effect (CATE), defined as E[y(1) − y(0)|x],

with theoretical guarantees on the quality of the estimator. In particular, there

has been much recent interest in causal metalearners, a class of methods which

leverage black-box machine learning models in workflows which include custom

loss functions, constructing additional training signals, and data splitting [Künzel

et al., 2019, Kennedy, 2023, Nie and Wager, 2021].

CATE estimation and policy learning are related, but not the same. When one

wishes to achieve low regret, all that matters is that the treatment with the best

outcome is also the one with the highest estimated CATE. Beyond this, it does

not matter how accurate the estimate is. Moreover, there is a tradeoff between low

regret and high CATE accuracy, as with a limited model class, a model which is

optimized for CATE would not generally align with that which minimizes regret,

and vice versa.

As such, one would expect a method designed to achieve the maximum CATE

accuracy possible in the model class to not achieve minimum regret. Compar-

ing our proposed method against four such CATE estimators (S-, T-, R-, and

DR-learners), we demonstrate this to be the case empirically in our numerical

experiments in §2.8.1.

Analogous to policy-based methods for offline contextual bandits, methods

for learning policies directly have been proposed. These include [Kitagawa and
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Tetenov, 2018, Athey and Wager, 2021], which are based on similar ideas as the

IPW and doubly robust methods from offline contextual bandits. We compare with

policy-based benchmarks in our experiments and find that our method achieves

lower regret.

2.3 Model

We now define our mathematical model. An agent interacts with a K-armed

contextual bandit where in each round t, the agent is presented with a context

xt ∈ X ⊂ Rd drawn independently from a fixed unknown distribution PX , takes

action at ∈ A where |A| = A, and receives reward rt := r(xt, at) where r(·, ·) is

fixed but unknown. The agent would like to choose at based on xt to maximize the

expected value of the reward rt, where the expectation is taken over contexts xt.

The agent is presented with historical data of the form (xi, ai, ri) where xi ∼ PX

and ai ∼ π0(xi) for some unknown logging policy π0. They use this data to train a

reward model r̂θ(x, a), where θ ∈ Θ parameterizes the reward model; this captures,

for example, the weights in ordinary least squares, or the weights and biases in a

deep neural network. After training, the agent fixes the model and uses it to

derive a policy π : X 7→ ∆(A), a function which takes as input a context x and

outputs a probability distribution over actions. In the case of value-based learning,

this distribution is defined to be a point mass on the action with the maximum

predicted reward, and the notation in this case is π(x) = argmaxa r̂θ(x, a).

The objective is to minimize expected regret. For model parameters θ and

context x, the regret, in the case of value-based learning, is

Rθ(x) := max
a∈A

r(x, a)− r(x, argmax
a∈A

r̂θ(x, a)),
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and the expected regret is Ex∼PXRθ(x). We also define excess regret for a model θ

and its model class Θ as Ex∼PXRθ(x)−minθ∈Θ Ex∼PXRθ(x).

Note that the expected reward, Ex∼PX r(x, argmaxa∈A r̂θ(x, a)) differs from (neg-

ative) reward by only a constant: Ex∼PX [maxa r(x, a)] and so any maximizer θ of

the expected reward would simultaneously minimize regret.

2.4 Analysis of Value-based Learning

In value-based learning (also referred to interchangeably as the direct method),

one usually trains a reward model that minimizes the empirical MSE loss:

LMSE(r, r̂θ) :=
1
n

∑n
i=1 (r(xi, ai)− r̂θ(xi, ai))

2 . The policy which derived from this

reward model is then π(a|x) = 1{a = argmaxa∈A r̂(x, a)}, i.e. greedy with respect

to the predicted reward model.

MSE is focused on predictive accuracy and does not consider the downstream

impact of reward model errors on regret. For example, MSE treats the decision

variables ai and contextual features xi in the same way, despite their distinct roles

in influencing regret.

In contrast, we study the setting that the reward model is misspecified, i.e.

Ex∼PX

∑
a∈A(r(x, a) − r̂θ̂MSE

(x, a))2 does not vanish even as n → ∞. This is

an important setting, as in practice one can rarely ensure the model class used

in training contains the true model. In particular, the following counterexample

shows that minimizing MSE can yield nonzero excess regret, even as n→∞, when

the reward model is misspecified.

Proposition 2.4.1. Let d > c > 0 be real numbers. Let there be one context x0 ∈
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X and two actions c, d ∈ A ⊂ R. Let PX be a point mass at x0, π0(a|x0) > 0 for a =

c, d, and r(x, a) = −c−d+a so that the data-generating distribution only produces

two tuples (in (x, a, r) format) with positive probability: (x0, c,−d), (x0, d,−c). Let

the model class contain two functions: r̂θ(x, a) = θ · a for θ = ±1. Then the

MSE-minimizing model does not minimize regret in the model class.

Proof. Consider the MSE for θ = +1. We have r̂θ(0, c) = c and r̂θ(0, d) = d.

For both possible datapoints, the squared error is (c+ d)2. It immediately follows

that the MSE is also (c + d)2. Likewise, for θ = −1, we have r̂θ(0, c) = −c and

r̂θ(0, d) = −d. For both datapoints, the squared error equals (c−d)2, and therefore

so is the MSE. This is smaller than the MSE for θ = +1. Therefore, the MSE

minimizer is θ = −1. However, choosing θ = −1 yields positive regret for all n;

the policy which is greedy with respect to r̂−1 always chooses action d, incurring

(expected) regret d− c. On the other hand θ = +1 trivially yields zero regret.

Next we show how value-based learning can be adapted to address this gap and

lower excess regret.

2.5 Empirical Soft Regret

We construct an alternative loss function for training the reward model that di-

rectly targets the expected reward attained by the induced policy. In particular,

we leverage the insight that the ability of the reward model to accurately predict

the true reward is not directly important; we only care about its ability to generate

good decisions argmaxx r̂θ(x,w) and achieve low regret.

Ideally, a training method would directly maximize the empirical reward over
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θ

1

n

n∑
i=1

r(xi, argmax
a∈A

r̂θ(xi, a)). (2.1)

However, this is difficult because the only dependence of the loss on the parameter

θ is through an argmax, making any gradient-based optimization nontrivial to

apply.

To resolve this nondifferentiability, we adapt the softmax policy parameteriza-

tion from Swaminathan and Joachims [2015b]. In particular, consider the “soft”

version which replaces the argmax with a softmax function:

1

n

n∑
i=1

∑
a∈A

r(xi, a)
ekr̂θ(xi,a)∑

a′∈A ekr̂θ(xi,a′)
. (2.2)

This loss is smooth with respect to θ, where the level of smoothness is controlled

by k, enabling the use of autodifferentation and gradient-based optimization such

as in neural networks.

Moreover, we can interpret this as the regret incurred by a stochastic policy

πθ(·|x), where we enforce a softmax parameterization:

πθ(a|x) =
ekr̂θ(xi,a)∑

a′∈A ekr̂θ(xi,a′)
.

In other words, instead of interpreting rθ(x, a) as a prediction for the reward,

we view it as the logit in a randomized policy. We can now define the expected

regret under a softmax policy:

Rk
θ(x) := max

a∈A
r(x, a)−

∑
a∈A

r(x, a)
ekr̂θ(x,a)∑

a′∈A ekr̂θ(x,a′)
.
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However, in resolving the nondifferentiability, we encounter a different problem:

the data we receive does not typically contain samples of all actions a ∈ A for the

same context x. Therefore, (2.1) is typically not computable from the data. We

now address the challenge that the dataset does not contain all a ∈ A for each xi

in the data. First, denote na(i) as the index of the nearest neighbor for point i

in the set of {xj}j ̸=i with action a. Specifically, we define na(i) for datapoint i as

na(i) ∈ argminj ̸=i,aj=a ∥xi − xj∥2.

Then we define N(i) as the set of na(i) for all a ∈ A i.e. N(i) = {na(i) : a ∈ A}.

Then our loss function, called the Empirical Soft Regret (ESR) and written LESR,k,

is

LESR,k(r, r̂θ) = −
1

n

 n∑
i=1

∑
j∈N(i)

r(xj, aj)
ekr̂θ(xi,aj)∑

j′∈N(i) e
kr̂θ(xi,aj′ )

 , (2.3)

where the negative sign is present since losses are generally to be minimized. The

use of the nearest neighbor approximates the loss function that could be computed

if we observed rewards for all actions a ∈ A on each context x. In training, we

minimize this loss function over θ, where again k is a parameter controlling the

smoothness of the loss function.

We view our method as a value-based method for offline contextual bandits, as

we still learn a reward model rθ(x, a). However, unlike the direct method (which

uses MSE), our method directly optimizes for the reward attained by the resulting

policy, which simultaneously minimizes the incurred regret. As such, we expect

our method to have lower regret, even though they may not produce accurate

predictions r̂θ(x, a) for r. We explore this theoretically below and observe this

empirically in our experiments in §2.8.

We will see in §2.8.2 that ESR also outperforms various policy-based methods

for offline contextual bandits. We hypothesize that ESR has a particular advan-
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tage when the average reward across actions 1
|A|
∑

a∈A r(x, a) is highly variable.

Such variability degrades the performance of policy-based method based on in-

verse propensity weights but ESR’s loss function removes most of this variability.

We give insight into this phenomenon with a simple example in A.1.3.

2.6 Connection to Hu et al. [2024]

Hu et al. [2024] show that a generalized version of the direct method can achieve

asymptotically zero excess regret. In particular, they consider a twofold varia-

tion of the direct method that partitions the dataset into two subsets D1, D2,

each of size n/2. D1 is used to fit the “nuisance” function r. One such

method they mention is to minimize MSE within some function class Θ1 θ̂1 ∈

argminθ∈Θ
∑

i∈D1
(ri− r̂θ(xi, ai))

2, which would correspond to the traditional value-

based learning approach with MSE. They derive an estimate for the reward earned

by a policy π as 2
n

∑
i∈D2

∑
a∈A r̂θ̂1(xi, a)π(a|xi). Then they switch the roles to

analogously construct a second estimate 2
n

∑
i∈D1

∑
a∈A r̂θ̂2(xi, a)π(a|xi), and com-

pute

πθ̂DM
∈ argmax

π∈ΠΘ2

1

n

2∑
j=1

∑
i∈Dj

∑
a∈A

r̂θ̂3−j
(xi, a)π(a|xi),

where ΠΘ2 is some policy class parameterized by θ ∈ Θ2.

Remark 2.6.1. Note that in the case that no cross-fitting is used, then the objective

is argmaxπ∈Π
1
n

∑
i=n

∑
a∈A r̂(xi, a)π(a|xi), where r̂ is fit on the entire dataset. In

this case, when Π is theA-dimensional simplex, then it is clear the optimal π∗ would

be the one which is greedy with respect to r̂, i.e. π∗(a|x) = 1{a = argmaxa r̂(x, a)}.
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This corresponds to what we previously defined as value-based learning. In partic-

ular, when r̂ is fit by minimizing MSE on the entire dataset, this is commonly re-

ferred to as value-based learning [Brandfonbrener et al., 2021] or the direct method

(with MSE) [Nguyen-Tang et al., 2021, Sakhi, 2023, Jeunen and Goethals, 2021]

in the literature.

Under the assumption that the nuisance estimation error vanishes with n, i.e.

Ex∼PX

∑
a∈A(r(x, a)− r̂θ̂i(x, a))

2 n→∞→ 0 for i = 1, 2, then

Ex∼PXRθ̂DM
(x)

n→∞→ min
θ∈Θ

Ex∼PXRθ(x),

i.e. θ̂DM achieves asymptotically zero excess regret. Hu et al. [2024] mention

that one can use a well-specified function class Θ1 for θ̂1, θ̂2 to guarantee that the

nuisance estimation error vanishes while maintaining a simpler function class Θ2

to compute θ̂DM (over ΠΘ2).

We now clarify the relationship between ESR and the direct method as de-

scribed in Hu et al. [2024].

In the absence of cross-fitting, the approach of Hu et al. [2024] is to solve

argmin
θ∈Θ

1

n

n∑
i=1

r̂(x, a)πθ(a|x), (2.4)

where r̂(·) is some estimate for the reward r(·) and Θ parameterizes the policy

class. We observe that ESR is identical to this IERM objective in the specific case

that (1) a matching/1-nearest-neighbor estimate r̂1NN is used for estimating r and

(2) a softmax policy class ΠΘ is used, i.e. πθ(a|x) ∝ exp(kr̂θ(x, a)).

We now consider applying the results of Hu et al. [2024], where the matching-
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based estimator r̂1NN(·) is used for r in the first stage, and we define the policy

class as the softmax policy with parameter k given by πθ(a|x) ∝ exp(kr̂θ(x, a)).

Denote θ̂IERM
n the minimizer of the cross-fitted version of 2.4. Then the regret

bound achieved in Remark 3 (based on Theorem 1, when 2(1 + α)/α is integer

from Assumption 3) is

Reg(πθ̂IERM
n

)− Reg(π∗) ≤ B(12Θ

√
C̃(α, γ)

√
η log(n+ 1) + log(8/δ)

n

2α+2
α+2

+
24(α + 1)

α + 2
BΘ
(√

C̃(α, γ)

(
Reg(π∗)

B

) α
2(1+α)

√
η log(n+ 1) + log(8/δ)

n

+
η log(n+ 1) + log(8/δ)

n

)
+

2α + 2

α + 2
RateN(n/2, δ/4),

where RateN(n, δ) denotes the rate at which Ex∼PX

∑
a(r̂(x, a)− r(x, a))2 con-

verges to 0 (with probability at least 1 − δ), and α, γ, η,Θ, C̃ are various terms

required by the assumptions.

In our setting, we consider r̂ as the nonparametric 1-nearest neighbor matching-

based estimator [Abadie and Imbens, 2006]. When r has zero variance, which is

what we consider in this section, then the mean-squared error rate is O(n−1/d) with

high probability [Abadie and Imbens, 2006]. Therefore the dominant term, as a

function of n, in Remark 3 from Hu et al. [2024] is O(n−1/d). We will compare our

independently derived rate to this in the next section.

2.7 Theory

We now present independently derived theoretical results on the asymptotic excess

regret of policies trained on the ESR loss function.
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We state the following theorem on the performance of using the ESR loss

function in regression settings. We assume a finite action space, i.e. |A| = K,

X ⊂ Rd, and require the following assumptions.

Assumption 2.7.1 (Regularity conditions on r). There exists finite constants

∆, L > 0 such that ground truth reward r satisfies:

(a) ∥r∥∞ ≤ ∆, i.e. the rewards are bounded.

(b) r(x, a) is L−Lipschitz in x for each a.

Assumption 2.7.2 (Model class Θ). The class of models rθ parameterized by

θ ∈ Θ, denoted rΘ, satisfies the following for some finite constants L′, B, C > 0,

and D > 0:

(a) rθ(x, a) is L
′-Lipschitz in x for each a and ∥rθ∥∞ ≤ B for all θ.

(b) The uniform covering number [Anthony and Bartlett, 2009] for rΘ satisfies

N∞(α, rΘ, n) ≤
(
Cn
α

)D
for α ≤ 2B.

From Theorem 14.5 of Anthony and Bartlett [2009], Assumption 2.7.2 (a)

and (b) are satisfied for multi-layer, fully connected neural networks with weights

bounded in ∥ · ∥1, and Lipschitz, bounded, and nondecreasing activation functions,

where D is the number of weights. See A.1.1 for details.

We require the following assumptions on the distribution PX from which con-

texts are drawn.

Assumption 2.7.3 (Distributional assumptions on PX ). The distribution PX sat-

isfies:
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(a) The support Ω of PX is bounded. On the support, the density is bounded

below by p > 0.

(b) Let Bδ(x) be the ball of radius δ around x ∈ X . There exists v ∈ (0, 1] such

that, for all x ∈ X and δ > 0, Vol(Bδ(x) ∩ X ) ≥ vVol(Bδ(x))

Both assumptions 2.7.10(a) and 2.7.10(b) are standard in the analysis of

nearest-neighbor type estimators [Zhao and Lai, 2020, 2022, Lin et al., 2023].

Assumption 2.7.10(a) is satisfied for a wide class of truncated continuous distri-

butions, e.g. the Gaussian or Laplace distributions truncated at some threshold

value. Assumption 2.7.10(b) lower bounds the angle at corner points in the sup-

port, avoiding supports which have extremely sharp corners. For example, the

boundary of a hyperrectangle on Rd has v = 2−d.

Finally, we assume the following on the logging policy:

Assumption 2.7.4 (Positivity of Logging Policy). There exists a p > 0 such that

the logging policy π0 satisfies π0(a|x) > p for all a ∈ A, x ∈ X .

This is a standard assumption to ensure all actions are observed as the number

of points goes to infinity; for instance, this is required for the IPW estimator to be

unbiased.

Under these assumptions, we have the following theorem on the asymptotic

behavior of the regret incurred by the minimizer of the ESR. Define P as the

distribution of the n datapoints {xi}ni=1.

Theorem 2.7.5. Define θk as the minimizer of the expected soft regret within Θ,

and define θ̂ESR,n as the minimizer of the ESR loss function over n datapoints.

Suppose that Assumptions 2.7.1 through 2.7.4 hold. Then there exists constants

F,G,H,K,M > 0 which depend on ∆, L, L′, A,B,C, p, v, p such that,
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P
(
|Ex∼PXR

k
θ̂ESR
n,k

(x)− Ex∼PXR
k
θk
(x)| ≥ t

)
≤ max

(
4, F

(
nk

t

)D
)
exp

(
−Gnt2

)
+Hn exp

(
−(n− 1)Ktd

Md

)
.

Observe that by reversing the bound to be in terms of the probability δ, we get

a bound that is Õ(n−1/d) in high probability (where Õ ignores log terms), which

therefore matches the bound from Hu et al. [2024] up to log terms.

Proof. We define the following terms.

sk(θ) = Ex∼PX

A∑
a=1

r(x, a)
exp(kr̂θ(x, a))∑A
a′=1 exp(kr̂θ(x, a))

,

ŝn,k(θ) =
1

n

n∑
i=1

A∑
a=1

r(xi, a)
exp(kr̂θ(xi, a))∑A
a′=1 exp(kr̂θ(xi, a))

,

and

ŝESR
n,k (θ) =

1

n

n∑
i=1

∑
j∈n(i)

r(xj, aj)
exp(kr̂θ(xi, aj))∑A
a′=1 exp(kr̂θ(xi, a))

.

We also define

• θk ∈ argminθ sk(θ)

• θ̂kn ∈ argminθ ŝn,k(θ)

• θ̂ESR
n,k ∈ argminθ ŝ

ESR
n,k (θ) .
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Let us prove a high probability bound on ∥sk − ŝn,k∥∞.

To do so, we first derive the Lipschitz constant for the loss function for an

individual context x. We have that

|
A∑

a=1

r(x, a)
exp(kr̂θ(x, a))∑A
a′=1 exp(kr̂θ(x, a))

−
A∑

a=1

r(x, a)
exp(kr̂θ′(x, a))∑A
a′=1 exp(kr̂θ′(x, a))

|

≤ |
A∑

a=1

r(x, a)

(
exp(kr̂θ(x, a))∑A
a′=1 exp(kr̂θ(x, a))

− exp(kr̂θ′(x, a))∑A
a′=1 exp(kr̂θ′(x, a))

)
|

≤ ∥r(x, ·)∥2∥
exp(kr̂θ(x, ·))∑A

a′=1 exp(kr̂θ(x, a))
− exp(kr̂θ′(x, ·))∑A

a′=1 exp(kr̂θ′(x, a))
∥2

≤ A∆L′k∥θ − θ′∥2,

where the second-to-last inequality is from Cauchy-Schwarz, and the last inequality

is a consequence of Assumption 2.7.2 and Proposition 4 of Gao and Pavel [2017].

We now adapt Theorem 17.7 from Anthony and Bartlett [2009]. (The original

theorem assumed a codomain of F being [0, 1]; we expand the codomain of F to

[−b, b], as the arguments do not depend on this codomain as long as the Lipschitz-

ness extends to the larger set).

Theorem 2.7.6. Suppose that F is a set of functions defined on a domain X and

mapping into the real interval [−b, b], Y ⊂ R, and B ≥ 1. Let P be any probability

distribution on Z = X × Y , ϵ be any real number between 0, 1, and n any positive

integer. Then for a loss function ℓ : [−b, b]× Y 7→ [0, B] satisfying

|ℓ(y1, y0)− ℓ(y2, y0)| ≤ L|y1 − y2|

for all y0, y1, y2, then
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P

(
sup
f∈F
|Ex,y∼P ℓ(f(x), y)−

1

n

n∑
i=1

ℓ(f(xi, yi)| ≥ ϵ

)
≤ 4N1

( ϵ

8L
, F, 2n

)
exp

(
−nϵ2

32B2

)
.

To use this theorem, we observe from the above arguments that our loss function

satisfies the condition of the theorem for L = A∆kL′.

Then, observing that the N1 covering number is always smaller than the N∞

covering number, |Rk
θ(x)| ≤ ∆ for all x, θ, and applying Assumption 2.7.2(b), we

plug in rθ for f and 8A∆kL′α = ϵ to yield

∥sk − ŝn,k∥∞

is larger than 8A∆kL′α with probability at most 4
(
Cn
α

)D
exp(−2A2L′2nk2α2) for

α ≤ 2B.

For α > 2B, notice that because |rθ|∞ ≤ B by Assumption 2.7.2(a), then

the covering number N∞(α, F, 2n) = 1, since any θ will satisfy |rθ(x) − rθ′(x)| ≤

2B < α for any other θ′, for all x. Therefore for α > 2B, the bound is simply

4 exp(−2A2L′2nk2α2) for α ≤ 2B. We can collapse these two cases in an overall

bound: ∥sk − ŝn,k∥∞ is larger than 8A∆kL′α with probability at most

4max

(
1,

(
Cn

α

)D
)
exp

(
−2A2L′2nk2α2

)
.

