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Over the past two decades, the statistical and computational properties of optimal trans-
port (OT) have been systematically studied, driven in part by OT’s broad applicability
across data science, statistics, economics, physics, and other fields. This body of work has
identified the curse of dimensionality inherent in statistical estimation with OT distances
and has led the development of computationally and statistically efficient regularizations
of OT. The first contribution of this thesis is a general framework for deriving limit
distributions and other asymptotic properties of empirical regularized OT distances.

While OT distances enable a natural comparison between distributions on a common
space, comparing datasets of different types — such as text and images — requires speci-
fying an ad hoc cost function, which may fail to capture a meaningful correspondence
between data points. To address this issue, Gromov-Wasserstein (GW) distances have
been proposed, enabling a comparison of metric measure spaces based on their intrinsic
structure. As a result, GW distances have found widespread use in applications involving
heterogeneous data. The second contribution of this thesis is to establish the first limit
laws for empirical GW distances and to derive consistent resampling schemes.

Given the broad applicability of GW distances, their computation is of a particular
interest. However, existing algorithms for computing regularized GW distances lack
comprehensive convergence rate guarantees. To address this gap, the final contribution
of this thesis is to introduce the first algorithms for computing regularized GW distances

subject to formal non-asymptotic convergence rate guarantees.
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CHAPTER 1
INTRODUCTION

This thesis comprises three papers: two have been published in journals in applied
probability and statistics, and the third is currently under review. This first chapter serves
as a brief primer to optimal transport theory and the related Gromov-Wasserstein distance.
The second chapter develops a generic framework for deriving limit distributions for
optimal transport-based distances and applies it to three different regularizations of
optimal transport. The third chapter applies this framework to derive the first limit
distribution results for the Gromov-Wasserstein distance and proposes an application to
the problem of testing for graph distribution isomorphisms. The fourth chapter regards
computation of entropically regularized Gromov-Wasserstein distances and introduces

the first algorithms for this problem with non-asymptotic convergence rate guarantees.
1.1 Optimal Transport and the Gromov-Wasserstein Distance

Optimal transport (OT) has a storied history, originating nearly 250 years ago with the
pioneering work of Gaspard Monge [146]. At its core is the purely operational question
of how to transport particles (e.g. grains of sand) into a desired configuration (e.g. a sand
castle) in a way that the average displacement of the particles be minimized. The modern
mathematical formulation of Monge’s original problem is as follows. Given probability
measures (, v on possibly distinct Polish spaces X, Y and a cost functionc : X X Y — R
which quantifies the cost of transporting a unit mass from a point x € X to its target
y € Y, we wish to find a measurable map 7 : X — Y which transports u onto v, in the

sense that u (T‘I(A)) = v(A) for every measurable set A C Y (this relation is denoted by



Tyu = v), and solves the following problem

inf f c(x, T(x))du(x).
X

T measurable
=V

A map solving this problem is known as an OT map and assigns to each point x € X its

optimal target y € Y under the cost c.

Regrettably, Monge’s problem is quite brittle, as the existence of a map 7 satisfying
Tyu = v is not guaranteed even in anodyne settings. For instance, if y is supported on
one point whereas v is supported on two points, no such map can exist. It was not until
the work of Leonid Kantorovich [120] that a satisfactory resolution of this problem was
proposed. Rather than imposing that the transport be described by a map, Kantorovich’s
problem allows mass splitting by working with couplings — probability measures on the
product space X X Y which admit u and v as marginals on X and Y respectively. Namely,
we seek € TI(u, v), the set of all couplings of u and v, which minimizes the expected

cost of transportation, yielding the problem

inf f c(x,y)dn(x,y).
XxY

rell(u,v)
Crucially, the existence of couplings solving this problem, called OT plans, is guaranteed
under mild conditions. A connection between the Monge and Kantorovich problems is
afforded in the case that an OT plan is concentrated on the graph of a map, 7', in which T
is an OT map. When u and v are supported on a finite number of points, the Kantorovich
problem reduces to a linear program for which a variety of efficient (polynomial time)

algorithms are available.

Perhaps the most important instance of the OT problem arises when p and v are
probability measures on a common Polish space (X, d), and the cost function is taken to

be the p-th power of the metric for some p € [1, o). In this