We then move on to bounding ∥ŝn,k − ŝESR
n,k ∥∞.

We proceed directly. We can write supθ |ŝn,k(θ)− ŝESR
n,k (θ)| as
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sup
θ
| 1
n

n∑
i=1

 A∑
a=1

r(xi, a)
exp(kr̂θ(xi, a))∑A
a′=1 exp(kr̂θ(xi, a))

−
∑
j∈n(i)

r(xj, aj)
exp(kr̂θ(xi, aj))∑A
a′=1 exp(kr̂θ(xi, a))

 |
= sup

θ
| 1
n

n∑
i=1

A∑
a=1

(r(xi, a)− r(xji(a), a))
exp(kr̂θ(xi, a))∑A
a′=1 exp(kr̂θ(xi, a))

|

≤ sup
θ

1

n

n∑
i=1

A∑
a=1

|(r(xi, a)− r(xji(a), a))
exp(kr̂θ(xi, a))∑A
a′=1 exp(kr̂θ(xi, a))

|

≤ 1

n

n∑
i=1

A∑
a=1

|(r(xi, a)− r(xji(a), a))|

≤ AL
1

n

n∑
i=1

|xji(a) − xi|

where ji(a) denotes the index of the matched neighbor for datapoint i with

action a, the second-to-last inequality follows since each softmax term is positive

and bounded above by 1, for any θ, and the last inequality comes from Assumption

2.7.2.

Now let us derive a bound for 1
n

∑n
i=1 |xji(a) − xi|. First consider the term for

one i, i.e. |xji(a) − xi|.

We have the following

P(|xi − xji(a)| > ϵ) =
A∑

ai=1

P(|xi − xji(a)| > ϵ|ai = a)P(ai = a) (2.5)

For notational simplicity, let P(ai = a) = pa. Also, denote An(a) as the number

of datapoints with action a in the dataset of n points.

WLOG, we consider the case that ai = 1. We have that
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P(|xi − xji(a)| > ϵ|ai = 1)

=
n−1∑
m=0

P(|xi − xji(a)| > ϵ|ai = 1, An(a) = m)P(An(a) = m|ai = 1)

=
n−1∑
k=0

P(|xi − xji(a)| > ϵ|ai = 1, An(a) = m)

(
n− 1

m

)
pma (1− pa)

n−1−m,

(2.6)

where the second inequality follows since, given that the ith datapoint has

action 1, the probability of observing m datapoints with action a in total is just

the probability of observing m a’s among the n− 1 remaining datapoints.

Now let us bound

P(|xi − xji(a)| > ϵ|ai = 1, An(a) = m).

We observe that this probability is equal to the probability that all m points

with aj = a are outside the radius-ϵ ball centered at xi. Under Assumption 2.7.3,

this probability is thus equal to

P(|xi − xji(a)| > ϵ|ai = 1, An(a) = m)

=

∫
x∈Ω

P(|Xi − xji(a)| > ϵ|ai = 1, An(a) = m,Xi = xi)pX (xi)dx

=

∫
x∈Ω

(
1−

8π2vϵdp

15

)m

pX (xi)dx

=

(
1−

8π2vϵdp

15

)m

,
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where the second inequality uses that the volume of a d−dimensional ball of radius

r is bounded by 8π2rd

15
.

We plug this into (2.6) to yield

P(|xi − xn(i)| > ϵ|ai = 1) ≤
n−1∑
m=0

(
1−

8π2vϵdp

15

)m(
n− 1

m

)
pm0 (1− p0)

n−1−m

=

(
1−

8π2vϵdpp0

15

)n−1

≤

(
1−

8π2vϵdpp

15

)n−1

,

where the first equality comes from the binomial expansion, and the second in-

equality comes from Assumption 2.7.10. By symmetry, we also have that for any

other a′ ̸= 1

P(|xi − xji(a)| > ϵ|ai = a′) ≤

(
1−

8π2vϵdpp

15

)n−1

Plugging these both into (2.5), we have

P(|xi − xji(a)| > ϵ) ≤
A∑

a=1

(1− pa)

(
1−

8π2vϵdpp

15

)n−1

≤ A(1− p)

(
1−

8π2vϵdpp

15

)n−1

again using Assumption 2.7.4.

We then conclude from the union bound that
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P

(
1

n

n∑
i=1

|xji(a) − xi| > ϵ

)
≤ An(1− p)

(
1−

8π2vϵdpp

15

)n−1

≤ An(1− p) exp

(
−(n− 1)8π2vϵdpp

15

)

which follows from the fact that (1− 1
x
)x converges to e−1 from below as x→∞.

Therefore ∥ŝn,k − ŝESR
n,k ∥∞ ≥ ALϵ with probability at most An(1 −

p) exp
(

−(n−1)8π2vϵdpp

15

)
.

Now observe the following triangle inequality:

|sk(θ̂ESR
n,k )− sk(θk)| ≤|sk(θk)− ŝn,k(θ̂n,k)|+ |ŝn,k(θ̂n,k)− ŝESR

n,k (θ̂ESR
n,k )|

+ |ŝESR
n,k (θ̂ESR

n,k )− ŝn,k(θ̂
ESR
n,k )|+ |ŝn,k(θ̂ESR

n,k )− sk(θ̂
ESR
n,k )|

We will use the following lemma:

Lemma 2.7.7. Let f, g be functions which map from S ⊂ Rm to R. Suppose f

and g attain their minimums, and let s∗f ∈ argmins∈S f(s) and s∗g ∈ argmins∈S g(s).

Then if ∥f − g∥∞ ≤ δ, then |f(s∗f )− g(s∗g)| ≤ δ.

Proof. We have that f(s∗f ) ≤ f(s∗g) ≤ g(s∗g) + δ, where the first inequality comes

from s∗f being a minimizer and the second comes from the infinity-norm bound.

Symmetrically, we also have that g(s∗g) ≤ g(s∗f ) ≤ f(s∗f ) + δ. Combining these two

inequalities immediately yields the result.

Using Lemma 2.7.7 and the union bound, we immediately get that

|sk(θ̂ESR
n,k ) − sk(θk)| ≥ 16A∆kL′α + 2ALϵ with probability at most

4max
(
1,
(
Cn
α

)D)
exp(−2A2L′2nk2α2) + An(1− p) exp

(
−(n−1)8π2vϵdpp

15

)
.
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To show the desired result, we set 16A∆kL′α = 2ALϵ = t
2
, which yields α =

t
32A∆kL′ and ϵ = t

4AL
. Thus we have the final result, after subtracting off the

maximum reward per context and taking the negation:

P
(
|Ex∼PXR

k
θ̂ESR
n,k

(x)− Ex∼PXR
k
θk
(x)| ≥ t

)
≤4max

(
1,

(
32∆CAL′nk

t

)D
)
exp

(
−nt2

512∆2

)

+ An(1− p) exp

(
−(n− 1)8π2vpptd

15(4AL)d

)
.

In other words, the excess regret converges to 0 in probability.

2.7.1 Noisy Reward

In the above sections, we considered r(x, a) to be noise-free, in which case our

bounds agree with those from Hu et al. [2024]. In this section, we explore the

effect of adding noise to r, so that the 1-NN/matching estimator r̂ is no longer

consistent [Györfi et al., 2002]. In this case, the rate from Hu et al. [2024] will no

longer vanish with n since their regret bound depends on the rate at which the

estimator r̂ converges to r (in mean square, see Proposition 2). In contrast, we

show a novel result that using our same estimator for r̂ still yields a policy whose

excess regret asymptotically converges to 0.

Concretely, we now suppose that r(x, a) = r(x, a) + ϵx,a where ϵx,a are i.i.d.

with mean 0 and finite variance σ2
x,a ≤ σ2. In this case, we have the following

result. We define R
k

θ(x) = maxa∈X r(x, a)−
∑A

a=1 r(x, a)
exp(kr̂(x,a))∑
a exp(kr̂(x,a))

.
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Theorem 2.7.8. Define θk as the minimizer of the expected soft regret within Θ,

and define θ̂ESR,n as the minimizer of the ESR loss function over n datapoints.

Suppose that Assumptions 2.7.1 through 2.7.4 hold, and furthermore assume Ω

is convex. Then there exists constants F ′, G′, H ′, K ′,M ′, Q > 0 which depend on

∆, L, L′, A,B,C, p, v, p, diam(Ω) such that,

P
(
|Ex∼PXR

k

θ̂ESR
n,k

(x)− Ex∼PXR
k

θk
(x)| ≥ t

)
≤ max

(
4, F ′

(
nk

t

)D
)
exp

(
−G′nt2

)
+H ′n exp

(
−(n− 1)K ′td

M ′d

)
+

Q

nt2
.

Proof. We now introduce additional s terms, similar to the previous proof. We

have

sk(θ) = Ex∼PX

A∑
a=1

r(x, a)
exp(kr̂θ(x, a))∑A
a′=1 exp(kr̂θ(x, a))

,

ŝn,k(θ) =
1

n

n∑
i=1

A∑
a=1

r(xi, a)
exp(kr̂θ(xi, a))∑A
a′=1 exp(kr̂θ(xi, a))

,

ŝ
ESR

n,k (θ) =
1

n

n∑
i=1

∑
j∈n(i)

r(xj, aj)
exp(kr̂θ(xi, aj))∑A
a′=1 exp(kr̂θ(xi, a))

,

and finally

ŝESR
n,k (θ) =

1

n

n∑
i=1

∑
j∈n(i)

r(xj, aj)
exp(kr̂θ(xi, aj))∑A
a′=1 exp(kr̂θ(xi, a))

.

Call θ, θ
k

n, θ
ESR

n,k , and θ̂ESR
n,k the respective minimizers.
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We know from the previous theorem that the first three terms are close in

∥ · ∥∞ norm with high probability. We now show Ex

[
supθ |ŝ

ESR

n,k (θ)− ŝESR
n,k (θ)|2

]
converges to 0 with n.

For notational simplicity, below we use the notation that ϵi = ϵxi,ai . Therefore

we are aiming to bound Ex

[
supθ | 1n

∑n
i=1

∑
j∈n(i) ϵj

exp(kr̂θ(xi,aj))∑A
a′=1 exp(kr̂θ(xi,a))

|2
]

We use the bias-variance decomposition. It is clear that the mean is 0, since

each ϵk has mean zero by assumption. We then turn our attention to the variance.

Observe that Var(supθ
1
n

∑n
i=1

∑
j∈n(i) ϵj

exp(kr̂θ(xi,aj))∑A
a′=1 exp(kr̂θ(xi,a))

) ≤ Var
∑n

i=1

∑
j∈n(i) ϵj,

since each softmax term is at most 1.

So let’s consider Var
∑n

i=1

∑
j∈n(i) ϵj. Observe that we can then rewrite the

difference 1
n

∑n
i=1

∑
j∈n(i) ϵj to instead index over the number of times each data-

points is used as a neighbor, i.e. 1
n

∑n
k=1Nkϵk where Nk is defined as the number

of times datapoint k appears as a neighbor j for any i ∈ 1, . . . , n. By the multi-

class version of Lemma 3 from Abadie and Imbens [2006] (which uses the convex

support assumption), we have that Nk = Op(1) and that E[N q
k ] is bounded uni-

formly in n for any q > 0. In particular, suppose the uniform bound for q = 2

is W (A, p, v, p, diam(Ω), d), which depends on other parameters but not n. For

simplicity, below we just use W .

Then we have that

E

[
(
1

n

n∑
k=1

Nkϵk)
2

]
=

1

n2

n∑
k=1

E[Nk]
2E[ϵ2k] ≤

Wσ2

n
,

where the first equality uses that the ϵk are i.i.d and that theNk are independent

of the ϵk, and the second inequality uses the bounds on E[N2
k ] and σ2

x,a.
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Therefore we have E
[
supθ |ŝ

ESR

n,k (θ)− ŝESR
n,k (θ)|2

]
≤ Wσ2

n
, and applying

Markov’s inequality yields

P
(
sup
θ
|ŝESR

n,k (θ)− ŝESR
n,k (θ)| ≥ t′

)
≤ Wσ2

nt′2
.

By the same arguments as in Theorem 2.7.5 and applying Lemma 2.7.7 and

the union bound to the statement of Theorem 2.7.5, we set 16A∆kL′α = 2ALϵ =

2t′ = t
3
to get the final bound .

P
(
|Ex∼PXR

k

θ̂ESR
n,k

(x)− Ex∼PXR
k

θk
(x)| ≥ t

)
≤4max

(
1,

(
48∆CAL′nk

t

)D
)
exp

(
−nt2

1152∆2

)

+ An(1− p) exp

(
−(n− 1)8π2vpptd

15(6AL)d

)
+

36Wσ2

nt2
.

This is related to undersmoothing phenomenon [Newey et al., 1998], since tradi-

tionally nearest-neighbor type estimators require the number of neighbors to grow

with the number of datapoints n to yield consistent estimates [Shalizi, 2019]. In

this case, we are using a variant of the 1-nearest neighbor estimate for r, which has

variance which does not go to 0 with n, but which nevertheless yields consistency

for the reward estimate since it is part of a weighted average across n samples.
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2.7.2 Deterministic Policies

In the previous section, we compared the performance of the policy trained on ESR

loss against policies which can be represented in the softmax parameterization, for

fixed k.

In this section, we compare the performance of the policy trained on ESR

against the best deterministic policy in the model class. Our theoretical result

here requires a slightly different set of assumptions. In particular, we assume for

simplicity that |A| = {0, 1}, and the following additional assumptions.

Assumption 2.7.9 (Model class Θ). The class of models rθ parameterized by

θ ∈ Θ, denoted rΘ, satisfies the following additional constraints.

(a) Θ is compact.

(b) For all θ ∈ Θ, we have that ∀λ such that |λ| ≤ 1, ∃θ′ such that δ̂θ(x) = λδ̂θ′(x)

for all x ∈ X .

Assumption 2.7.9 (b) states that the predicted differences δ̂θ(x) can be scaled

down arbitrarily small across all contexts x. A simple example satisfying this is a

neural network which can scale down the output r̂θ(a, x) arbitrarily small. This

is simply achieved for neural networks with a linear output layer (as is standard

in regression) by fixing all weights before the output layer, and scaling down the

weights of the output layer by λ.

In this case, we restrict our attention to the finite |X | assumption and instead,

replace Assumption 2.7.3 with the following:

Assumption 2.7.10 (Distributional assumptions on PX ). PX has full support on

|X |, so that there exists a lower bound p of the probability mass of any x ∈ X .
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Finally, we have the following new assumption.

Assumption 2.7.11 (Optimality of Deterministic Policies). Define A and A as

follows:

A :=

{
{ 1

1 + exp(λ sgn{δ(x)}δ̂θ(x))
: x ∈ X} : λ ∈ R, θ ∈ Θ

}

and

A :=

{
{1
2
| sgn{δ(x)} − sgn{δ̂θ(x)}| : x ∈ X} : θ ∈ Θ

}
.

Assume that

min
a∈clA

Ex∼PX |δ(x)|a = min
a∈A

Ex∼PX |δ(x)|a (2.7)

The interpretation of this assumption is that there exists a deterministic policy

which is optimal in the model class, for all choices of k; the RHS of (2.7) is the

optimal regret achieved by a deterministic policy, and the corresponding LHS is

the optimal regret for any softmax (randomized) policy, for any choice of k.

Note that this assumption is not always satisfied. In particular, consider the

following example. Let X = {−10, 1}, and PX (X = −10) = PX (x = 1) = 1
2
. Let

Θ = [−M,M ] for some large positive constant M . Suppose that δ(x) = 1 for all

x, and δ̂θ(x) = θx (e.g. r̂θ(x, a) = aθx), so that for a ∈ A

Ex∼PX |δ(x)|a =
1/2

1 + exp(−10λθ)
+

1/2

1 + exp(λθ)
.
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Figure 2.1: Example violating Assumption 2.7.11.

Observe that for a ∈ A, Ex∼PX |δ(x)|a = 1
2
for any choice of θ.

However, take λ = 1, and θ = −0.36722. Then Ex∼PX |δ(x)|a ≈ 0.30779 < 0.5,

and so the LHS of (2.7) does not equal the RHS. See Figure 2.1 for a graph of

Ex∼PX |δ(x)|a.

Under the assumptions from and these additional assumptions, we have the

following theorem.

Theorem 2.7.12. Define θ∗ as the minimizer of the expected regret within Θ, and

define θ̂ESR,n as the minimizer of the ESR loss function over n datapoints. Suppose

Assumptions 2.7.1, 2.7.2, 2.7.4, 2.7.9, and 2.7.11 hold. Then

Ex∼PXR
k
θ̂ESR,n

(x)
P→ Ex∼PXRθ∗

as long as k ∈ Θ(nβ) for some constant β > 0.
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Proof. As the action space is binary, we may rewrite Rθ(x) as:

Rθ(x) = max
a∈A

r(xi, a)− r(x, argmax
a∈A

r̂θ(x, a))

=
1

2
| sgn{r(x, 1)− r(x, 0)} − sgn{r̂θ(x, 1)− r̂θ(x, 0)}| · |r(x, 1)− r(x, 0)|.

We define s(θ) as s(θ) := Ex∼X [Rθ(x)], and θs ∈ argminθ s(θ) .

Here we define the behavior when there is a tie in r̂θ(x, a) (i.e. when the argmax

of r̂θ(x, a) is both actions) as incurring half the regret if the true minimizer is either

0 or 1 (but not both).

Let us first show the following lemma, where we adopt the same notation as in

the proof of Theorem 2.7.5.

Lemma 2.7.13. limk→∞ sk(θk) = s(θs).

Proof. We first define the following quantity.

sk(λ, θ) := ⟨|δ(x)|pX (x),
1

1 + exp(kλ sgn{δ(x)}δ̂θ(x)
⟩,

where this notation implicitly assumes |X | is finite and so |δ(x)|pX (x) is the

vector of |δ(xi)|pX (xi) and analogously for the second term.

Now define Ak as

Ak :=

{
{ 1

1 + exp(λ sgn{δ(x)}δ̂θ(x))
: x ∈ X} : |λ| ≤ k, θ ∈ Θ

}

Observe that Ak is compact: |λ| ≤ k is compact, and so is {sgn{δ(x)}δ̂θ(x) :

θ ∈ Θ} (since Θ is compact by assumption 2.7.2. The function f(x, y) = xy is
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continuous, so {λ sgn{δ(x)}δ̂θ(x) : |λ| ≤ k, θ ∈ Θ} is compact. Finally, g(z) =

1
1+exp(z)

is continuous, so Ak is compact.

Therefore the minimizer bk := min|λ|≤k,θ∈Θ s1(λ, θ) = mina⃗k∈Ak
⟨|δ(x)|pX (x), a⃗k⟩

exists.

But also note that bk = min|λ|≤k,θ∈Θ s1(λ, θ) = min|λ|≤1,θ∈Θ sk(λ, θ) =

minθ∈Θ sk(θ).

Now we show that limk→∞ bk = mina∈clA⟨|δ(x)pX (x), a⟩.

Let a∗ := argmina∈clA⟨|δ(x)|pX (x), a⟩, which exists since ⟨|δ(x)|pX (x), ·⟩ is con-

tinuous in the second argument.

Consider a sequence of {am} ⊂ A such that limm→∞ am = a∗. Note each

am ∈ Ak(m) for some k(m), by definition of A (in particular, since A has λ ∈ R).

Note bk(m) ≤ ⟨|δ(x)|pX (x), am⟩ since bk(m) is the minimizer.

Now fix ϵ > 0. By continuity of ⟨|δ(x)|pX (x), ·⟩, there exists some M such that

for all m ≥M , ⟨|δ(x)|pX (x), am⟩ ≤ ⟨|δ(x)|pX (x), a∗⟩+ ϵ.

Therefore k(m) satisfies bk(m) ≤ ⟨|δ(x)|pX (x), a∗⟩+ ϵ.

Also bk(m) ≥ ⟨|δ(x)|pX (x), a∗⟩, since Ak(m) ⊂ clA.

Also, for any k > k(m), bk ≤ bk(m) since the minimum is taken over a bigger

set, and bk ≥ ⟨|δ(x)|pX (x), a∗⟩ remains true for the same reason.

Therefore for all ϵ > 0, there exists a K such that for all k ≥ K, |bk −

mina∈clA⟨|δ(x)|pX (x), a⟩| ≤ ϵ. This implies limk→∞ bk = mina∈clA⟨|δ(x)|pX (x), a⟩|,

and the last term equals minθ s(θ) by Assumption 2.7.11.
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We first observe that the same argument for bounding ∥sk − ŝn,k∥∞ holds as

for Theorem 2.7.5

For ∥ŝn,k − ŝESR
n,k ∥∞, we need to slightly adjust the proof for bounding P(|xi −

xn(i)| > ϵ|ai = 1, An(0) = m).

Given that X is finite, we can write this as

P(|xi − xn(i)| > ϵ|ai = 1, An(0) = m)

=
∑
x∈X

P(|xi − xn(i)| > ϵ|ai = 1, An(0) = m,Xi = x)P(xi = x|ai = 1, An(0) = m)

≤
∑
x∈X

P(|xi − xn(i)| > 0|ai = 1, An(0) = m,Xi = x)P(xi = x|ai = 1, An(0) = m)

=
∑
x∈X

(1− P(xi = x))mP(xi = x|ai = 1, An(0) = m)

≤
∑
x∈X

(1− p)mP(xi = x|ai = 1, An(0) = m)

=(1− p)m,

where the second inequality is a consequence of the definition of xn(i), since

|xi − xn(i)| > 0 is equivalent to xn(i) ̸= xi, which in turns is equivalent to all k

points comprising An(0) not having context xi, and last inequality comes from

Assumption 2.7.4.
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We plug this into (2.6) to yield

P(|xi − xn(i)| > ϵ|ai = 1) ≤
n−1∑
m=0

(1− p)m
(
n− 1

m

)
pm0 (1− p0)

n−1−m

= (1− pp0)
n−1

≤ (1− pp)n−1,

where the first equality comes from the binomial expansion, and the second in-

equality comes from assumption 2.7.10. By symmetry, we also have that

P(|xi − xn(i)| > ϵ|ai = 0) ≤ (1− pp)n−1

Plugging these both into (2.5), we have

P(|xi − xn(i)| > ϵ) ≤ (1− p0)(1− pp)n−1 + (1− p1)(1− pp)n−1

≤ (2− 2p)(1− pp)n−1,

agains using Assumption 2.7.4.

We then conclude from the union bound that

P

(
1

n

n∑
i=1

|xn(i) − xi| > ϵ

)
≤ 2n(1− p)(1− pp)n−1.

It follows that ∥ŝn,k − ŝESR
n,k ∥∞ ≥ ϵ

(
L+ ∆L′k

4

)
with probability at most 2n(1−

p)(1− pp)n−1.

Then, as in the proof of Theorem 2.7.5, we use Lemma 2.7.7 and the union

bound to conclude that |sk(θ̂ESR
n,k )− sk(θk)| ≥ 8∆kL′α+ ϵ(2L+ ∆L′k

2
) with proba-

bility at most 4max
(
1,
(
Cn
α

)D)
exp(−L′2nk2α2

2
) + 2n(1− p) exp

(
−(n−1)8π2vϵdpp

15

)
.
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Again, we set 8∆kL′α = ϵ(2L+ ∆L′k
2

) = t
2
, to get that |sk(θ̂ESR

n,k )− sk(θk)| ≥ t

with probability at most 4max
(
1,
(
4∆CL′n

α

)D)
exp(− nt2

512∆2 )+2n(1−p)(1−pp)n−1.

We set k(n) as a function of n, so that limn→∞ kn = ∞. In particular, we set

k ∈ Θ(nβ) for some β < 0, so that α ∈ Θ(n−β).

Therefore we have that for k ∈ Θ(nβ), we have |sk(θ̂ESR
n,k ) − sk(θk)| ≥ t with

probability at most 4max
(
1,
(
4∆CL′n1+β

)D)
exp(− nt2

512∆2 )+2n(1−p)(1−pp)n−1.

Now consider P
(
|sk(θ̂ESR

n,k )− s(θs)| ≥ s
)
. We can use the union bound to get

the following upper bound

P(|sk(θ̂ESR
n,k )− s(θs)| ≥ s) ≤P

(
|sk(θ̂ESR

n,k )− sk(θk) ≥
s

2
|
)

+ P
(
|sk(θk)− s(θ) ≥ s

2
|
)
. (2.8)

From above, when k ∈ Θ(nβ), the first term of (2.8) is bounded by

4max
(
1,
(
4∆CL′n1+β

)D)
exp(− ns2

2048∆2 ) + 2n(1 − p)(1 − pp)n−1 (which goes to 0

as n→∞), and the second term goes to 0 by Lemma 2.7.13.

Therefore when k ∈ Θ(nβ), we conclude that sk(θ̂
ESR
n,k ) converges in probability

to s(θs), as desired.

2.8 Experiments

This section contains results from experiments in a semi-synthetic benchmark

dataset based on the Infant Health and Development Program (IHDP) and a real
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news recommender dataset from Yahoo, comparing the performance of state-of-

the-art models with that of ESR-trained models. A link to all code is in the

appendix.

2.8.1 IHDP Dataset

We evaluate our method on a standard benchmark for CATE estimators. The

dataset is based on the Infant Health and Development Program (IHDP), which

measured the impact of specialist home visits on future cognitive test scores for n =

747 (608 control/139 treatment) children. Each individual child is represented by

25 covariates. We follow the procedure used in Hill [2011], Johansson et al. [2016],

Shalit et al. [2017], Johansson et al. [2022], which uses the log-linear simulated

outcome implemented as setting “A” in the NPCI package [Dorie, 2016]. We use

1000 replications with a 70:30 train/test split.

We compare a model trained on the ESR loss against several state-of-the-art

CATE estimators in the literature: the S-, T- [Künzel et al., 2019], R- [Nie and Wa-

ger, 2021], and DR-learners [Kennedy, 2023]. The CATE estimate is used to pro-

duce a decision by taking the sign of the estimated CATE, i.e. â = sgn ĈATE(x).

Each CATE estimator uses a two-layer neural network. We also include a pol-

icy learner based on the IPW method [Kitagawa and Tetenov, 2018], where

π̂ = argmaxπ∈Π
1
n

∑n
i=1

yiπ(ai|xi)
π0(ai|xi)

. Note that π0(ai|xi) is the (assumed) known prob-

ability that treatment ai is chosen given xi; here they are unknown so we use the

corresponding empirical probabilities from the data.

As this dataset is semi-synthetic, the counterfactual outcome is given and so

regret can be calculated in a straightforward manner. Table 2.1 shows the perfor-
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Table 2.1: (Left) CTR (95% CI) for test regret over 1000 replications. The ESRloss
was computed using k = 10. (Right) Comparison of regret vs. k for ESR, 95% CI
over 1000 replications.

Learner Regret

S [1.02, 1.36]
T [0.70, 0.97]
R [2.81, 3.19]
DR [0.77, 1.21]
IPW [0.97, 1.29]
ESR [0.37, 0.46]

k Regret

1 [0.70, 0.83]
5 [0.43, 0.53]
10 [0.37, 0.46]
25 [0.38, 0.46]
50 [0.39, 0.48]
100 [0.40, 0.49]

mance of the learners compared against the model trained with ESR. The ESR

loss-trained model handily outperforms the other metalearners in regret. Table 2.1

also shows the regret incurred under the ESRloss when varying k (which controls

the smoothness of the loss). The performance varies but is generally stable in the

[5, 100] range.

2.8.2 News Recommender

To evaluate the performance of our method on real-world data, we use a news

recommender dataset from Yahoo! [Chu et al., 2009]. This dataset is often used

for testing contextual bandit algorithms [Li et al., 2010, Semenov et al., 2022]. This

dataset is comprised of over 45 million user visits to the Yahoo Today Module over

a ten day period in May 2009. Each user was presented with an article chosen

uniformly at random from a pool of 20 articles, and Yahoo recorded whether the

user clicked. Each user is associated with a set of 5 features which were derived from

embedding the actual user-level data to obscure personally identifiable information.

The reward is given by whether the user clicks (a reward of 1) or not (a reward of
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0). The task is to predict whether a user will click, given the action space of the

twenty articles {a1, . . . , a20} and given the user-level features as context.

As calculating exact nearest neighbors is computationally expensive when the

number of datapoints is large (as is the case here), we rely on the Ball-Tree

method [Omohundro, 1989] to calculate approximate nearest neighbors (we com-

pare against the KD-tree [Bentley, 1975], an alternative algorithm, in the appendix;

both perform similarly). Nearest neighbors are computed only once, at the begin-

ning of model training.

As our reward model class for all methods evaluated, we use a fully-connected

neural network with two hidden layers. For our method and the direct method, we

use a single output node. For the ESR-trained model, we mirror the direct method

by choosing the action based on the maximum predicted reward as opposed to using

the randomized softmax policy; we expect the results to be robust to this choice.

In training the ESR, we use a schedule for the parameter k: ki = k0+ i for training

epoch i (we set k0 = 5). This lets the ESR loss function approximate the true

regret better as the training loss converges; we found this to improve performance.

For the policy-based methods, the final layer is a softmax output to twenty nodes,

as the output is necessarily a probability distribution over the twenty articles.

For comparison, we compare our method with the direct method [Beygelz-

imer and Langford, 2009] that trains with MSE. Among policy-based methods, we

compare against the IPW method [Rosenbaum and Rubin, 1983], the BanditNet

[Joachims et al., 2018], and the IPW method with the Pseudo-Loss regularizer

[Wang et al., 2024]. These methods were chosen as benchmarks as they, like our

method, are amenable to the use of black-box machine learning models that accept

custom loss functions. These methods are all built on the IPW method, which is
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Figure 2.2: 95% confidence intervals for clickthrough rates across all days. The
ESR-trained model outperforms all other models.

to minimize π̂ = argmaxπ∈Π
1
n

∑n
i=1

riπ(ai|xi)
π0(ai|xi)

. The BanditNet (BN) shifts the re-

ward ri by a Lagrangian multiplier λ, while the Pseudo-Loss (PL) regularizer adds

β
n

∑n
i=1

∑
a∈A

π(a|xi)
π0(a|xi)

to the objective. Here λ and β are treated as hyperparame-

ters; we show the best performing choices in our results. We also compare against

smoothed IPW methods based on logarithmic smoothing (LS) Sakhi et al. [2024]

and using log-sum-exp (LSE) [Behnamnia et al.]. Finally, we compare against the

doubly robust (DR) method [Dud́ık et al., 2014]. In the appendix, we also compare

against a variant of DR with shrinkage [Su et al., 2020]; we only include standard

DR here in the main body because it performed the best.

45



Evaluation

For each article pool, we select 70% of the users as the training set and the re-

maining 30% as the test set. Because we do not have click data for all articles for

each user, we must use another metric to gauge performance. Given a policy π

that deterministically maps from x to action a, we use the expected click-through

rate of the policy π, where the expectation is over features x. To evaluate this, we

use off-policy evaluation, a technique common in contextual bandits [Agarwal and

Kakade, 2019], leveraging the fact that the dataset was collected under a known

random policy (uniform random decisions). The estimand is the value of policy

π, i.e. V (π) := Ex∼PX ,a∼π(x) [r(x, a)] . To estimate this quantity, we only look at

the datapoints (xi, ai, ri) such that our model’s outputted decision π(xi) matches

the observed action ai, and compute the average performance out of these points.

Specifically, we define our estimator V̂ (π) as V̂ (π) :=
∑m

i=1 1{π(xi)=ai}ri∑m
i=1 1{π(xi)=ai} .

We have the following result (proof in the appendix) on the consistency of this

estimator.

Proposition 2.8.1. The estimator V̂ (π) is consistent for V (π) as m→∞.

Figure 2.2 and Figure 2.3 summarize the results. The model trained on ESR

outperforms all other methods on most of the days. Moreover, its estimated overall

CTR is higher and the 95% confidence interval for its overall CTR does not overlap

with the confidence intervals for any of the other baseline methods. This suggests

that the model trained on the ESR loss is indeed doing a better job of capturing

the dependence of the click-through rate on the article choice.
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Figure 2.3: 95% CI for CTR of ESR loss-trained model vs. other methods over
ten days.

2.9 Conclusion and Future Work

This chapter tackled the problem of model misspecification in value-based learning.

Instead of mean squared error, we proposed an alternative ESR loss function that

targets the learning of the model towards minimizing the regret incurred by the

policy derived from the reward model. We justified our approach theoretically in

that optimizing the ESR loss function yields asymptotically optimal regret within

a model class, even when the reward model is misspecified. We also provided

numerical results on a standard semi-synthetic benchmark and real-world data

that our approach outperforms standard methods within contextual bandit and

causal inference problems.

Several future directions stem from this work. One is to develop theory for more

general actions spaces beyond discrete A. Another is applying similar methods to
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other machine learning models, especially reinforcement learning. Likewise, we see

potential to extend our methodology to learning from preferences in the fine-tuning

of large language models as in Rafailov et al. [2023].
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CHAPTER 3

LOSS FUNCTION DESIGN FOR NEURAL INTERATOMIC

POTENTIALS

This chapter is based on joint work with Colin Bundschu and Peter Frazier.

3.1 Introduction

In computational materials science, predicting the energy of a configuration of

a material is a ubiquitous problem. The energy of a configuration determines

almost all physical properties of interest, such as thermodynamic stability, phase

diagrams, and chemical reactivity.

The function describing the potential energy of a configuration given the posi-

tions of its atoms is known as the interatomic potential. An important challenge

in calculating the interatomic potential is that accurate calculations of energy rely

on solving complex quantum mechanics equations, which become computationally

expensive as the number of atoms increase. In particular, to evaluate the energy

of a newly proposed material, the standard approach is to use density functional

theory (DFT), a computationally expensive procedure which outputs a materi-

als’ ground-state energy given its atomic configuration. Calculating DFT involves

solving a system of coupled, nonlinear partial differential equations over the elec-

tron density. This process involves iteratively updating the electron density until

self-consistency is reached. This process can take anywhere from hours to weeks

on supercomputers for proposed materials [Giustino, 2014].

The computation required by DFT has driven development of machine learning

approaches which make energy prediction faster and more accessible for large-
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scale materials discovery. While DFT-calculated energies are often used as ground

truths, recent work in computational materials science explores ways to apply

machine learning to predict energies, in particular with carefully designed neural

network architectures [Smith et al., 2017, Schütt et al., 2018, Batatia et al., 2022];

such models are known as neural potentials.

In this chapter, we explore loss function design for the task of neural interatomic

potentials. Whereas previous methods focus on designing neural architectures

and/or feature engineering, we focus on changing the loss function used in training,

independent of the model choice. Section 3.2 introduces such a loss function in

the framework of offline contextual bandits for the problem of minimum energy

pathway prediction. Section 3.5 proposes loss functions to use when the physical

quantity to predict depends on the probability distribution of energies of a material.

3.2 Minimum Energy Path Prediction

In this section, we examine the important task of predicting the minimum energy

pathway (MEP) of catalyzed reactions. In general, a catalyzed reaction can be

broken down into multiple intermediate states, each with its associated energy.

Key to understanding the theoretical efficiency of the reaction is the minimum

energy path, the most energetically favorable route through these states. Since

the MEP includes the rate-limiting step(s) of the reaction, the MEP dictates the

overall kinetics.

An illustration of the minimum energy pathway for a cobalt spinel oxide on

the oxygen reduction reaction is shown in Figure 3.1. Here there are four steps of

the reaction ,∗OH, ∗OO, ∗OOH, ∗O (which repeats), and plotted in Figure 3.1a are
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the energies of the different intermediates for each step. Figure 3.1b shows two

proposed minimum energy pathways for this reaction, where the “new” pathway

was only discovered after using DFT to calculate the comprehensive set of energies

for all listed intermediates.

(a) Energies of states/intermediates. (b) Two proposed minimum energy pathways.

Figure 3.1: Example MEP for Co3O4

We now introduce mathematical notation to describe the minimum energy

pathway. In general, we restrict our attention to a single chemical reaction, cat-

alyzed with different materials. Let M denote the space of catalyst materials.

Suppose that the chemical reaction has S steps. Then for each step s ∈ S, let the

set of intermediates be Is. For each intermediate i and material m ∈ M, there is

an associated energy E(m, i). For a material m, the minimum energy pathway is

given by the set of minimum-energy intermediates for each step. Specifically, the

steps along the minimum energy pathway are {argmini∈Is E(m, i) : s = 1, . . . , S}.

The traditional method for calculating the MEP involves evaluating E(m, i) for

all intermediates i ∈ Is and for all steps S, each requiring a DFT calculation. As
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previously mentioned, this is an enormous computational challenge and is generally

very slow in practice. Below, we explore an alternate method which reduces the

compute required through machine learning.

3.3 Partial MEP Evaluation

Instead of requiring DFT-calculated energies for the entire set of intermediates Is

for each step s ∈ {1, . . . , S}, we propose a method for leveraging machine learning

(ML) to select only a subset of intermediates for which to run DFT, resulting

in a significant reduction in computation required to calculate the MEP without

sacrificing prediction quality. We call this partial MEP evaluation.

In particular, we use an ML model to predict energies, given a material m

and intermediate i. We leverage methods from offline contextual bandits to train

the ML model so that it produces intermediates which are more likely to fall on

the intermediate. As ML models are much faster to evaluate than DFT, this

dramatically reduces the compute required to accurately predict the MEP.

3.3.1 Methodology

We propose the following method: we train a ML regression model fθ(m, i) which

predicts the energies E(m, i) for all materials m ∈ M, intermediates i ∈ Is, and

steps s ∈ {1, . . . , S}. We call the trained model fθ∗ , where θ∗ are the parameters

of the machine learning model (e.g. neural network weights and biases). Then for

each step s, we use fθ∗ to predict the N intermediates with the lower predicted

energies for that step, and use DFT to evaluate only those intermediates. We then
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calculate the minimum energy pathway from only those intermediates for which

we have DFT-calculated energies.

Algorithm 1 summarizes this approach. Here TopN(·) refers to the function

which returns the N largest elements of the input set, and ComputeMEP(·) simply

computes the intermediates which minimize the energy, by step, among the input

set.

Algorithm 1: Neural Predictor for MEP Prediction

Input: Material encoding x, evaluation budget N , trained neural network

fθ⋆

Output: Estimated minimum energy pathway {̂imin,s}Ss=1

1 for step s = 1 to S do

2 for intermediate i = 1 to Is do

3 Ês,i ← fθ⋆(x, i);

4 Ωs ← TopN({−Ês,i}Isi=1, N);

5 Evaluate DFT energies {Ẽs,i} for (s, i) ∈ Ωs;

6 {̂imin,s}Ss=1 ← ComputeMEP({Ẽs,i}Ss=1);

7 return {̂imin,s}Ss=1

3.3.2 Loss Functions for Training fθ

The approach mentioned in the previous section relied on a trained machine learn-

ing model fθ∗ which generates energy predictions, given a material m and inter-

mediate i. In this section, we describe how this model is trained.

A naive approach for training fθ is to treat it as a standard ML regression

problem, where the features are the material m and intermediate i, and the out-
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put is a prediction for the energy E(m, i) (calculated from DFT). In such cases,

one generally chooses an accuracy-based loss function such as mean-squared error

(MSE), and solve

θ∗ ∈ argmin
θ∈Θ

[f(m, i)− E(m, i)]2. (3.1)

However, this choice of loss function neglects the connection between fθ and

the downstream task of predicting the MEP. Intuitively, the model fθ∗ only needs

to do well at predicting the intermediate with the minimum energy for each step

s; it does not need to waste effort in predicting the energies for all intermediates.

We draw on methods from offline contextual bandits to find better loss functions

to use for training fθ. We now cast the problem of training fθ as an offline con-

textual bandit. Offline contextual bandits model decision-making problems where

an agent chooses an action a ∈ A when presented with a context x ∈ X , and

receives a reward r(x, a) ∈ R. The goal of the agent is to learn a policy π : X → A

that obtains a high expected reward, where the expectation is taken over contexts

x. Algorithms for this problem train entirely from static datasets, generally with

partial feedback, i.e., only the reward for the action taken is observed.

In the setting of partial MEP evaluation, we view the context x as the material

m, the action a as the intermediate i, and the reward r as the negative energy

−E(m, i). The training data consists of logged context-action-reward data, for

which we only observe rewards (energies) for each chosen action (intermediate)

out of many possible. In our application, we make a simplification that all states

are observed for each material in the dataset, though this is not generally the case.

Observe that the goal of maximizing the “reward” of −E(m, i) across inter-
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mediates i ∈ Is exactly aligns with finding the intermediate is which lies on the

minimum energy pathway for step s. We can then use the predictions from fθ for

each step s to estimate an approximate minimum energy pathway. Therefore we

may apply methods from offline contextual bandits for learning a policy π : X → A

(or π : X → ∆(A) in the case of a randomized policy), which predicts the minimum

energy intermediate for a given material m and step s.

Under this framework, we consider the class of value-based learning, a common

class of algorithms for offline contextual bandits which models the reward as a

function of context and action. Instead of using the usual accuracy-based loss

function such as MSE, our method, Empirical Soft Regret (ESR), uses a loss

function which directly targets the performance of the policy derived from the

predicted reward model.

Specifically, letMlog denote the set of materials in the logged dataset. The stan-

dard value-based approach for offline contextual bandits is to train the regression

model fθ on MSE (just as in Equation (3.1)), i.e.

min
θ

∑
m∈Mlog

S∑
s=1

Is∑
i=1

(fθ(m, i)− E(m, i))2,

which aims the neural network at learning the energies accurately. If the set of

neural networks {fθ : θ ∈ Θ} is “well-specified,” in the sense that there exists a

θ∗ which perfectly predicts the energy, then we can expect this loss function to

work well when used for MEP prediction. However, this is generally not expected

to be true, and when the model is misspecified, then one cannot guarantee its

performance on the MEP prediction task.

Instead, we propose the following, which targets the loss function to learning
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the minimum energy intermediate:

min
θ

∑
m∈Mlog

S∑
s=1

Is∑
i=1

E(m, i)
exp(fθ(m, i))∑Is

i′=1 exp(fθ(m, i′))
.

Observe that this is the same as the ESR loss from Chapter 2 up to a constant,

and with k = 1. Therefore we know from Chapter 2 that this benefits from theoret-

ical guarantees on its performance on predicting the minimum energy intermediate.

We also demonstrate the effectiveness empirically in the next section.

3.4 Numerical Experiments

We apply our methodology to the Oxygen Reduction Reaction (ORR):

O2 +H2O+ 4 e– −−→ 4OH–

The ORR is central in many electrochemical processes, including fuel cells. We

apply our method on a dataset of DFT-calculated energies for the ORR, which

consists of 245 spinel oxides, where there are 27 intermediates for each of four

steps in the reaction.

To evaluate performance, we consider the error in predicting the minimum en-

ergy barrier, which is the largest positive difference in energy between two consec-

utive steps. In practice, the minimum energy barrier captures most of the physical

characteristics of the chemical reaction since it identifies the rate-limiting step, i.e.

the most energetically difficult part of the transition between two steps.

Figure 3.2 shows the behavior of the error on the minimum energy barrier vs.

the number of intermediates N to evaluate per step. We find that ESR outperforms
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standard benchmarks, requiring 40% fewer DFT evaluations to achieve threshold

accuracy of 0.1 eV (the accepted accuracy of DFT calculations [Hinuma et al.,

2017]) , as opposed to 20% fewer in the competing stochastic approach.

Here the baselines are:

• Mean prediction: predict the average MEP barrier within the training dataset

• Intermediate energy model: train an ML model on individual intermediate

energies and directly use predictions to compute the MEP barrier.

• Composition only model : train a regression model that directly maps the

elemental composition to the MEP barrier.

• Stochastic partial evaluation: randomly sample N intermediates per step.

• Full evaluation: use DFT to calculate all 27 intermediate energies for each

step.

Note the first three baselines do not collect additional DFT evaluations and

therefore are constant with N .

We also ran an experiment with the same neural network architecture but

trained with MSE, as in traditional value-based learning. The performance of this

method was statistically identical to that of the stochastic partial evaluation, i.e.

the energy predictions provided no additional value relative to random sampling.

3.5 Distributional Loss Functions for Energy Prediction

In statistical mechanics, one assumes that for a fixed temperature, the probability

distribution of a material’s configurations follows the Boltzmann distribution, with
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Figure 3.2: Mean absolute error of barrier prediction vs. number of evaluations.

probabilities proportional to the energy. From this distribution, one can derive

many physically meaningful properties, such as the heat capacity, magnetization,

and susceptibility.

Given a proposed material, the current method for predicting these quantities

is to use a model to predict the energy based on the configuration, and use these

predicted energies to derive a probability distribution, and finally to derive the

quantity of interest from this distribution. Although this method works well if

the model class used to predict the energy is well-specified, in general the function

describing the energy as a function of the configuration is assumed to be complex,

making well-specification difficult to achieve.

Instead of using a model which is trained on predicting the energy accurately,

we propose a model which trains on a different loss function which aims to learn

the downstream Boltzmann distribution well, as this distribution ultimately de-

termines the various quantities of interest. In particular, we propose a method-

ology which minimizes a distance between a predicted energy distribution and

58



the observed energy distribution, where the distance can be any distance between

probability distributions.

3.5.1 Statistical Mechanics Refresher

Statistical mechanics posits that, for each value of energy E, a material can be in

one of many configurations, each having that energy level. The density of states

D(E) is a function which represents the number of configurations for a given energy

E.

One additionally assumes that at a fixed temperature T , the probability that

a material is in a particular configuration i with associated energy value Ei is pro-

portional to exp(−Ei

kBT
), where kB = 8.617333262 · 10−5 eV K−1 is a universal con-

stant known as the Boltzmann constant. The normalizing constant
∑

i exp(
−Ei

kBT
)

is known as the partition function Z.

From this distribution, we can derive the following physical quantities

• Internal energy is the expected value of the energy:

U(T ) =
1

Z

∑
i

Ei exp

(
−Ei

kBT

)

• Heat capacity is proportional to the variance of the energy:

Cv(T ) =
1

kBT 2

 1

Z

∑
i

E2
i exp

(
−Ei

kBT

)
−

(
1

Z

∑
i

Ei exp

(
−Ei

kBT

))2


• The critical temperature Tc := argmaxT Cv(T ),

among many others.
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3.5.2 Methodology

The current approach for predicting the distribution of energies consists of three

steps.

1. First, we train an energy model Êθ(x) which predicts a material’s energy E

given its configuration x. For example, one can train a cluster expansion (CE)

model, which fits a linear regression on a set of features derived by considering

p-body interactions between the atoms in the material [Rosenbrock et al.].

In general (as is the case in linear regression), the loss function used is based

on predicting the energy accurately, e.g. mean-squared error:

n∑
i=1

(
Êθ(x)− Ei

)2
.

2. After a trained energy model Êθ is obtained, Êθ is then used in an algorithm

which samples from the density of states based on the predicted energies

D̂θ(E); examples include Metropolis-Hastings or Wang-Landau [Wang and

Landau, 2001]. In the case of Wang-Landau specifically, the output of this

step is (1) an approximate distribution of the energies for this material across

all configurations, where this histogram approximates D̂θ(E), and (2) a set

of visited configurations and their energies, where the distribution of visited

energies is roughly uniform. See Chapter A for details.

3. Finally, after this set of configurations is generated, then the distribution

of energies for any temperature T is fully characterized, and the physical

quantities mentioned in the previous subsection can be estimated based on

this distribution.

We replace the loss function used to train the energy prediction model in step 1
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with a different loss function, which accounts for the downstream task of generating

a distribution. For the following, we first suppose that the dataset is comprised of

(xi, Ei) for i = 1, . . . , n, where xi are the configurations and Ei the energies, and

all possible configurations of the material are given.

First, we choose a temperature T at which to compute the distribution. In

practice, this should be chosen according to domain knowledge about what tem-

perature range would be important in determining the physical quantity of interest.

Then, we define a probability distribution P given by the energies in the training

dataset:

PP (E = Ei) =
exp(− Ei

kBT
)∑n

j=1 exp(−
Ej

kBT
)
.

Then, given a model in our model class Êθ, we define a predicted probability

distribution P̂θ over the dataset:

PP̂θ
(E = Ei) =

exp(− Êθ(xi)
kBT

)∑
j exp(−

Êθ(xj)

kBT
)
.

Then our loss function is simply D(P ||P̂θ) where D(P ||Q) is a measure of sta-

tistical distance between two probability distributions. We call this loss function

the Canonical Ensemble Loss (CEL). Examples include Kullback-Leibler (KL) di-

vergence, Jensen-Shannon divergence, and total variation distance. We found the

KL divergence to work best; it is defined as

DKL(P ||Q) :=
m∑
i=1

P (Ei) log
P (Ei)

Q(Ei)
.

61



Therefore our loss function is

n∑
i=1

exp(− Ei

kBT
)∑n

j=1 exp(−
Ej

kBT
)
log

exp(− Ei
kBT

)∑n
j=1 exp(−

Ej
kBT

)

exp(− Êθ(xi)

kBT
)∑

j exp(−
Êθ(xj)

kBT
)

. (3.2)

In practice, however, it is very rare to have all configurations of material avail-

able in a dataset. In particular, even simple structures like lattices have com-

binatorially many configurations, and enumerating them all is computationally

expensive.

Instead, one can use Wang-Landau as a subroutine before step (1) to first

generate samples of configurations uniformly across the range of energies, where

for each energy level E we also have an approximate density of states D0(E). Of

course, this step also requires having an approximate energy predictor Êθ0 , trained

an initial batch of data.

In this way, we can compute a dataset xi, E
0
i , D0(E

0
i ) of configurations xi,

estimated energies E0
i energies and density of states D0(E

0
i ). Then to approximate

(3.2), we weigh the probabilities by these approximate density of states accordingly:

PP (E = E0
i ) =

D0(E0
i ) exp(−

E0
i

kBT
)∑n

j=1D
0(E0

j ) exp(−
E0

j

kBT
)
,

and

PP̂θ
(E = E0

i ) =
D0(E0

i ) exp(−
Êθ(xi)
kBT

)∑
j D(E0

j ) exp(−
Êθ(xj)

kBT
)
.

The loss function corresponding to (3.2) is then adjusted accordingly:
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n∑
i=1

D0(E0
i ) exp(−

E0
i

kBT
)∑n

j=1 D(E0
j ) exp(−

E0
j

kBT
)
log

D0(E0
i ) exp(−

E0
i

kBT
)∑n

j=1 D
0(E0

j ) exp(−
E0
j

kBT
)

D0(E0
i ) exp(−

Êθ(xi)

kBT
)∑

j D
0(E0

j ) exp(−
Êθ(xj)

kBT
)

. (3.3)

In summary, our proposed methodology is follows.

1. Given an initial sample of a material’s configuration xi and ground-truth

energies Ei, use an initial class of models Θ0 to fit an approximate energy

model E0(x).

2. Use E0 in Wang-Landau to generate (1) a set of configurations xi and energies

E0
i := E0(xi) such that the distribution of the E0

i is uniform across the range

of energies and (2) an approximate density of states D0(E).

3. On this dataset of xi, E
0
i , D

0
i , minimize (3.3) over a class of models Θ, e.g.

linear models or neural networks to yield an energy model Êθ∗(x)

4. Use Êθ∗(x) to generate a refined estimate for the density of states D̂θ∗(E).

5. Calculate the physical quantity of interest, which involves constructing a

distribution of energies with D̂θ∗ , varying temperature.

3.5.3 Preliminary Numerical Experiments on Rock Salts

We conduct numerical experiments on configurations of the MgO (magnesium

oxide) rocksalt, where 50% of the Mg atoms are replaced with Fe (iron). To have

a metric which is a single scalar, we focus on predicting the critical temperature

Tc.
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Figure 3.3: Density of states and heat capacity from CEL-trained linear model.
Estimated Tc = 756 K

We focus on linear models based on CE; in particular, suppose that x represents

the features that are calculated from the expansion. We consider energy models

Êθ(x) = θ⊤x, which we expect to be misspecified for the true energy function E.

We also use MACE [Batatia et al., 2022] as a proxy for DFT-calculated ground

truth energies for computational efficiency.

For both models, 500 samples were used to first train a least squares model

to generate a uniformly distributed energy dataset, also of size 500, as described

in step 1 of section 3.5.2. We then use this second batch to train linear models,

minimizing the two loss functions. In particular, the CEL loss function also takes

the density of states as input. Also, our CEL loss used T = 700, based on do-

main knowledge suggesting that [600, 800] is an important temperature range for

understanding the physical properties of this material.

Figures 3.3 and 3.4 show results from linear models trained on CEL and a

standard linear model trained on minimizing least squares. We see both models

are essentially in agreement, including on the critical temperature (756 K vs 763K),

suggesting the CEL is doing reasonably well in comparison to the standard method.
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Figure 3.4: Density of states and heat capacity from MSE-trained linear model.
Estimated Tc = 763 K

For reference, Wu et al. [1993] calculated the critical temperature for this particular

material to be 612 K from experimental data. However, this was calculated using

various quasichemical assumptions and should not be treated as ground truth.

We view these preliminary results are promising in that our method seems to be

doing as well as the status quo, and we believe there are many avenues to improve

upon our methodology.

3.6 Conclusion

This chapter demonstrates that moving beyond traditional accuracy-based loss

functions like mean squared error can significantly improve the performance of

neural interatomic potentials for downstream tasks in computational materials

science. Through the application of Empirical Soft Regret loss to minimum energy

pathway prediction, we showed that framing the problem as an offline contex-

tual bandit and directly optimizing for the policy objective rather than energy

prediction accuracy leads to substantial improvements in identifying rate-limiting
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steps with fewer DFT evaluations. Similarly, our Canonical Ensemble Loss demon-

strates the potential for training energy models that better capture the Boltzmann

distributions underlying thermodynamic properties, even when working with mis-

specified model classes. While the preliminary results on rock salt systems show

promise, with critical temperature predictions comparable to standard methods,

future work should explore more complex materials and investigate the theoretical

guarantees of CEL in the context of statistical mechanics. Together, these contri-

butions highlight that task-specific loss function design represents a new way to

leverage neural interatomic potentials to improve the efficiency and accuracy of

computational materials discovery.
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Part II

Optimizing Large-scale Logistics
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CHAPTER 4

MILITARY LOGISTICS PLANNING FOR EXPEDITIONARY

WARFARE

This chapter is based on joint work with J. Haden Boone, Matthew Ford,

Mathieu Dahan, Peter Frazier, Yongjia Song, and Huseyin Topaloglu.

4.1 Introduction

In recent years, the United States Marine Corps (USMC) has undergone extensive

force restructuring under the Force Design plan to enhance its capabilities and

reshape its combat power for potential peer-level competition in the Indo-Pacific

region, as directed by the 2018 National Defense Strategy [Mattis, 2018, Berger,

2020]. The plan’s key goals are for the USMC’s forces to become more agile,

versatile, as well as amphibious by working more closely with the United States

Navy. These changes are designed to ensure that the USMC remains an effective

expeditionary force, ready to support naval and joint operations in a variety of

global scenarios.

Expeditionary warfare involves military operations carried out by forces de-

ployed to foreign territories, typically in hostile or contested environments. It is

characterized by the rapid deployment of expeditionary forces that are specially

trained and equipped to operate independently of established support bases. These

forces are capable of executing a wide range of missions, including combat oper-

ations, humanitarian assistance, and peacekeeping [United States Marine Corps,

2023]. This form of warfare is crucial for maintaining global stability and address-

ing crises efficiently, as it enables military forces to respond swiftly to emerging
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threats, secure strategic locations, and support allies or deter adversaries [McK-

night, 2019].

However, rapidly deploying and sustaining expeditionary forces presents signifi-

cant logistics challenges, primarily because such forces operate far from established

supply networks and infrastructure. One of the key challenges is coordinated and

timely transport of essential supplies, including food, fuel, and ammunition, to

remote or contested areas. The complexity of logistics planning is heightened by

limited ability to rely on local resources and the need to transport supplies over

long distances, often requiring a combination of air, sea, and ground transportation

[Bradford, 2006]. Additionally, the dynamic nature of expeditionary operations de-

mands a high degree of flexibility and adaptability in logistics planning. Planners

must account for rapid changes in the operational environment, such as shifting

frontlines, evolving threats, and variable weather conditions [Apte, 2018]. These

factors can disrupt supply lines and complicate the scheduling and routing of logis-

tics convoys, requiring contingency planning and the ability to quickly reallocate

resources.

Overall, the logistical challenges in sustaining expeditionary operations are mul-

tifaceted and require rapid and meticulous planning capable of responding to the

uncertainties inherent in expeditionary warfare. However, the current analysis

manually conducted by USMC logistics planners during training exercises remains

qualitative and labor-intensive. While there have been efforts toward using simu-

lation and predictive analytics tools to estimate logistics requirements during an

expeditionary mission, there has been no prescriptive analytics work on routing

and scheduling logistics assets, which is vital for guaranteeing mission success [Re-

ith et al., 2016, de Castro et al., 2023]. On the other hand, the operations research

69



models on scheduled service network design for logistics planning are not applicable

to expeditionary settings, as they do not account for critical features such as flex-

ible sourcing and heterogeneity in connector characteristics [Crainic and Hewitt,

2021]. As a result, this research aims to develop the first prescriptive analytics tool

to assist the USMC with efficient expeditionary logistics planning.

To design this decision-support tool, we formulate a mixed-integer program

(MIP) to optimize the routing and scheduling of connectors and commodities

within an intermodal expeditionary logistics network. The MIP aims to minimize

penalties for delayed fulfilled demand, while accounting for critical features such as

connector capacities, travel and maintenance times, location capacities, and com-

modity availability. MIP model that incorporates realistic logistical constraints

and objectives. We then test our model on a fictitious expeditionary scenario in

Southern California designed to reflect USMC training scenarios. Our results show

the practical applicability and effectiveness of the proposed MIP in coordinating

logistics assets to fulfill demands in a timely manner. Via key performance mea-

sures, our tool provides valuable insights into the optimal utilization of logistics

assets. By conducting experiments with what-if scenarios, we also demonstrate

its capability to rapidly adjust logistics plans, while identifying vulnerabilities in

the logistics network. Importantly, our tool has been utilized and validated by the

USMC during classified tabletop exercises.
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4.2 Literature Review

4.2.1 Military Airlift

The MIP formulation used in this work closely resembles the formulations used

in the military airlift literature [Morton et al., 1996, Rosenthal et al., 1997,

Killingsworth and Melody, 1997, Baker et al., 2002]. Military airlift is the problem

of routing cargo and troops through a logistic network using a fleet of aircraft,

where the routing must obey certain constraints due to physics (weight capacities)

and/or policies (crew rest/flight hour requirements). The basic formulation used in

this line of work is the same; specific constraints were added over time depending on

the application. In the basic formulation, the logistics problem is solved in discrete

time, where aircraft and cargo depart from their respective origins and the aircraft

must carry cargo to satisfy demand at designated demand destinations. The main

decision variables index over the type of commodity, the vehicle (aircraft), route

(one of a precomputed set of routes), and time step at which the vehicle begins the

route. The objective is the sum of unmet/late demand as well as other secondary

penalties/rewards for deadheading crews, minimizing plane use, etc. These models

have been used to provide insights to the US Air Force [Killingsworth and Melody,

1997, Baker et al., 2002] as well as support operations in Iraq and Afghanistan

[Brown et al., 2013].

The formulation used in military airlift has several notable differences compared

to our formulation. One such difference is that their movement variables index

over routes between an origin and a destination, where a route may visit multiple

airfields in between. In contrast, our movement variables index over arcs defined by

pairs of locations. The use of the route-based formulation is a consequence of the
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small number of routes considered in realistic instances, e.g. Rosenthal et al. [1997]

used an instance with 313 routes, while the largest number of routes mentioned in

a test instance in Baker et al. [2002] was 289. In their case, the space of routes is

reduced significantly due to the small number of unique origins and destinations

and assumptions about what reasonable routes look like due to domain knowledge,

e.g. given an instance of delivering from the West Coast to South Korea, domain

knowledge dictates stops through Alaska (if going through the North Pacific) or

Hawaii/Guam/Okinawa (if going through the Mid-Pacific) before a second stop in

Japan [Baker et al., 2002]. In contrast, we consider scenarios in which there may

be exponentially many paths to consider due to the number of different naval bases

and demand locations, as well as the fact that back-and-forth trips are allowable

and often expected. Therefore an arc-based formulation suited our application so

that the number of variables did not explode.

Another important difference is the focus on aircraft and the associated con-

straints based on aircraft-specific policies. For example, one such constraint is

that the flight crew must take 12 hours of rest after 16 hours of flight time [Baker

et al., 2002]. Although we do not track this constraint exactly, we approximate

this by including a delay time for each arc that a vehicle travels, which is meant

to include the time that is required for crew rest and turnaround in the case of

an aircraft. Specifically, in our formulation, we can enforce a more conservative

version of this behavior by disallowing any arcs over 16 hours and including a 12

hour delay for any traveled arc. There are other minor policy constraints, e.g.,

involving aircraft utilization and aerial refueling that are modeled in military air-

lift; we do not model such constraints here, though we could approximate such

behavior by adding simple constraints on cumulative arcs traveled and refueling

locations, respectively.

72



Finally, this line of work [Morton et al., 1996, Rosenthal et al., 1997,

Killingsworth and Melody, 1997, Baker et al., 2002] solves the formulation as an LP

due to computational constraints (at the time) preventing the use of a MIP. Due

to advancements in integer programming methods since the publication of those

works, we are able to solve our formulation as a MIP, yielding solutions that are

more practically useful for informing decisions. In particular, it is easy to come up

with an instance in which solving an LP yields no unmet demand, whereas solving

a MIP does (e.g., when a vehicle is allowed to split in half to satisfy demands at

two different locations); see the proof of Theorem 5.5.2 for such an example.

Beyond airlift, there is also a similar line of work on Navy-specific integer pro-

gramming formulations for ships [Borden, 2001, Powell, 2004, Brown and Carlyle,

2008, Brown et al., 2017, Brown and Kline, 2021], where the problem is to optimize

the routing of the US Navy’s combat logistics force (CLF), comprised of only about

30 ships of three distinct types, to supply cargo and fuel to combatant ships. The

methods in these works differ in whether the movement index over routes (called

“voyages”) [Brown et al., 2017] as in the airlift literature, or arcs between loca-

tions [Borden, 2001, Powell, 2004, Brown and Carlyle, 2008, Brown and Kline,

2021] as in our approach. In any case, the problem of optimizing the CLF is sig-

nificantly smaller in scope; we consider logistics for expeditionary warfare, which

encompasses a much larger logistics network involving all modes of transportation

utilized by the Marine Corps and the Navy (air, sea, and ground). Note that an

important feature of the CLF logistics problem is that the destination nodes are

ships that move over time; we also naturally handle this case since our travel times

between locations are allowed to vary over time.
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4.2.2 Expeditionary Logistics Planning

Traditional methods used for expeditionary logistics planning heavily rely on man-

ual planning and heuristic approaches. These methods involve logistics planners

using their expertise, intuition, and simple heuristic rules to develop logistics plans

[United States Marine Corps, 2022]. Although such heuristics reduce decision-

making complexity, they have been shown to often lead to biased and suboptimal

solutions [Williams, 2010, Joint Chiefs of Staff, 2011].

In recent years, the military has invested in data-driven tools to make more

informed logistics decisions. For instance, the Operational Logistics (OPLOG)

Planner is a demand planning tool used to estimate logistics requirements for

classes of supply needed to support a unit’s mission. It calculates requirements

based on unit data and operational variables such as terrain, weather, and mission

phases [Chavers, 2009]. Similarly, the Logistics Estimation Workbook (LEW) is

an Excel-based tool that uses data from combat profiles and usage rates to provide

quick forecasts for supply, transportation, and maintenance requirements [Green,

2016]. However, these tools do not determine how to feasibly transport supplies

using available connectors in order to meet those requirements on time, which is

critical for assessing the feasibility of a maneuver course of action (COA) [Schwartz

et al., 2019].

The closest work related to ours is the Military Logistics Network Planning Sys-

tem (MLNPS) developed by Rogers et al. [2018]. The MLNPS is a simulation-based

system that represents the expeditionary logistics network as a Virtual Factory. In

the simulation model, supply requisitions are associated with already determined

sourcing locations and transportation modes and routes. Viewed as a queuing

system, the model determines at each discrete event which supplies are loaded
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on a vehicle based on their revised slacks (i.e., maximum time they can wait at

their locations and still meet their due dates). This simulation model is used to

estimate the performance of logistics plans and highlight choke points, allowing

logistics planners to shift or add transportation assets to improve performance.

While this proof-of-concept has shown valuable promise, the decision process re-

mains restricted, as routes have already been determined and load sequencing is

based on a heuristic rule. In contrast, we propose an optimization-based tool that

jointly determines the routing and scheduling of connectors and commodities, in-

cluding commodity sourcing. Such complex intermodal logistics plans achieve a

higher level of efficiency, thereby enhancing the capabilities of maneuver COAs.

4.2.3 Service Network Design

The logistics planning problem faced by the USMC during expeditionary warfare

exhibits similarities with the service network design problem for flow and load

planning encountered by commercial consolidation trucking carriers [Crainic, 2000,

Wieberneit, 2008, Bakir et al., 2021]. Initial research in trucking service network

design focused on flat (static) network models to determine the optimal number

of transportation vehicles dispatched between facilities weekly [Powell and Sheffi,

1983, Crainic et al., 1984, Powell, 1986, Crainic and Rousseau, 1986, Crainic and

Roy, 1988, Powell and Koskosidis, 1992, Greening et al., 2023]. However, such

formulations are not applicable to expeditionary logistics, as they do not explicitly

model the scheduling of vehicle dispatches, which is essential for determining a

feasible logistics plan to sustain expeditionary forces over a short time horizon.

Recent advancements in commercial flow and load planning have introduced

more detailed time-expanded network models, known as scheduled service network
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design problems, which explicitly account for the timing of vehicle dispatches.

Variants of such problems, including those addressing empty resource manage-

ment, stochastic shipment volumes, and travel times, have been explored [Lin,

2001, Pedersen et al., 2009, Andersen et al., 2009, Lium et al., 2009, Bai et al.,

2014, Zhu et al., 2014, Crainic et al., 2016, Demir et al., 2016, Scherr et al., 2019,

Wang and Qi, 2020]. However, high-quality logistics plans often necessitate fine

time discretization to accurately capture consolidation and synchronization oppor-

tunities, resulting in very large and challenging MIPs to solve. Heuristic solution

methods have been developed to tackle large-scale instances [Jarrah et al., 2009,

Erera et al., 2013, Lindsey et al., 2016], while other work has explored dynamic ap-

proaches to determine exact dispatch times, eliminating the need for predetermined

time discretization [Boland et al., 2017, Hewitt, 2019, Boland et al., 2019, Scherr

et al., 2020, Marshall et al., 2021, Hewitt, 2022]. However, such formulations can-

not be used to model expeditionary logistics operations, as they typically assume

homogeneous vehicles, fixed origin-destination pairs, and aim to minimize logistics

costs. In contrast, expeditionary logistics planning requires dispatching sea, air,

and land connectors with heterogeneous characteristics (speed, range, capacity),

and primarily aims to fulfill demand on time, possibly from multiple locations. To

the best of our knowledge, we propose the first scheduled service network design

model for expeditionary logistics planning.

4.3 USMC Expeditionary Logistics

Our approach is focused on decision support for expeditionary logistics, focused

on supporting a commander’s choice of a course of action (COA) and then making

high-level logistics plans for closing the force and supporting that force during
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execution of the chosen COA.

Current logistics decision support for COA selection has many manual aspects.

Logistics officers do use tools like Excel to do arithmetic computations and lay

out plans but comprehensive decision-support tools are not currently available.

The logistics officer understands the commanding officer’s intent and the broader

planning context and then creates a collection of tentative plans over the period of a

few hours. That logistics officer then creates a presentation, e.g., using PowerPoint,

with several high-level plans for supporting the proposed COA(s) and briefs the

commanding officer.

Because of the short timeline, the lack of full automated decision support, and

difficulty in obtaining accurate real-time information about inventory and connec-

tor capabilities, these plans are typically approximate. The plans may be quite

conservative, in the sense of proposing smaller or slower personnel and commodity

flows than would actually be feasible. There is also a risk that the proposed flows

are not feasible.

4.4 Heuristic Approaches

4.4.1 Automatic Hub-and-Spoke Generation

To reduce the memory footprint and runtime of the MIP, we use a hub-and-spoke

network to sparsify the set of arcs. Commonly used in the airline industry [Bryan

and O’kelly, 1999], the hub-and-spoke network designates certain centralized lo-

cations as “hubs” and partitions the remaining locations (“spokes”) according to
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which hub is closest. In such a network, only (1) the arcs between a hub and its

corresponding spokes and (2) all arcs between hubs are kept; this dramatically

reduces the total number of arcs in the network.

Given an instance, one can construct a hub-and-spoke network manually by

letting a user specify the hubs and spokes. However, this places an additional

burden on the user and allows more room for user error. Instead, we introduce

methodology which leverages machine learning to automatically generate the hub-

and-spoke network. In particular, we use theK-medoids clustering algorithm [Park

and Jun, 2009].

Clustering is an unsupervised learning technique that groups similar data points

together based on their features, partitioning the data into distinct clusters where

points within each cluster are more similar to each other than to points in other

clusters. Typically, each cluster contains a representative point; common choices

include the centroid, as in K-means [Likas et al., 2003], or the medoid, as in K-

medoids. In our application, we define the similarity as geographical distance, and

let the medoids serve as “hubs” and the other points in their surrounding cluster

as “spokes.” Note that in such methods, typically the number of clusters K is a

hyperparameter chosen by the practitioner.

Because distances between pairs of locations can vary depending on the routing

domain (sea, air, or ground), we construct one hub-and-spoke network per domain.

This allows the sparsification of the network to depend on the domain; in particular,

ground networks are generally more sparse than that of sea or air and therefore

may not require additional sparsification through the hub-and-spoke design.

Figure 4.1 shows an example of the Southern California scenario before and
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after applying the automatic hub-and-spoke network generation. The hub-and-

spoke network has many fewer arcs than the original fully connected network.

(a) Original Network (fully connected)
(b) Automatically generated hub-and-spoke for
K = 3

Figure 4.1: The result of applying automatic hub-and-spoke to the Southern Cal-
ifornia scenario.

After a solution is generated using the hub-and-spoke network, we also “polish”

the solution by collapsing suitable arcs which go through hubs, as the network is

not an actual constraint on the true movement of connectors. In particular, if a

connector travels on arc (ℓ1, ℓH) to a hub ℓH then on a second arc (ℓH , ℓ2) carrying

the exact same load of commodities along the way, we replace these two arcs with

a single arc (ℓ1, ℓ2), adjusting the M , I, and Z variables accordingly.

4.5 Optimization-Based Logistics Planning

We consider a military logistics planner aiming to provide logistics support to an

operational plan. Over the course of a time horizon, the logistics planner must

transport commodities from their storing locations to satisfy demand requested by

the operational planner at given locations (e.g., advanced bases) by using available

connectors (i.e., transportation vehicles). We develop a decision-support tool based
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on a mixed-integer program (MIP), for which the detailed formulation is described

in Section 4.6.

Specifically, we consider a military logistics network consisting of warehouses,

transportation hubs (e.g., railheads, sea and air ports), and advanced bases. In

this network, we aim to design a logistics plan over a time horizon, discretized into

finite time periods (e.g., every six hours). We assume that the operational planner

has emitted a set of requests to be satisfied by the logistics planner. Each request

is characterized by quantities of each commodity type (e.g., fuel, ammunition) that

must be fulfilled by certain time periods. Requests include commodities for initial

assaults and sustainment throughout the time horizon. To fulfill these requests,

commodities must be transported from their storing locations via connectors of

various types (e.g., railcar, landing craft, tanker aircraft). Each connector type

faces a payload capacity, measured in terms of the number of units of each com-

modity type, as well as the total commodity volume and weight, it can carry. In

addition, each location faces capacity constraints regarding the maximum amount

of commodities it can store, as well as the maximum number of connectors of each

type it can hold at any given time period. At the beginning of the planning hori-

zon, the logistics planner is aware of the time period and geographical location at

which each connector and commodity become available.

The main decisions of the logistics planner then consist of routing the connec-

tors and commodities throughout the logistics network. To reduce the number of

variables in the MIP, we aggregate the decisions per commodity type and connector

type. Specifically, we decide for each geographical location and at each time period

the number of connectors of each type that depart to travel to another location.

Similarly, at each location and time period, we decide the number of each commod-
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ity type that depart on each connector type traveling to another location. While

these variables keep track of the movement of the commodities and connectors,

we also need to define variables to keep track of the number of commodities and

connectors on ground at each location and time period. Finally, since requests may

not be satisfied on time, we use decision variables that keep track of the amount

of commodities of each type satisfied (resp. still to be satisfied) for each request,

location, and time period.

We model the objective of the logistics planner as minimizing the penalties for

delayed request fulfillment. Specifically, we assume that for each request, a penalty

is added for each unit of unmet commodity demand at each location and time pe-

riod. The goal is to select a logistic plan that minimizes this objective function,

while satisfying all the physical constraints of the system. In particular, the lo-

gistics plan must ensure that connector and location capacities are not exceeded.

Furthermore, at each location and time period, the number of connectors and com-

modities departing cannot exceed the available amount. Importantly, conservation

constraints are needed to keep track of the number of commodities and connectors

of each type at each location and time period. For connectors, such constraints

account for the connectors (i) stationed at the same location at the preceding time

period, (ii) becoming available at that location and time period, (iii) leaving dur-

ing that time period, and (iv) arriving from another location, given their travel

time and the required processing and maintenance time on ground. Similarly, com-

modity conservation constraints account for the commodities previously available,

arriving, leaving, and used to satisfy requests at each location and time period.

We note that this modeling framework permits to account for mobile logistics

locations, such as large war units that may move throughout the planning horizon

81



as dictated by the operational plan. Furthermore, it can model some locations

being closed off to some or all connector types at given time periods (e.g., due

to extreme weather events). Finally, the penalties may vary with the amount of

delay, to model aggravating situations as a result of missing commodities.

4.6 Mixed-Integer Programming Formulation

In this section we describe in detail the mixed-integer programming formulation

of the military logistics planning problem presented in Section 4.5. The planning

horizon is discretized into T time periods. We denote as L the set of logistics

locations, J the set of commodity types, and H the set of connector types. The

operational planner emits a set of requests I, where each request i ∈ I specifies

a set of demands Dijℓt for each commodity of type j ∈ J at each location ℓ ∈ L

by each time period t ∈ J1, T K. Each unit of commodity type j ∈ J occupies Qj

units of capacity (e.g., volume, weight) and each connector of type h ∈ H has a

capacity given by Ah. Furthermore, during each time period, each location ℓ ∈ L

has a total commodity capacity given by Bℓ and can hold up to Chℓ units of each

connector type h ∈ H. Commodities and connectors may become available for

routing at different time periods; we then denote as Vhℓt and Wjℓt the respective

number of connectors of type h ∈ H and commodities of type j ∈ J that newly

become available at location ℓ ∈ L at time period t ∈ J1, T K.

When a connector of type h ∈ H departs from a location ℓ ∈ L at time period

t ∈ J1, T K, we let Nhℓkt denote the number of time periods needed to reach location

k ∈ L. We note that this parameter accounts for the speed of each connector

type and the distance between pairs of locations, which may be varying over the
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planning horizon. This feature is useful to model instances where a sea connector

may adjust its speed when facing difficult maritime conditions, or where a location

is itself mobile along a prefixed route. When a connector of type h ∈ H arrives

at a location k ∈ L, we assume it can immediately unload its cargo, but must

undergo some maintenance for Mhk time periods before being able to depart. In

addition, we denote as Lhℓt the set of locations that a connector of type h ∈ H can

travel to when departing from location ℓ ∈ L at time period t ∈ J1, T K. This set

encompasses travel restrictions and infeasibility due to weather, traveling range,

or closing of locations.

To model the objective of the logistics planner, we denote as Pijℓt the penalty

incurred by the logistics planner for each demand unit of commodity type j ∈ J

in request i ∈ I that is unmet by time period t ∈ J1, T K at location ℓ ∈ L. The

goal of the logistics planner is to minimize the total penalty incurred. We note

that Pijℓt can account for request and commodity priorities, and may vary with

the amount of delay. As delay increases, the per unit penalty can be increased and

even be set to a large value if the demand has not been met by the end of the time

horizon.

The decisions of the logistics planner can be described as follows: For each

connector type h ∈ H, each starting location ℓ ∈ L, each time period t ∈ J1, T K,

and each destination location k ∈ Lhℓt, xhℓkt ∈ Z≥0 represents the number of

connectors of type h departing location ℓ at time period t to travel to location k.

Similarly, for every commodity type j ∈ J , yjhℓkt ∈ R≥0 represents the amount of

commodity of type j departing location ℓ on a connector of type h at time period

t to travel to location k. We then define the following auxiliary variables that keep

track of the available connectors and commodities at each location ℓ ∈ L and each
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time period t ∈ J1, T K: vhℓt ∈ Z≥0 (resp. wjℓt ∈ R≥0) represents the number of

connectors of type h ∈ H (resp. commodities of type j ∈ J ) on ground at location

ℓ and ready to depart at time period t. Finally, we define variables sijℓt ∈ R≥0

(resp. rijℓt ∈ R≥0) that represent the amount of commodities of type j ∈ J used

to satisfy (resp. still needed to satisfy) demand from request i ∈ I at location

ℓ ∈ L at time period t ∈ J1, T K. We can then formulate the following MIP for

determining the optimal logistics plan:
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min
x,y,v,w,s,r

T∑
t=1

∑
i∈I

∑
j∈J

∑
ℓ∈L

Prjℓt · rijℓt (4.1a)

s.t.
∑
j∈J

Qj · yjhℓkt ≤ Ah · xhℓkt, ∀t ∈ J1, T K, ∀h ∈ H, ∀ℓ ∈ L, ∀k ∈ Lhℓt,

(4.1b)∑
j∈J

Qj · wjℓt ≤ Bℓ, ∀t ∈ J1, T K, ∀ℓ ∈ L, (4.1c)

vhℓt ≤ Chℓ, ∀t ∈ J1, T K, ∀h ∈ H, ∀ℓ ∈ L,

(4.1d)

vhℓt = vhℓ,t−1 + Vhℓt −
∑

k∈Lhℓt

xhℓkt +
∑

{(k,t′)∈L×J1,T K | t′+Nhkℓt′+Mhℓ=t, ℓ∈Lhkt′}

xhkℓt′ ,

∀t ∈ J1, T K, ∀h ∈ H, ∀ℓ ∈ L,

(4.1e)

wjℓt = wjℓ,t−1 +Wjℓt −
∑
i∈I

sijℓt −
∑
h∈H

∑
k∈Lhℓt

yjhℓkt

+
∑
h∈H

∑
{(k,t′)∈L×J1,T K | t′+Nhkℓt′=t, ℓ∈Lhkt′}

yjhkℓt′ ∀t ∈ J1, T K, ∀j ∈ J , ∀ℓ ∈ L,

(4.1f)

rijℓt = rijℓ,t−1 +Dijℓt − sijℓt, ∀t ∈ J1, T K, ∀i ∈ I, ∀j ∈ J , ∀ℓ ∈ L,

(4.1g)

xhℓkt, vhℓt ∈ Z≥0, ∀t ∈ J1, T K, ∀h ∈ H, ∀ℓ ∈ L, ∀k ∈ Lhℓt,

(4.1h)

yjhℓkt, wjℓt, sijℓt, rijℓt ≥ 0 ∀t ∈ J1, T K, ∀j ∈ J , ∀h ∈ H,

∀ℓ ∈ L, ∀k ∈ Lhℓtyjhkℓt′ (4.1i)

In this MIP, Objective (4.1a) minimizes the total penalty for delayed demand

throughout the planning horizon. Constraints (4.1b) model payload capacities
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of connectors, ensuring that enough connectors of each type travel to transport

commodities. Constraints (4.1c) and (4.1d) ensure that stored commodities and

stationed connectors do not exceed location capacities. Constraints (4.1e) update

the number of connectors of each type available at each location and time period,

accounting for the connectors leaving, arriving, and entering the system. Similarly,

Constraints (4.1f) ensure that the variables w represent the amount of commodi-

ties of each type available at each location and time period, accounting for the

commodities leaving, arriving, being supplied, and being used to satisfy requests.

Constraints (4.1g) update the amount of commodities of each type that must still

be satisfied for each request at each location and each time period. To ensure

validity of the model, we set variable vhℓ0, wjℓ0, and rijℓ0 to 0. The remaining

constraints define the domain of the decision variables. In particular, the nonneg-

ativity of Constraints (4.1h), combined with Constraints (4.1e), ensure that the

number of connectors departing from a location at any time period does not exceed

the number of available connectors. Similarly, Constraints (4.1i) and (4.1e) ensure

that at any time period and any location, the amount of commodities that depart

or are used to satisfy requests does not exceed the amount of available commodi-

ties. Finally, Constraints (4.1i) and (4.1g) ensure that the amount of commodities

used to satisfy requests does not exceed the corresponding pending demand.
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4.7 Case Study

4.7.1 Southern California Scenario

In this section, we test our optimization-based logistics planning tool on an expe-

ditionary scenario designed by subject matter experts to closely reflect real-world

conditions. The scenario, illustrated in Figure 4.2, is set in Southern California

and has been meticulously calibrated to mirror Marine Corps Air-Ground Com-

bat Center Twentynine Palms training scenarios used for training and certifying

Marine Littoral Regiments.

Figure 4.2: Southern California expeditionary scenario.

The logistics network consists of two supply locations in Barstow and Twen-

tynine Palms, CA, and 13 expeditionary advanced bases (EABs) positioned along

and off the Pacific coast. The supply locations initially hold 59 types of commodi-

ties, categorized into Class I (Meals Ready-to-Eat), Class II (equipment), Class

III (fuel), Class V (ammunition), Class VII (vehicles), and PAX (personnel). A

COA has been chosen by the commanding officer, resulting in 378 requests for
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commodities to sustain operations at each EAB, referred to as EABO. Each re-

quest is associated with a set of demands for multiple commodities that must be

delivered to a location by a certain due date. The planning horizon spans one

week, divided into 28 periods of 6 hours each. To transport commodities from

their storage location to the EABs, 46 connectors are available, as described in

Table 4.1. Each connector faces capacity constraints regarding the total commod-

ity volume and weight it can carry. In addition, each connector has limits on the

amounts of personnel and fuel it can transport.

Table 4.1: Connector characteristics.

Connector # Range Speed PAX Fuel Total Volume Total Weight
Type [mi] [mph] Cap. Cap. [lb] Cap. [cu ft] Cap. [lb]

KC-130 3 4000 360 92 10,000 3,600 42,000
MV-22 12 380 315 24 2,000 1,025 6,000
MTVR 16 300 55 15 1,800 400 14,000

MTVR-Trailer 7 300 55 15 1,800 650 26,000
LAW 2 1000 16 75 60,000 35,000 1,700,000

LCU-1700 3 1200 13 350 6,000 15,900 340,000
Railway 1 122 10 0 0 500,000 10,000,000
Truck-5 2 93 39 0 0 3,500 35,000
Truck-6 2 103 43 0 0 3,500 35,000

4.7.2 Logistics Planning

To develop a logistics plan for sustaining EABOs, we solve our proposed MIP, which

in this scenario comprises 688,795 variables and 182,065 constraints, using the

Gurobi optimization solver. The solver provides a solution within a 10% optimality

gap in 35 minutes.

Figure 4.3 presents the force closure rates for EABOs 4-6 in terms of PAX and

Classes I, III, and V. The results indicate some delays in fulfilling requests for

these EABOs. Specifically, the PAX demand for EABO 4 is only satisfied at 66%
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Figure 4.3: Force closure rates for three EABOs on each day of the planning hori-
zon, with respect to four classes of supplies. Each square contains the percentage
of demand for PAX (top left), Class I (top right), Class III (bottom right), and
Class V (bottom left) satisfied at the corresponding EABO by that date.

by Day 1, 44% by Day 2, 89% by Day 3, and 100% by Day 4. Similar, though

less severe, delays can be observed for EABOs 5 and 6. This is attributed to the

large personnel request early in the planning horizon, while most connectors have

small PAX capacities; although landing craft units (LCUs) have the highest PAX

capacities, they suffer from very low speeds. Further requests for Classes I and III

toward the end of the planning horizon cannot be fully met due to the connectors

being utilized to transport commodities to the more remote EABOs 1-3.

Figure 4.4 depicts the utilization rates of the connectors throughout the plan-

ning horizon. Notably, KC-130s are constantly utilized and operate at maximum

capacity. These connectors are vital due to their high range, speed, and capacity.

Although MV-22s have lower range and capacity, they remain important con-

nectors for rapidly transporting commodities and fulfilling earlier requests. The

railway and trucks are used to transport commodities out of Barstow and Twen-

tynine Palms, respectively, which explains their higher utilization at the beginning

of the planning horizon. Interestingly, while MTVRs with trailers are used for

ground transportation, the logistics plan does not allocate any use for the re-
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Figure 4.4: Connector utilization rates (% of maximum capacities) per day.

maining MTVRs (which have smaller capacities). This result indicates a surplus

of ground connectors that could be more effectively replaced by other connector

types for the chosen COA.

Notably, KC-130s are constantly utilized and operate at maximum capacity.

These connectors are vital due to their high range, speed, and capacity. Al-

though MV-22s have lower range and capacity, they remain important connectors

for rapidly transporting commodities and fulfilling earlier requests. Railways and

trucks are used to transport commodities out of Barstow and Twentynine Palms,

respectively, which explains their higher utilization at the beginning of the planning

horizon. Interestingly, while MTVRs with trailers are used for ground transporta-

tion, the logistics plan does not allocate any use for the remaining MTVRs (which

have smaller capacities). This result indicates a surplus of ground connectors that

could be more effectively replaced by other connector types for the chosen COA.

Lastly, Figure 4.5 illustrates a portion of the logistics plan over the first 30

hours of the planning horizon. This snapshot highlights the complex synchroniza-

tion of multiple connectors across the intermodal logistics network to transport as

many commodities as possible during the first hours of the planning horizon to
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Figure 4.5: Partial logistics plan generated from the MIP.

the demand locations. To satisfy the demand for weapons at EAB 4.1, they are

first transported from Barstow to EAB 5.1 by railway before being loaded on an

LCU-1700 and transported to their final destination.

However, these connectors have remaining capacity, which they aim to utilize to

transport additional commodities and satisfy the request at EAB 2.1. Specifically,

the railcar carries additional weapons and food on its journey to EAB 5.1. Due

to the maximum commodity capacity at EAB 5.1, the logistics plan only stores

food at that location, while the remaining weapons are loaded onto the LCU-1700

and transported to EAB 4.1. Importantly, after the LCU-1700 has satisfied the

weapons demand at EAB 4.1, it waits for 6 hours before traveling back to EAB 5.1

with the remaining weapons. This waiting period allows for fuel to arrive on a KC-

130 from Twentynine Palms, destined for EAB 5.1. We note that the logistics plan

does not send the KC-130 directly to EAB 5.1 with the fuel, as it is farther from

Twentynine Palms compared to EAB 4.1. Since KC-130s are the most valuable

connectors, the logistics plan has the KC-130 deliver fuel to a closer location, so it

is readily available to travel to another location sooner, while the fuel completes

its journey on the slower LCU-1700. The LCU-1700 then travels from EAB 4.1 to
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EAB 5.1 with the fuel and remaining weapons, delivers the fuel at EAB 5.1, picks

up the food that has been waiting at that location for 18 hours, and then travels

to EAB 2.1 to satisfy its food and weapons demand.

Interestingly, we observe that the KC-130 was initially located at EAB 6.1 and

needed to travel empty to reach the stocking location of commodities in Twenty-

nine Springs. This demonstrates how repositioning connectors at the beginning of

the planning horizon can increase the efficiency of the logistics plan and reduce

fulfillment delays. Overall, this solution shows the intricate planning required to

sustain operations logistically during expeditionary warfare, as it jointly depends

on connector and location capacities, connector speeds and ranges, initial loca-

tions of commodities and connectors, and demand requests. This large number of

factors is challenging to incorporate when creating logistics plans manually, as is

currently done in practice, underscoring the value of the proposed optimization-

based decision-support tool.

4.7.3 Contingency Planning

We conclude this case study by demonstrating the value of the proposed approach

in generating contingency plans. To this end, we adjust the Southern California

scenario to model a situation where one of the KC-130s is out of service during

the planning horizon. Under this condition, we resolve the MIP and analyze the

impact on the logistic plan. Figure 4.6 presents the effects on the force closure

rates for EABOs 4-6 in terms of PAX, and Classes I, III, and V.

We observe that the loss of one KC-130 has a significant impact on the fulfill-

ment of personnel demand at EABOs 4 and 5, resulting in an additional two-day
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Figure 4.6: Force closure rates for three EABOs on each day of the planning hori-
zon, with respect to four classes of supplies. Each square contains the percentage
of demand for PAX (top left), Class I (top right), Class III (bottom right), and
Class V (bottom left) satisfied at the corresponding EABO by that date in the
contingency plan.

delay. This underscores the importance of KC-130s in transporting PAX during

expeditionary warfare and highlights the logistics vulnerability in the event of un-

foreseen connector unavailability.

Finally, Figure 4.7 illustrates the impact on the utilization rates of the re-

maining connectors. The MV-22s and remaining KC-130s continue to operate at

Figure 4.7: Connector utilization rates (% of maximum capacities) per day in the
contingency plan.

maximum capacity, and we similarly observe minor changes in the utilization of

trucks. However, the railway is more heavily utilized as it compensates by trans-
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porting more commodities out of Barstow that were originally carried by a KC-130.

Interestingly, while MTVRs without trailers remain unused, there is a small de-

crease in the utilization of MTVRs with trailers. This decrease is primarily due to

the reduced flow of commodities reaching the remote EABs, which subsequently

decreases the need for ground transportation. Overall, this analysis demonstrates

the capability of the proposed decision-support tool to rapidly analyze what-if

scenarios, highlighting the vulnerability of an expeditionary logistics network and

enabling the creation of contingency plans in case of unforeseen events.

4.8 Conclusion

In this article, we developed what we believe is the first optimization-based

decision-support tool for expeditionary logistics planning. We formulated a mixed-

integer program to optimize the routing and scheduling of various types of con-

nectors and commodities within a complex intermodal logistics network, while

accounting for critical features pertaining to connectors (speed, range, capacity,

maintenance), locations (availability, capacity), and commodities (availability, due

dates). We then tested our approach on an expeditionary scenario set in Southern

California and designed to reflect the US Marine Corps training scenarios. Our

results highlighted the model’s ability to efficiently generate logistics plans that

carefully synchronize connectors, ensuring timely fulfillment of most operational

demands. We also showed how our model can be leveraged to conduct what-if

scenarios, permitting logistics planners to swiftly create contingency plans. Our

results demonstrate the value of prescriptive analytics for expeditionary logistics

planning, enhancing the current qualitative and manual analyses conducted by

military logistics planners. Overall, our decision-support tool can be utilized to
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design complex and more efficient logistics plans to sustain expeditionary forces

and improve the capabilities of maneuver course of actions.

Future research directions involve extending our model by incorporating addi-

tional factors, such as stochastic elements to account for uncertainty in logistics op-

erations, and integrating more advanced solution techniques to handle even larger

and more complex scenarios. Additionally, accounting for risks of disruptions in

logistics plans due to enemy attacks would permit designing more robust solutions,

ensuring the success of expeditionary operations.

4.9 Lessons Learned

The work described in this chapter was funded by the Office of Naval Research

over the course of three years. Although our contribution is technical at its core,

there were also many other challenges due to the applied nature of this project.

In particular, the project deliverable is a software solution for use by Marine and

Navy logisticians to replace their current workflow. This required frequent commu-

nication with Marine and Navy stakeholders, as well as robust, production-quality

code beyond the typical requirements of academic research code. In this section, I

describe some lessons I have learned in my time on this project that may be helpful

for any readers that also find themselves in similar applied work.

4.9.1 Software Engineering

In the first few months of the project, the project code consisted almost entirely

of Python notebooks. This was a workable solution for a brief period, as we were
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still working out the MIP constraints and testing out different Python packages.

However, once the scope of the project was made clear, it quickly became obvious

that Python notebooks would no longer suffice and that real software engineering

was necessary.

To that end, we strove towards the standard of production-ready code, to the

level of what other members of the project have seen in industry. This required

thinking about things that I rarely thought about in my academic research, such

as how parameters should be ingested, what the optimization pipeline looks like,

how the solution of the MIP should be displayed to the user, etc.

Moreover, the discipline to test code was also something that I came to appre-

ciate. Initially, writing tests and validation checks felt like a chore. After all, in

academic settings, it is often sufficient for research code to run on a known set of

inputs, e.g. numerical experiments on data that we curated ourselves. However,

when deploying code to production, there is no knowing what kinds of nonsensi-

cal inputs the user may try running the code with. In cases like this, it is very

important for code to be able to fail gracefully, providing important information

on what aspects of the inputs were wrong so that the user does not complain that

the entire product is broken, but rather understands it is only a problem with the

input they provided.

4.9.2 Technical Debt

A more broad concept tied to the previous one is technical debt. A common phrase

in the technology industry (and indeed I have learned it as an Uber intern as well),

technical debt is the cost incurred by rapidly and/or lazily writing “something that
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works” when first developing a solution, as opposed to more carefully implementing

code that prevents future code refactoring but may require more time. Taking the

financial metaphor even further, interest is also accrued, in the sense that using the

rapidly developed code as a foundation requires suboptimal design decisions further

down the line, compounding the inefficiency and adding unnecessary complexity.

Finally, the debt is “paid back” when this first iteration of the code usually has to

be scrapped and rewritten due to poorly structured and inefficient code.

Of course, technical debt is hard to avoid when pressing deadlines exist, as

was the case in this project as well as in industry. For instance, as I mentioned

in the previous section, Python notebooks were initially useful for testing changes

and having quick feedback cycles. However, when deadlines are not as urgent and

you can spend a a day today to design and write good code to prevent a week of

headache in a few months, I think the choice is clear.

4.9.3 Stakeholder Engagement

When developing a new tool for a group of people to use, it is crucial to maintain

an open channel for communication with stakeholders. Whether we like it or

not, not everything is set in stone at the beginning of a three-year project. This

was one aspect of this project that I felt was particularly difficult to navigate, as

the set of stakeholders and their understanding of use cases changed with time. In

addition, aspects of this project were sufficiently sensitive as to require government

security clearance (which most of the academic team did not have), making direct

communication with uniformed personnel more difficult.

To that end, it was very important for us to always be looped in to the conver-
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sation between our program officers and the stakeholders. This allowed to rapidly

incorporate feedback as soon as possible and to make sure our work was aligned

with expectations. It is always a bad feeling to be working hard on some feature

that ends up being deemed useless by the person paying for your product.
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CHAPTER 5

EFFICIENT DUAL DECOMPOSITION FOR VEHICLE ROUTING

PROBLEMS WITH DELIVERY

This chapter is based on joint work with Peter Frazier, Matthew Ford, and

Huseyin Topaloglu.

5.1 Introduction

The transportation of heterogeneous commodities across complex intermodal net-

works is an important problem in both industry and military applications. In such

settings, it is crucial to coordinate the timely delivery of commodities across a mul-

titude of road, air, and sea routes. The previous chapter discussed an example use

case for the United States Marine Corps and Navy, which involved the routing and

scheduling of commodities like fuel and food for expeditionary warfare. Beyond

military applications, such logistics problems also arise in daily operations of com-

mercial shipping companies like FedEx and UPS, which must deliver a multitude

of commodities across air and ground routes to customers.

In the previous chapter, we presented a MIP formulation for this problem,

which relies on tracking the movements of vehicles and commodities through time

and space. However, the size of the resulting formulation, in terms of the number

of variables and constraints, grows as the cardinality of the cross product of the

set of vehicles H, time steps J1, T K, the set of commodities J , and the set of arcs

in the network, which is generally proportional to L×L . In other words, for large

networks with many commodity types, vehicle types, locations, and a long time

horizon, the time and memory requirements for solving the MIP directly become
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impractical.

To that end, we present an efficient algorithm for solving these problems that

leverages Lagrangian duality and dual decomposition [Everett III, 1963]. We de-

compose the MIP into many smaller subproblems, each of which is efficiently solv-

able. By iteratively solving these subproblems, we aim to derive an approximately

optimal solution to the original MIP with a smaller memory footprint and in less

time. In this way, we permit our MIP model to be more widely applicable across

large-scale problems, avoiding the need for large compute.

5.2 Related Work

5.2.1 Military Airlift

The logistics MIP formulation that we solve is closely related to the LP for-

mulations used in military airlift [Morton et al., 1996, Rosenthal et al., 1997,

Killingsworth and Melody, 1997, Baker et al., 2002] as well as the MIP formula-

tions used in optimizing the Navy’s Combat Logistics Force (CLF) [Powell, 2004,

Brown and Carlyle, 2008, Brown et al., 2017, Brown and Kline, 2021]. See Chapter

4 for a more detailed discussion.

5.2.2 Lagrangian Relaxation for Transportation

There exists a large literature within operations research that use Lagrangian re-

laxation in various ways to solve transportation problems more efficiently. In the
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context of the airline industry, Topaloglu [2009] relax constraints linking flight legs

to enable solving a network revenue management problem over individual flight

legs, producing tighter upper bounds on revenue and higher expected revenues

than competing LP approaches. Also for airlines, Aykin [1994] propose a solution

method based on relaxing capacity constraints to solve the hub-and-spoke network

design problem. Carlyle et al. [2008] use Lagrangian relaxation on path-weight

constraints to solve constrained shortest path problems. For the multi-facility

production, inventory, and distribution problem, Karakitsiou and Migdalas [2008]

relax inventory balance constraints to enable solving the joint problem separately

across production facilities and distributors. For the problem of routing container

ships, Rana and Vickson [1991] relax a coupling constraint across container ships

in order to decompose the Lagrangian across individual ships, where the joint

problem is too large to solve directly. For the capacitated facility location prob-

lem, Klincewicz and Luss [1986] relax the capacity constraints to yield the easily

solvable uncapacitated facility location as a subproblem. Plotkin et al. [1995] re-

lax the capacity constraints in fractional packing problems (a geneneralization of

multicommodity flow) to derive fast approximation algorithms.

The vehicle routing problem (VRP) literature is also ripe with Lagrangian

relaxation methods. For VRP with time windows, Kohl and Madsen [1997] relax

the constraint that all customers are serviced to enable solving the joint problem

separately across each vehicle. Similarly, for the pickup and delivery problem with

time windows, Mahmoudi and Zhou [2016] relax passenger pickup constraints to

decompose the multi-vehicle problem across individual vehicles. For the multi-

depot location routing problem, Özyurt and Aksen [2007] relax flow conservations

constraints to decompose the joint problem into a facility-location problem and a

minimum spanning forest problem.
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The paper closest to ours in approach is Crainic et al. [2001], which consid-

ers multicommodity capacitated fixed-charge network design. Multicommodity

capacitated fixed-charge network design denotes the problem of sending flows of

commodities across a network with capacitated arcs, additionally with a fixed cost

per arc used. Based on the relaxations introduced in Gendron and Crainic [1994]

and Gendron et al. [1999], the authors consider two sets of constraints to relax: the

capacity constraints and flow balance constraints. In the case that flow balance

constraints are relaxed, the Lagrangian relaxation yields subproblems across arcs

that are continuous knapsacks, resembling the continuous knapsacks that arise in

our vehicle subproblem. As in our problem, they also find that the optimal value

of the Lagrangian matches the optimal value of the LP relaxation. Finally, they

also use the bundle method to solve the Lagrangian, finding that it outperforms

the subgradient method, as we do. However, the main contribution of this paper

is an empirical analysis of the quality of the lower bound produced by solving the

Lagrangian dual across a large test suite of problems, depending on the choice of

constraints to relax and the choice of dual optimization method. In contrast, we

focus on leveraging the Lagrangian relaxation to produce feasible solutions to the

original MIP, not just lower bounds. Additionally, the problems considered by this

line of work and our problem are different; for instance, the networks considered

in these problems are static (compared to time-expanded, as is the case for us)

and so their continuous knapsacks are not solved as subroutines within a dynamic

program.
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5.2.3 Dual Decomposition

Dual decomposition [Everett III, 1963] is a popular decentralized method for solv-

ing large-scale optimization problems based on Lagrangian relaxation. There is a

large literature on using dual decomposition to efficiently solve various optimiza-

tion problems, such as distributed control [Rantzer, 2009], wireless network routing

Xiao et al. [2004], and multi-agent optimization [Terelius et al., 2011]. There also

exist works exploits the structure of particular problems so that these subproblems

can be solved efficiently, e.g. faster than solving them as linear programs (LPs) or

MIPs [Torresani et al., 2012, Agrawal et al., 2022]. We view our contribution as

similarly exploiting the problem structure of the MIP formulation for our logistics

problem to find efficient solution efficiently.

5.3 Generic MIP Formulation

We first present a simplified version of the MIP from the previous chapter. In

particular, we make the following simplifications:

1. the commodity variables x are continuous,

2. there is only one capacity constraint,

3. the penalty P only depends on j, ℓ (not on t),

4. the set of request IDs I and its indices i are removed.

The first three simplifications accelerate our approach for optimizing the dual,

as we will explain in 5.4.1 and 5.4.2. In particular, (1) and (2) allow us to quickly

solve a continuous knapsack problem as a subroutine, while (3) allows us to solve
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a different subproblem analytically. On the other hand, (4) is only a simplification

for convenience, and can be easily adapted for this problem by defining a different

commodity type per request.

As the MIP has many constraints, we present it in multiple parts. First, we

present the objective:

min
x,y,v,w,s,r

T∑
t=1

∑
j∈J

∑
ℓ∈L

Pjℓ · (rjℓt − sjℓt), (5.1)

where xh,ℓ,k,t is the number of vehicles of type h traveling arc (ℓ, k) starting at time

t, yjhℓkt is the number of commodities of type j traveling on vehicles of type h on

arc (ℓ, k) starting at time t, vhℓt is the number of vehicles of type h at location ℓ at

time t, whℓt is the number of commodities of type j at location ℓ at time t, sjℓt is

the amount of demand satisfied at location ℓ at time t for commodity type j, and

rjℓt is amount of demand, including previously unsatisfied demand, to be satisfied

at location ℓ at time t, for commodity type j.

We now present constraints which involve only the x, y, v variables:
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∑
j∈J

Qj · yjhℓkt ≤ Ah · xhℓkt ∀t ∈ J0, T K, ∀h ∈ H, ∀ℓ ∈ L, ∀k ∈ Lhℓt,

vhℓt+1 = vhℓ,t + Vhℓt −
∑

k∈Lhℓt

xhℓkt +
∑

{(k,t′)∈L×J1,T K | t′+Nhkℓ=t, ℓ∈Lhkt′}

xhkℓt′

∀t ∈ J0, T − 1K, ∀h ∈ H, ∀ℓ ∈ L

0 ≤ vhℓT + VhℓT −
∑

k∈LhℓT

xhℓkT +
∑

{(k,t′)∈L×J1,T K | t′+Nhkℓ=T, ℓ∈Lhkt′}

xhkℓt′ ,

∀h ∈ H, ∀ℓ ∈ L

vhℓ0 = 0 ∀h ∈ H, ∀ℓ ∈ L

xhℓkt, vhℓt ∈ Z≥0 ∀t ∈ J0, T K, ∀h ∈ H, ∀ℓ ∈ L, ∀k ∈ Lhℓt

yjhℓkt ∈ R≥0 ∀t ∈ J0, T K, ∀j ∈ J , ∀h ∈ H, ∀ℓ ∈ L, ∀k ∈ Lhℓt

Note that, in comparison to the MIP from Chapter 4, we also slightly change

the way time is indexed. In particular, at a time period t, vhℓt, wj,ℓt now mea-

sures the number of vehicles/commodities remaining at a location ℓ after vehi-

cles/commodities arrived at time t and also after vehicles/commodities departed at

time t. A consequence is that we have an additional constraint which ensures that

after the last time period T , there is still a positive number of vehicles/commodities

at each location.

We also have the following constraints over only the w, r, s variables:
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wjℓ0 = 0 ∀j ∈ J ,∀ℓ ∈ L

rjℓt = rjℓt−1 +Djℓt + sjℓt−1 ∀t ∈ J1, T K, ∀j ∈ J ,∀l ∈ L

sjℓt ≤ rjℓt ∀t ∈ J0, T K, ∀j ∈ J ,∀l ∈ L

wjℓt, sjℓt, rjℓt ∈ R≥0 ∀t ∈ J0, T K, ∀j ∈ J ,∀l ∈ L

Also observe the objective only involves these variables.

Finally, we have the following constraints which involve both sets of variables:

wjℓt+1 = wjℓ,t +Wjℓt − sjℓt −
∑
h∈H

∑
k∈Lhℓt

yjhℓkt +
∑
h∈H

∑
{(k,t′)∈L×J1,T K | t′+Nhkℓ=t, ℓ∈Lhkt′}

yjhkℓt′

∀t ∈ J0, T − 1K,∀ℓ ∈ L,∀j ∈ J (5.2)

wjℓ,T +WjℓT − sjℓT −
∑
h∈H

∑
k∈LhℓT

yjhℓkT +
∑
h∈H

∑
{(k,t′)∈L×J1,T K | t′+Nhkℓ=T, ℓ∈Lhkt′}

yjhkℓt′ ≥ 0

∀ℓ ∈ L,∀j ∈ J (5.3)

Again, the second constraint above is a consequence of re-indexing the time

periods compared to Chapter 4, ensuring that a positive number of commodities

are leftover at each location, after the last time period.

In this formulation, the number of variables scale linearly with the number of

vehicles and time steps and quadratically with the number of locations. When

the problem is small, the problem can be solved with standard off-the-shelf MIP

software. However, in real scenarios, planning horizons can be 30 days, the set of

locations may span an entire ocean, and there may be hundreds of different vehicles

and commodities to keep track of. In such problems, there are millions of decision
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variables and constraints, and it becomes infeasible to solve such problems with

MIP software under reasonable memory and time constraints.

5.4 Decomposition

We now introduce the decomposition. We partition the variables into two sets:

(1) “vehicle variables”, x, y, v, which are variables tracking vehicles and inventory

moving on them; and (2) “commodity-location variables”, w, r and s, which are

variables related to demand and inventory at nodes. This will allow us to de-

fine separate problems that can be solved in parallel. To enable this, we dualize

constraints 5.2 and 5.3 (our commodity balance constraints) . This gives us the

following additional penalty terms in the objective:

∑
jℓt

λjℓt

(
wjℓ,t+1 − wjℓt +

∑
k,h

yjhℓkt −
∑
k,h

yjhkℓ,t−Nhkℓ
+ sjℓt −Wjℓt

)

for t = 1, . . . , T − 1 and

∑
jℓ

λjℓT

(
−wjℓT +

∑
ℓ′,h

yjhℓkT −
∑
ℓ′,h

yjhkℓ,T−Nhkℓ
+ sjℓT −WjℓT

)

Here, each λjℓt ∈ R for t < T and λjℓt ∈ R≥0 is a Lagrange multiplier that

penalizes violations of the flow balance constraint at node j in time t for commodity

ℓ. Positive values for λjℓt penalize having the flow out be larger than the flow in.

In the decomposed form, each constraint only involves a single set of variables,

either the vehicle variables or the commodity and location variables, and the ob-

jective function is linear. Moreover, each constraint involving vehicle variables

involves just one vehicle. This lets us further divide the vehicle problem into one

problem per vehicle. Similarly, each constraint involving commodity and loca-
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tion variables involves just one commodity-location, allowing us to divide into one

problem per commodity-location.

Note that the commodity flow balance constraint is not the only choice of con-

straint to dualize. In particular, many methods in the transportation literature

choose to dualize capacity constraints in the case that the uncapacitated subprob-

lems are easily solvable [Crainic et al., 2001, Aykin, 1994, Klincewicz and Luss,

1986]. For our problem, in the case that the capacity constraints are dualized (i.e.∑
j∈J Qjyjhℓkt ≤ Ahxhℓkt), there is a different decomposition across the variables,

where now we can separate across the x, v variables and the w, y, r, s variables.

The objective would then include a term νxhℓt

(
Ahxhℓkt −

∑
j∈J Qjyjhℓkt

)
, where ν

are nonnegative dual variables. One could then solve the decomposed subproblems

as MIPs in a dual ascent or bundle method approach as well. However, it is not

obvious that the decomposed subproblems admit efficient solutions as in the case

of dualizing the commodity balance constraints, as we discuss below. A future re-

search direction is to explore efficient solution methods for this alternative choice

of Lagrangian.

5.4.1 Vehicle Subproblem

For each individual vehicle h, we have the following subproblem. For notational

simplify, we drop the h index for the variables.
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min
x,y,v

T∑
t=1

∑
j∈J

∑
ℓ∈L

λjℓt

(∑
k

yjℓkt −
∑
k

yjkℓ,t−Nhkℓ

)
(5.4a)

s.t.
∑
j∈J

Qj · yjℓkt ≤ Ah · xℓkt, ∀t ∈ J1, T K, ∀ℓ ∈ L, ∀k ∈ Lhℓt, (5.4b)

vℓt = vℓ,t−1 + Vℓt −
∑

k∈Lhℓt

xℓkt +
∑

{(k,t′)∈L×J1,T K | t′+Nhkℓ=t, ℓ∈Lhkt′}

xkℓt′ ,

∀t ∈ J1, T − 1K, ∀ℓ ∈ L, (5.4c)

vℓT + VℓT −
∑

k∈LhℓT

xℓkT +
∑

{(k,t′)∈L×J1,T K | t′+Nhkℓ=T, ℓ∈Lhkt′}

xkℓt′ ≥ 0,

∀ℓ ∈ L, (5.4d)

vℓ0 = 0 (5.4e)

xℓkt, vℓt ∈ Z≥0, ∀t ∈ J1, T K, ∀ℓ ∈ L, ∀k ∈ Lhℓt, (5.4f)

yjℓkt ∈ R≥0 ∀t ∈ J1, T K, ∀j ∈ J , ∀ℓ ∈ L, ∀k ∈ Lhℓt, (5.4g)

This integer program optimizes the trajectory of a single vehicle across our

network as it carries inventory from node to node. In this integer program, the

objective corresponds to a problem where the vehicle can buy and sell inventory of

commodity j at each node ℓ at time t at a price of λjℓt without facing constraints

on the amount of inventory available at that node. Its goal is to chart a trajectory

and a plan for buying and selling to maximize the total profit.

This integer program is not a particularly efficient way to solve this problem for

problems with many nodes in light of the fact that we need to have flow variables

for each arc and commodity. The problem can be solved more efficiently using

dynamic programming, where the state of the dynamic program is the time and

vehicle’s location.
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Dynamic Programming Approach

Consider solving the vehicle MIP (5.4) as a dynamic program, where we follow

the movement of a single vehicle h over time. The path of a vehicle through the

network is determined by the binary valued xℓkt variables, and the contribution to

the objective is determined by the prices λjℓt and the commodities yjℓkt brought

along these arcs. We consider deriving the optimal solution for each vehicle h

by choosing arcs x and commodities to carry y, forward in time from the vehicle’s

starting location. In this way, the integrality of xℓkt and vℓt are naturally preserved,

as are the balance constraints 5.4c and 5.4d.

Formally, suppose we have an agent which represents a single vehicle h as

it traverses the network buying and selling commodities. The agent’s state is

s := (ℓ, t), the current location and time. At state s = (ℓ, t), the agent can

take actions a := ({yj}j, k), which represents the amount of each commodity j

that the vehicle brings from ℓ to a next location k, starting at time t. Note that

({yj}j, k) corresponds to yjℓkt in the MIP. The action ({yj}j, k) incurs costs λj,t,ℓyj

from “buying” commodity j at price-per-unit λj,t,ℓ and transporting it, as well as

rewards λj,t+Nhℓk,k from “selling” commodity j at price-per-unit λj,t+Nhℓk,k at the

destination. Therefore we may write the reward function r(s, a) as

r ((ℓ, t), ({yj}j, k)) =
∑
j

(λj,t+Nhℓk,k − λj,t,ℓ)yj.

Now we can construct a dynamic program (DP) based on the following value

function V (·).
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V (ℓ, t) = max
{xj}j∈X ,k

r ((ℓ, t), ({xj}j, k)) + V (k, t+Nhℓk) ,

where X encodes the unit-count, volume, and weight capacity constraints of the

MIP. Then we see that V (ℓstart, tstart) for vehicle h’s start location-timetime ℓstart,

tstart corresponds to the optimal solution of the MIP.

To solve this dynamic program, we use backward recursion as shown in Algo-

rithm 3, where each iteration reduces to a knapsack problem, for which standard

solution methods exist (for continuous {xj}j). In particular, at one location-time

ℓ, t, for each other location k, we solve the following continuous knapsack:

max
y

∑
j∈J

yjℓkt (λjkt+Nhℓk
− λjℓt)

s.t.
∑
j∈J

Qj · yjℓkt ≤ Ah

yjℓkt ∈ R≥0

(5.5)

Here the value of each unit of commodity type j is λjkt+Nhℓk
−λjℓt, so the well-

known polynomial time solution to this knapsack is by taking the commodity with

the largest (positive) ratio
λjkt+Nhℓk

−λjℓt

Qj
, and filling up to capacity [Dantzig, 1957].

This yields the value of r ((ℓ, t), ({xj}j, k)), and we then calculate the maximum

value of V (k, t+ travelhℓk) + r ((ℓ, t), ({xj}j, k)) over the choice of k.

Algorithm 2: Vehicle Problem Dynamic Program

1 for T = N to 1 do
2 for L = 1 to L do
3 Calculate V (L, T )

We may then solve this single-vehicle problem for each vehicle, and combine

the solutions to yield an overall solution for the multi-vehicle problem.
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5.4.2 Commodity-location Subproblem

For each commodity type j and location ℓ, we have the following subproblem

(where wjℓ,T+1 is defined to be 0). For notational simplicity, we simplify the nota-

tion for variables and only index over the remaining set, t:

min
w,s,r

T∑
t=1

Pjℓ · (rt − st) + λjℓt · (wt+1 − wt + st) (5.6a)

s.t. w0 = 0 (5.6b)

rt = rt−1 +Dt − st−1, ∀t ∈ J1, T K, (5.6c)

st ≤ rt, ∀t ∈ J1, T K, (5.6d)

wt, st, rt ∈ R≥0 ∀t ∈ J1, T K (5.6e)

In this problem, we have a node that can buy and sell inventory at a time-

varying price λjℓt, that pays a penalty for unmet demand, and that chooses how

much of the unmet demand to meet in each period.

This problem can be solved via integer programming with 3T variables (st, rt,

wt), where T is the number of time periods. Though this may solve quickly in

practice, below we provide an even faster method for solving 5.6.

Analytic Solution

Observe that the penalty Pjℓ does not depend on t, so that the penalty for missing

a unit of demand is linear in the number of time steps by which the demand

satisfaction is delayed. For the following, we remove the j, ℓ indices since there is

a node problem for each j, ℓ.
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We constrain the set of λt considered to only those for which the solution is

bounded (below); we can ensure this by initializing our dual variables to a known,

bounded solution and constraining our dual optimization. First, we argue that the

prices λt should decrease monotonically with t. Observe the coefficient on wt in

the objective is λt−1 − λt. Suppose there is a time period t such that λt−1 < λt.

Then we can send wt to infinity, holding everything else the same, and achieve −∞

objective. (This corresponds to buying an infinite amount at time t− 1 and then

selling it at time t.) Thus, we can constrain our search for dual variables to those

that satisfy λt−1 ≥ λt for each commodity and location.

We also claim that each λt must be non-negative. Suppose that there exists

some t for which λt′ < 0. Then for each t > t′, including the final time step T , we

have λt < 0 by the previous paragraph. Then since the wT term in the objective

only has weight λT , if λT is negative, we can send wT to ∞ to again yield −∞

objective. Therefore we only consider prices λt which are non-negative.

Now consider a process which matches time periods t at which there are demand

to time periods s when inventory is acquired to satisfy demand. This corresponds

to setting the values of ws, rs, ss, given demand signal Dt.

• If t ≥ s then the cost is λt. Because prices are declining over time, if t ≥ s,

it will be optimal to satisfy the demand as late as possible, which costs

λt per unit (corresponding to increasing st by 1). Note that it would cost

λt−1− λt ≥ 0 to increment wt, but we may also leave wt = 0 and assume the

demand is met by incoming commodities (from y variables). No late penalty

is incurred.

• If t < s, then the cost is (s− t) ∗ Pjℓ + λs; the demand is satisfied s− t time

steps late, so we incur the rt cost for each step, and pay λs per unit for ss
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(again, leaving ws = 0 ).

• If we never satisfy the demand, the cost is (T − t + 1) ∗ Pjℓ where T is the

last period, and no cost for setting w, s.

From the above reasoning, the lowest-cost way to satisfy a unit of demand at time

t is the minimum of these, i.e. min{λt−1, {Pjℓ(s− t) + λs−1}s=t+1,...,T , Pjℓ(T − t)}.

We can rewrite this as

min
t≤s≤T+1

Pjℓ(s− t) + λs,

where we define λT := 0 (note in our formulation the prices only go up to time

T − 1).

The minimizer does not depend on the individual unit of demand among Dt,

so the total contribution to the objective would then be

∑
t

Dt ·
(

min
t≤s≤T+1

Pjℓ(s− t) + λs

)
.

5.5 Algorithm

To solve the joint problem over all variables, we propose the following algorithm.

1. Propose an initial set of dual variables λjℓt.

2. Repeat the following until some termination criteria is reached (e.g. number

of iterations, runtime, dual convergence)

(a) Solve the dualized problem by solving, in parallel, the vehicle problem

for each vehicle and the node problem for each node.
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(b) Calculate the violation of the flow balance constraint. This gives us the

subgradient of the dual problem. Use this to update the dual variables

as in gradient ascent. This is a standard technique and is called dual

ascent, or specifically dual decomposition where we decompose across

the vehicle variables x, y, v and commodity-location variables w, s, r.

As a reminder for the reader, dual decomposition iterates between the

two following steps, where we denote fi(xi) the objective function for

the vehicle problem and node problems for i = {x, y, v}, {w, s, r} re-

spectively, xi represents the corresponding decision variables (in this

notation, xi = i), Xi is the corresponding feasible region, and Ax = b is

the flow balance constraint.

For k = 1, 2, . . .

x
(k)
i ∈ arg min

xi∈Xi

fi(xi) + λ(k−1)Aixi, i = {x, y, v}, {w, s, r}

λ(k) = λ(k−1) + tk

(∑
i

Aix
(k)
i − b

)
.

Much of the language we use relies on the price coordination interpreta-

tion of dual decomposition, where prices are updated based on whether

resources are over- or under-utilized (i.e. the sign of the slack in the flow

balance constraint). See Boyd et al. [2011] and Vandenberghe [2022] for

reference.

3. Use the last solve of the vehicle and node problems to get a feasible solution.

See section 5.6.
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Warm Starting

In the event that an optimal dual solution λ∗ and set of primal variables

x∗, y∗, v∗, w∗, s∗, r∗ from a related problem are available, one can generally plug

in λ∗ as an initial value for the dual variable in the new problem if the set of com-

modities, locations, and time steps are the same. Moreover, the first iteration of

dual optimization (solving for the primal variables) can also be further accelerated

in certain cases by leveraging the existing primal variables.

In particular, if for a certain commodity j and location ℓ, the only change is in

the supply value Wjℓt, then w∗, s∗, r∗ will remain optimal in the new problem with

dual variables λ∗ because the objective for the commodity-location problem only

changes by a constant (the difference in the supply).

If all commodity weights Qj and, for a certain vehicle h, the weight capacity Ah

and supply Vℓt remain the same, then the same x∗, y∗, v∗ will remain optimal for

the subproblem associated that vehicle h for dual variables λ∗, since all parameters

for that vehicle subproblem will remain the same.

5.5.1 Accelerating Convergence with the Bundle Method

In step (2) above, we mention dual ascent as the algorithm for optimizing (maxi-

mizing) the dual. However, in our experiments, we found using the bundle method

of Hiriart-Urruty and Lemaréchal [1996] accelerates the dual optimization.

The bundle method works by bounding the dual function f(λ) above by an

approximation f̂(λ) constructed from a “bundle” B of function value, subgradient,

and dual variable tuples (f(λk), gk, λk). The approximation satisfies f(λ) ≤ f̂(λ)
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and f(λk) = f̂(λk), and is formally defined as

f̂(λ) = min
(f(λ′),λ′,g′)∈B

f(λ′) + ⟨g′, λ− λ′⟩.

This approximation is used to iteratively generate the next set of dual variables

λk+1 by solving a quadratic program:

λk+1 = argmax
λ

f̂(λ)− w

2
∥λ− λ∥22, (5.7)

where λ is the current iterate. Here w > 0 is a constant which controls how far

away the next price can be.

Solving 5.7 can be done efficiently by a slight reformulation:

argmax
λ,v

v − w

2
∥λ− λ∥22 (5.8)

s.t.f(λ′) + ⟨g′, λ− λ′⟩ ≥ v ∀(f(λ′), λ′, g′) ∈ B

The solution to 5.8, λk+1, is then plugged into f to see if there is a sufficient

increase relative to f(λ). If so, we set λ = λk=1, and otherwise do not update λ.

In any case, we append f(λk+1, gk+1, λk+1) to B and iterate until convergence.

This is summarized in Algorithm 3. In practice, we initialize λ0 = 0⃗ and

w = 1; we found the results were not particularly sensitive to these choices.

Additionally, as discussed in Section 5.4.2, we added constraints to ensure the

commodity-location problem had a bounded solution; we also found these to im-

prove performance.
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Algorithm 3: Bundle Method for Dual Optimization

1 Initialize λ0, set λ = λ0.

2 B = {f(λ0), g0, λ0}

3 for k = 0, 1, . . . do

4 Solve Equation (5.8) for λk+1

5 if f(λ) > f(λ) then

6 λ = λk+1

7 end

8 B ← B ∪ {f(λk+1, gk+1, λk+1}

9 end

5.5.2 Theoretical Properties

We now discuss theoretical properties of the dual solution.

Theorem 5.5.1. The objective value of the optimal dual solution to 5.1 is equal

to the primal optimal objective of the LP relaxation of 5.1.

In other words, the duality gap of 5.1, a mixed integer program, is simply the

integrality gap between 5.1 and its LP relaxation.

Proof. First, we observe that if we relax the v, x variables to be continuous, then

the MIP becomes an LP. Moreover, observe we can easily construct the following

feasible primal solution. We set xhℓkt = yjhℓkt = sjℓt = 0 for all indices, corre-

sponding to a solution which does not move any vehicles or commodities. In this

case, we incur the finite cost
∑

jℓt Pjℓ(rjℓt− sjℓt) associated with not satisfying any

of the demand over the entire time horizon. Moreover, the LP is clearly bounded

below by 0, since we have a constraint sjℓt ≤ rjℓt and the objective is minimizing
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a sum of positively weighted rjℓt − sjℓt terms. Therefore the primal is feasible and

bounded, and by standard LP theory [Williamson, 2014], we know strong duality

holds in that the optimal dual and primal objectives match.

Now consider applying the same decomposition to the corresponding LP. Note

we have the same vehicle and commodity-location subproblems, except that in the

vehicle subproblem, x and v variables lose the integer constraints.

Let λ∗ be the optimal dual variables for the LP relaxation, and consider the

corresponding optimal x∗, v∗ for one particular vehicle h in the inner minimization

problem.

We make the following observation. Instead of viewing the movement of the

vehicle h through the x variables which index over ℓ, k, t, consider each entire path

p through the network (where the balance constraints for v are implicitly satisfied).

The flow of the continuous-valued x can be expressed as a convex combination of

binary-valued xp, i.e.
∑

p αpxp where αp ≥ 0,
∑

p αp = 1 and xp corresponds to the

movement of the binary-valued vehicle h.

In particular, the LP-relaxed vehicle subproblem is equivalent to the following

path-based formulation. Let Ph denote the set of all (combinatorially many) paths

from the start location of vehicle h to each other location, which terminate by the

time horizon T . Denote Phℓkt as the set of paths p of vehicle h which travel the

arc (ℓ, k) starting at time t. Then, consider the following LP
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min
x,α

T∑
t=1

∑
j∈J

∑
ℓ∈L

λjℓt

(∑
k

yjhℓkt −
∑
k

yjhkℓ,t−Nhkℓ

)
(5.9a)

s.t.
∑
j∈J

Qj · yjhℓkt ≤ Ah

∑
p∈Phℓkt

αp, ∀t ∈ J1, T K, ∀ℓ ∈ L, ∀k ∈ Lhℓt, (5.9b)

∑
p∈Ph

αp = 1, (5.9c)

αp ∈ R≥0, ∀p ∈ Ph, (5.9d)

yjhℓkt ∈ R≥0 ∀t ∈ J1, T K, ∀j ∈ J , ∀ℓ ∈ L, ∀k ∈ Lhℓt,

(5.9e)

Therefore we can view the optimization over x, v, y as instead an optimization

problem over αp, y, again all real. The objective remains linear, corresponding to

the accumulated
∑

j(λj,t+Nhℓk,k − λj,t,ℓ)yj along each path xp between consecutive

locations h, k. By standard LP theory, we know an optimal solution exists at

an extreme point. It remains to show that the set of extreme points for the

feasible region of 5.9 are comprised of standard basis vectors e⃗i, which in this case

corresponds to single paths.

To show this, consider some solution {αp}, {yjhℓkt} to 5.9 which has some αi ∈

(0, 1) for some path i. We construct two solutions {βp}, {xjhℓkt}, {γp}, {zjhℓkt} such

that {αp}, {yjhℓkt} is a convex combination of these two solutions with nonnegative

weights.

First, consider the set of βp defined by defined by βp = 1
1−αi

αp for all n ∈ Ph,

p ̸= i and βi = 0. Also, consider xjhℓkt =
1

1−αi

∑
p ̸=i,p∈Phℓkt

αp∑
p∈Phℓkt

αp
xjhℓkt for all j ∈ J , ℓ ∈

L, k ∈ Lhℓt, t = 1, . . . , T .
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Observe that this satisfies the constraints: 5.9b is satisfied because

∑
j∈J

Qj · xjhℓkt =
1

1− αi

∑
p̸=i,p∈Phℓkt

αp∑
p∈Phℓkt

αp

∑
j∈J

Qj · yjhℓkt

≤ 1

1− αi

∑
p̸=i,p∈Phℓkt

αp∑
p∈Phℓkt

αp

Ah

∑
p∈Phℓkt

αp

= Ah
1

1− αi

∑
p ̸=i,p∈Phℓkt

αp

= Ah

∑
p∈Phℓkt

βp,

where the first inequality comes from {αp}, {yjhℓkt} being a feasible solution to 5.9,

and 5.9c is satisfied because

∑
p∈Ph

βp =
∑

p ̸=i,p∈Ph

1

1− αi

αp =
1− αi

1− αi

= 1,

and the nonnegativity constraints are immediate due to all of the multipliers

being nonnegative.

Next, we consider {γp}, {zjhℓkt} where {γp} = e⃗i (the vector with only a 1 for

index i and 0 for all other paths p). This obviously satisfies the constraints 5.9c

and 5.9d. Then consider zjhℓkt defined as follows: for h, ℓ, k, t such that h travels

arc ℓ, k at time t in path i, we set zjhℓkt =
yjhℓkt∑

p∈Phℓkt
αp

for all j. For all other arcs,

we set zjhℓkt = 0. This clearly satisfies the nonnegativity constraint.

We verify 5.9b. For h, ℓ, k, t such that h travels arc ℓ, k at time t in path i, we

have
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∑
j∈J

Qj · zjhℓkt =
1∑

p∈Phℓkt
αp

∑
j∈J

Qj · yjhℓkt

≤ Ah
1∑

p∈Phℓkt
αp

∑
p∈Phℓkt

αp

= Ah

= Ah

∑
p∈Phℓkt

γp,

where we use the feasibility of {αp}, {yjhℓkt} for 5.9, and the last equality holds

since i ∈ Phℓkt.

For all other arcs,
∑

j∈J zjhℓkt = 0, which is certainly less than a sum of non-

negative numbers βp.

Finally, we observe that for all p, αp = αiγp + (1− αi)βp, and furthermore for

all j, h, ℓ, k, t,

yjhℓkt = αizjhℓkt + (1− αi)xjhℓkt,

For h, ℓ, k, t such that h travels arc ℓ, k at time t in path i, we have

αizjhℓkt + (1− αi)xjhℓkt =
αi∑

p∈Phℓkt
αp

yjhℓkt +

∑
p ̸=i,p∈Phℓkt

αp∑
p∈Phℓkt

αp

yjhℓkt = yjhℓkt,

and for all other arcs,

αizjhℓkt + (1− αi)xjhℓkt =

∑
p∈Phℓkt

αp∑
p∈Phℓkt

αp

yjhℓkt = yjhℓkt.

It follows by definition that the solution {αp}, {yjhℓkt} is not an extreme point.

Therefore the only possible extreme points are the standard basis vectors over the
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set of paths P , i.e. flows along a single path.

It follows that optimizing over these paths of a single, binary-valued vehicle

yields a solution with the same optimal solution as optimizing over the continuous

variables representing the flow of the vehicle.

By further observing that the commodity-location problem 5.9 does not change

between the MIP and its LP relaxation, we can therefore conclude that the optimal

dual solution to 5.1 equals the optimal dual solution to the LP relaxation, which

equals the optimal LP solution of the LP relaxation of 5.1.

We also have the following negative result on strong duality.

Theorem 5.5.2. Strong duality does not hold in general between the dual solution

and the primal solution to the MIP.

Proof. To prove this negative result, it is sufficient to provide a counterexample.

To that end, consider the following problem.

Suppose there are three locations, a, b, c, such that the only arcs are (a, b) and

(a, c), both with distance 1 unit. Suppose there is only one vehicle h which starts

at a at time 0, has capacity Ah = 1, and travels at the speed of 1 unit per time

step. Let there be one commodity type j, with “weight” 1. Let Pjℓ = 1 for all j, ℓ.

Finally, suppose there is a supply of 1 unit of j at a at time 0, and two demands:

α ∈ (0, 1) due at b at time 1, and 1− α ∈ (0, 1) due at c at time 1.

First, observe the primal MIP solution is min(α, 1 − α) > 0, since the vehicle

can either satisfy no demand (incurring cost 1), satisfy the demand at b (incurring
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cost 1− α), or satisfy the demand at c (incurring cost α).

Now consider the dual. We first consider the vehicle subproblem’s contribution

to the objective.

The vehicle can either stay at location a, incurring cost λj0a − λj1a, move to

location b, incurring cost λj0a−λj1b, or move to location c, incurring cost λj0a−λj1c.

Now consider the commodity-location subproblem. Based on the closed-form

solution described above, the j− b subproblem incurs αmin(1, λj1b), and the j− c

subproblem incurs (1 − α)min(1, λj1c). Finally, the j − a subproblem objective

evaluates to the constant −λj0a.

Now consider three cases for the values of λ∗, the optimal set of prices which

maximize the dual. First, suppose λ∗
j1a ≥ max(λ∗

j1b, λ
∗
j1c), so that an optimal

solution for the vehicle is to stay at location a. In this case, the total cost is

λ∗
j0a− λ∗

j1a +αmin(1, λ∗
j1b) + (1−α)min(1, λ∗

j1c)− λ∗
j0a = −λ∗

j1a +αmin(1, λ∗
j1b) +

(1 − α)min(1, λ∗
j1c). Since the dual optimization is a maximization problem, the

objective in this case is maximized by minimizing λj1a and maximizing λj1b and

λj1c. However, based on our analysis of the commodity-location problem, we know

λ∗
j1a is at most λ∗

j0a, so the optimal λ∗ in this case has λ∗
j0a = λ∗

j1a. Moreover,

λ∗
j1a ≥ max(λ∗

j1b, λ
∗
j1c) by assumption, so the maximum value of λj1b and λj1c is

also λ∗
j1a = λ∗

j0a. Therefore the total objective in this case is at most −λ∗
j0a +

αmin(1, λ∗
j0a) + (1− α)min(1, λ∗

j0a) ≤ −λ∗
j0a + α1, λ∗

j0a + (1− α)λ∗
j0a = 0.

Now suppose λ∗
j1b ≥ max(λ∗

j1a, λ
∗
j1c) so that an optimal solution for the vehicle is

to go to location b. The total cost is λ∗
j0a−λ∗

j1b+αmin(1, λ∗
j1b)+(1−α)min(1, λ∗

j1c)−

λ∗
j0a = −λ∗

j1b+αmin(1, λ∗
j1b)+ (1−α)min(1, λ∗

j1c) ≤ −λ∗
j1b+αλ∗

j1b+(1−α)λ∗
j1c ≤

−λ∗
j1b + αλ∗

j1b + (1− α)λ∗
j1b = 0.
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By symmetry, the case that λ∗
j1c ≥ max(λ∗

j1a, λ
∗
j1b) also has 0 as an upper bound

on the objective.

Therefore in all cases, 0 is an upper bound on the dual objective. Finally, ob-

serve that setting λjtℓ = 0 for all t ∈ {0, 1} and ℓ ∈ {a, b, c} trivially achieves this

objective, since we can freely set sjb1 = rjb1 and sjc1 = rjc1. Therefore the maxi-

mum of the dual is 0, which is strictly less than the primal objective of min(α, 1−α).

Note that the counterexample from Theorem 5.5.2 can be easily verified to

adhere to Theorem 5.5.1, since the continuously relaxed vehicle can split into α

going to location b, and 1− α going to location c, satisfying both demands.

5.6 Producing a feasible solution with Multicommodity

Flow

In practice, it is difficult for the solution of the inner minimization problem of the

dual to yield a primal feasible solution to the original MIP.

In particular, given a set of dual variables λ, in solving the knapsack for the ve-

hicles, the vehicles either move nothing, or fill up to maximum capacity. However,

this will generally violate the balance constraint that is relaxed for the Lagrangian,

since there is likely not enough inventory at the location for the vehicle to actually

fill up to capacity.

However, in order for this method to be practically useful, it is important

that we are able to derive a primal feasible solution to the MIP, so that we can
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still ultimately provide a sensible solution to a logistics planner. To that end,

we propose the following heuristic: fix the vehicle variables x, v, and solve the

remaining MIP over the y, w, s, r variables. We call this the multicommodity flow

(MCF) method, since one can view the vehicles as the capacitated edges over which

the flow of commodities travel.

Practically speaking, this drastically sparsifies the network over which the lo-

gistics problem is optimized, as compared with the MIP. Section 5.7 includes ex-

periments which demonstrate that this method can yield reasonable solutions even

in large instances.

We also note that by deriving a primal feasible solution, we provide an upper

bound on the optimal MIP solution, complementing the corresponding lower bound

from the dual solution.

5.7 Numerical Results

On the same Southern California case study scenario used in Chapter 4, we demon-

strate the effectiveness of our approach, which can find a dual solution matching

the primal feasible objective value within minutes. Figure 5.1 shows the conver-

gence of the dual objective to the primal optimal objective on this instance. We

expect our solution to scale better with problem instance than solving with the

MIP.

Table 5.1 further demonstrates the value of the decomposition method in solv-

ing large instance. We compare the MIP and decomposition code on the same

Southern California instance, scaling up the size of the instance linearly (with the
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Figure 5.1: Convergence of our method on Southern California instance.

number of time steps). The decomposition code is run with 100 iterations, and

then fed into the MCF algorithm from Section 5.6 to generate a primal feasible

solution. We see that, although the derived primal solution is not as good as

the MIP optimal solution, the time to solve does not scale nearly as poorly. In

particular, for the 12 hour instance, the MIP got stuck at a feasible solution for

30 minutes which did not reach the specified optimality gap, and for the 24 hour

instance, the MIP did not even find a feasible solution within the time limit.

Table 5.1: Comparison of MIP and Decomposition (100 iterations) + MCF across
time step sizes on Southern California Instance. ∗ MIP found feasible solution but
did not solve to completion. ♯ no feasible solution found within time limit.

Hours per timestep
MIP Decomposition + MCF

Obj Time (s) Obj Time (s)
24 1.16× 104 194.71 2.23× 105 224.63
12 5.65× 104 1840.00∗ 7.15× 104 456.76
6 n.a.♯ n.a.♯ 3.57× 104 1178.73
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5.8 Conclusion

In summary, our work makes three key contributions. First, we develop a fast,

memory-efficient dual decomposition algorithm tailored to large-scale military lo-

gistics planning, leveraging problem structure to enable efficient subproblem so-

lutions. Second, we show that our dual optimization achieves the LP relaxation

objective. Third, we propose an effective heuristic for recovering a primal feasible

solution, yielding upper and lower bounds on the optimal MIP objective. On re-

alistic scenarios, we demonstrate that our approach converges to primal optimal

objectives within minutes and enables solving instances that are computationally

intractable as MIPs.

Future work includes achieving further speedup by implementing paralleliza-

tion, as well as developing more intelligent and theoretically justified methods for

deriving a primal feasible solution from a converged (or unconverged) dual solu-

tion.
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APPENDIX A

CHAPTER 2 APPENDIX

A.1 Proofs and Other Technical Details

A.1.1 Justification of Assumption 5.2

We restate Theorem 14.5 from Anthony and Bartlett [2009].

Theorem A.1.1. Assume a class F of functions computed by a feed-forward real-

output multi-layer network with the following properties:

• The network has ℓ ≥ 2 layers with connections only between adjacent layers.

• There are W weights in the network.

• For some b, each neuron maps into the interval [−b, b], and each neuron in

the first layer has a non-decreasing activation function.

• There are constants V > 0 and L > 1/V so that for each neuron in all but the

first layer of the network, the vector w of weights associated with that neuron

has ∥w∥1 ≤ V and its activation function s : R 7→ [−b, b] is L-Lipschitz.

Then, if α ≤ 2b,

N∞(α, F, n) ≤
(
4enbW (LV )ℓ

α(LV − 1)

)W

.

As stated in the main paper, consider a neural network with all neurons having

non-decreasing, L-Lipschitz activation functions which map into [−b, b], and the

constraint on weights ∥w∥1 ≤ V . Then in this case B = b in Assumption 5.2a.
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We conclude from Lemma 14.6 of Anthony and Bartlett [2009] that all functions

F are (V L)ℓ-Lipschitz, i.e. L′ = (V L)ℓ, satisfying the second part of Assumption

5.2a.

Finally, we consider the architecture of the neural network to be fixed, so that

W is fixed (it is allowed to depend on the input dimension d, which we also consider

fixed). Then we see this satisfies Assumption 5.2b with C = 4ebW (LV )ℓ

LV−1
and D = W .

A.1.2 Proof of Proposition 6.1

Proof. We have that

V̂ (π) =

∑n
i=1 1{π(xi) = ai}ri∑n
i=1 1{π(xi) = ai}

=
1
n

∑n
i=1 1{π(xi) = ai}ri

1
n

∑n
i=1 1{π(xi) = ai}

. (A.1)

Now consider the denominator to Equation (A.1). We can express the event that

π(xi) = ai as the union of disjoint events (π(xi) = a)∩ (ai = a), where the union is

over the space of actions (articles) a ∈ {1, . . . , 20}. Then since the event ai = a is

independent of π(xi) (as the logging policy is known to be uniform), we can write

P(π(xi) = ai) =
20∑
a=1

P (π(xi) = a)P (ai = a)

=
1

20

20∑
a=1

P (π(xi) = a)

=
1

20
.
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Therefore we can apply the (weak) law of large numbers on each 1{π(xi) = ai},

since they are independent and identically distributed Bernoulli random variables

with p = 1
20
. So we have that

1

n

n∑
i=1

1{π(xi) = ai}
p→ 1

20
. (A.2)

Now consider the inverse-propensity score (IPS) estimator,

V̂IPS(π) :=

∑n
i=1 1{π(xi) = ai}ri
P(π0(xi) = ai)

,

where π0 is the uniform sampling policy.

From Agarwal and Kakade [2019], this estimator is unbiased for V (π) and has

variance which scales as O( 1
n
). Therefore by Chebyshev’s inequality,

P
(
|V̂IPS(π)− V (π)| ≥ ϵ

)
≤ Var(V̂IPS(π))

ϵ2
n→∞→ 0,

and we conclude that V̂IPS(π) is consistent for V (π).

Since P(π0(xi) = ai) = 1
20
, it follows that the numerator for Equation (A.1)

is consistent for V (π)
20

. We can finally combine this with Equation (A.2) and apply

Slutzky’s theorem to conclude that V̂ (π) is consistent for V (π).

A.1.3 Example where ESR should outperform policy-

based methods.

Consider a simple example: let r(x, a) = g(x) + 1(a = a∗) for some fixed a∗

where g is continuous but has a large Var(g(x)) due to variability in x. Consider
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the asymptotic regime where the number of datapoints (n) and the smoothing

parameter (k) are both large. Because n is large and g is continuous, the nearest

neighbors N(i) will have similar contexts and the ESR (2.3) will be close to (2.2).

Moreover, when k is large, (2.2) is near 0 for any θ that is able to predict a larger

reward r̂θ(xi, a) for a = a∗ than for the other actions a ̸= a∗. As long as the model

class contains such a θ, minimizing ESR will produce a model whose regret is small.

On the other hand, a policy-based method based on inverse propensity weights may

struggle to learn a good policy because large Var(g(x)) creates variability in the

reward, obscuring the effect of the action ai and making it more difficult to learn

the best policy.

Moreover, (2.2) has a simple form – it is just 1− exp(kr̂θ(xi,1))∑
a′∈A exp(kr̂θ(xi,a′))

. so that near-

est neighbors are close. Because the ESR loss function takes differences between

rewards for different actions, the nearest neighbors will form a good approximation

to the difference between actions. Indeed, the difference in rewards will be either

1 or 0 plus some vanishing error term due to the use of neighbors. In other words,

we are essentially training a reward model where regret is (approximately) 0 only

when r̂θ(x, a) ≤ r̂θ(x, argmaxa′ r(x, a
′)) ∀a and (approximately) 1 otherwise. For

general model classes, this is easy to learn since there likely exist many possible

reward models in the class which satisfy this. On the other hand, using a policy-

based method still relies on having ri = g(ai) + 1(ai = 1) in the loss function,

and given Var(g(x)) is large, the large variance of g may obscure the effect of the

action ai and thereby make it more difficult to learn the best policy.
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.

Table A.1: CTR (95% CI) for ESR Loss Trained NN vs. other offline contextual
bandit methods. The mean click-through rate (CTR) for most days is highest for
the model trained on the ESR loss. The performance improvement is statistically
significant over all ten days.

Day ESR Direct IPW DR BanditNet Pseudo-Loss LS LSE

1 [4.12, 5.13] [3.50, 4.45] [3.88, 4.24] [3.87, 4.23] [4.02, 4.40] [3.86, 4.56] [4.01, 4.39] [3.84, 4.20]
2 [3.13, 4.06] [2.54, 3.54] [3.03, 3.22] [3.04, 3.28] [3.13, 3.34] [3.06, 3.26] [3.10, 3.33] [3.04, 3.26]
3 [3.38, 4.55] [2.75, 3.51] [3.06, 3.37] [3.09, 3.40] [3.12, 3.43] [3.08, 3.38] [3.16, 3.46] [3.07, 3.40]
4 [3.78, 4.82] [3.62, 4.48] [3.75, 4.15] [3.73, 4.16] [3.90, 4.33] [3.76, 4.16] [3.88, 4.32] [3.76, 4.17]
5 [4.25, 5.46] [3.69, 4.64] [3.97, 4.26] [4.04, 4.35] [4.13, 4.43] [3.99, 4.28] [4.13, 4.46] [4.05, 4.30]
6 [3.97, 5.29] [3.38, 4.20] [3.53, 3.90] [3.50, 3.88] [3.60, 3.98] [3.51, 3.88] [3.64, 4.00] [3.51, 3.89]
7 [3.34, 4.42] [3.13, 4.18] [3.66, 3.99] [3.68, 4.03] [3.78, 4.12] [3.69, 4.06] [3.80, 4.17] [3.66, 4.00]
8 [3.22, 4.09] [3.28, 4.34] [3.28, 3.56] [3.31, 3.57] [3.44, 3.74] [3.32, 3.59] [3.41, 3.70] [3.30, 3.58]
9 [3.41, 4.36] [2.89, 3.83] [3.11, 3.36] [3.10, 3.37] [3.24, 3.51] [3.10, 3.35] [3.24, 3.51] [3.11, 3.38]
10 [3.14, 4.01] [3.13, 3.95] [3.09, 3.43] [3.13, 3.48] [3.19, 3.56] [3.08, 3.45] [3.19, 3.56] [3.09, 3.42]

All [3.97, 4.32] [3.55, 3.86] [3.58, 3.71] [3.60, 3.73] [3.71, 3.84] [3.59, 3.72] [3.71, 3.84] [3.59, 3.71]

A.2 Experimental Setup

The IHDP dataset was run on a M1 Pro Macbook Pro with 16GB RAM. The

news recommender dataset was run on a cluster allocated 1 Intel(R) Xeon(R)

Silver 4214R CPU @ 2.40GHz core, 1 RTX 3090 GPU, and 64GB RAM.

To ensure reproducibility, random seeds were set for both numpy and torch.

A.3 Additional Experimental Results

A.3.1 Day-by-day Results

Table A.1 shows a more detailed view of the results in Figures 1 and 2.
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A.3.2 BanditNet and Pseudo-Loss Hyperparameters

In the main test, we compared against BanditNet [Joachims et al., 2018] and the

Pseudo-Loss regularizer [Wang et al., 2024]. We chose the best-performing setting

of hyperparameter out of a grid; here we show performance of all hyperparameters

tested.

For BanditNet, we test λ in the range [0.65, 1.05] and for Pseudo-Loss, we

test β in the range [0.001, 1] to match the range the authors test in their own

experiments. Figure A.1 shows that the performance of these methods is not

particularly sensitive to the choice of the hyperparameter.

Figure A.1: Effect of hyperparameters for BanditNet and Pseudo-Loss

A.3.3 DR with Shrinkage

Figure A.2 shows results on the Yahoo dataset when using the optimistic shrinkage

approach from Su et al. [2020]. Su et al. [2020] uses the same equation for estimat-
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ing the policy value as in the DR approach. In particular, defining w(x, a) = π(a|x)
π0(a|x) ,

standard DR uses 1
n

∑n
i=1

(∑
a∈A r̂(xi, a)π(a|xi) + w(xi, ai)(ri − r̂(xi, ai)

)
, while

DR with optimistic shrinkage uses 1
n

∑n
i=1

(∑
a∈A r̂(xi, a)π(a|xi) + ŵλ(xi, ai)(ri−

r̂(xi, ai)

)
where ŵλ(x, a) := λ

w(x,a)2+λ
w(x, a). We show results for λ ∈

{0.1, 1, 10, 100, 1000,∞} (λ = 0 is the same as the direct method).

Figure A.2: Comparing choices of λ on DR with optimistic shrinkage.

A.3.4 ESR with KD-Tree

Figure A.3 shows results when replacing the Ball tree algorithm [Omohundro, 1989]

used in the results shown in the main body with KD tree [Bentley, 1975]. The

results are different but the overall performance is similar.
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Figure A.3: Comparing effect of approximate nearest neighbors algorithm on ESR.

A.4 Code

Please find the code for the experiments at the repository here: https://github.

com/samstan/ESRLoss
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APPENDIX A

CHAPTER 3 APPENDIX

A.1 Wang-Landau Algorithm

The Wang-Landau method is a Monte Carlo algorithm designed to efficiently es-

timate the density of states D(E) across the entire energy spectrum of a system.

Unlike conventional Monte Carlo methods that sample according to the Boltzmann

distribution, the Wang-Landau algorithm performs a random walk in energy space

with sampling probability proportional to 1
D(E)

, ensuring uniform exploration of all

energy levels. The method iteratively refines both the density of states estimate

and a modification factor f , which is reduced as the histogram of visited ener-

gies becomes increasingly flat. The algorithm terminates when the modification

factor reaches a predetermined threshold, yielding an accurate estimate of D(E)

that enables direct calculation of thermodynamic quantities at any temperature.
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Algorithm 4: Wang-Landau Algorithm

Input: Initial configuration, modification factor f0 = e, final factor ffinal,

flatness criterion δ

Output: Density of states D(E)

1 Initialize D(E) = 1 for all energies E; Initialize histogram H(E) = 0 for

all energies E; Set f = f0; while f > ffinal do

2 while histogram is not flat do

3 Propose a Monte Carlo move to new configuration with energy

Enew; Calculate acceptance probability p = min
(
1, D(Eold)

D(Enew)

)
; if

move accepted then

4 Update configuration to new state; E ← Enew;

5 end

6 Update: D(E)← D(E) · f ; Update: H(E)← H(E) + 1;

7 end

8 Check flatness: min(H(E))
⟨H(E)⟩ > 1− δ; Reset histogram: H(E) = 0 for all

E; Reduce modification factor: f ←
√
f ;

9 end

10 return D(E)
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APPENDIX B

CHAPTER 4 APPENDIX

B.1 Hub-and-Spoke Algorithm

Here we describe the automatic hub-and-spoke generation algorithm in detail. We

run Algorithm 5 for each domain (Air, Sea, Ground) to generate hubs and spokes.

Then we construct the network by including all arcs between hubs, i.e. (mj,mℓ)

for all j, ℓ = {1, . . . , k}, j ̸= ℓ and all arcs between hubs and spokes in the same

cluster Cj, i.e. (xi,mj), (mj, xi) for xi ∈ Cj \mj, for j = 1, . . . , k.
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Algorithm 5: Automatic Single-domain Hub-and-Spoke generation

based on Park and Jun [2009]

Data: X = {x1, x2, . . . , xn}: Set of n locations

k: Number of hubs

D: Precomputed distance matrix where Dij is the physical distance

between xi, xj for all i, j ∈ {1, 2, . . . , n}

Result: Set of k hubs and n− k spokes

1 Step 1: Compute the dissimilarity measure for each object:

2 for i = 1 to n do

3 Di ←
∑n

j=1Dij;

4 end

5 Step 2: Select k initial hubs:

6 Sort location in ascending order based on Di;

7 Select the first k location as initial hubs {m1,m2, . . . ,mk};

8 Step 3: Assign each location to the nearest hub:

9 for i = 1 to n do

10 Assign xi to cluster Cj where j = argminl∈{1,2,...,k}Di,ml
;

11 end

12 Step 4: Update hubs:

13 for j = 1 to k do

14 mj ← argminx∈Cj

∑
y∈Cj

d(x, y);

15 end

16 Step 5: Repeat Steps 4 and 5 until hubs no longer change;

17 return Hubs {m1,m2, . . . ,mk} and Spokes Cj \mj, j = 1, . . . , k
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theory of nonparametric regression. Springer, 2002.

M. Hewitt. Enhanced dynamic discretization discovery for the continuous time

147



load plan design problem. Transportation science, 53(6):1731–1750, 2019. ISSN

0041-1655.

M. Hewitt. The flexible scheduled service network design problem. Transportation

Science, 56(4):1000–1021, 2022. doi: 10.1287/trsc.2021.1114. URL https://

doi.org/10.1287/trsc.2021.1114.

Jennifer L Hill. Bayesian nonparametric modeling for causal inference. Journal of

Computational and Graphical Statistics, 20(1):217–240, 2011.

Yoyo Hinuma, Hiroyuki Hayashi, Yu Kumagai, Isao Tanaka, and Fumiyasu Oba.

Comparison of approximations in density functional theory calculations: Ener-

getics and structure of binary oxides. Physical Review B, 96(9):094102, 2017.

Jean-Baptiste Hiriart-Urruty and Claude Lemaréchal. Convex analysis and mini-
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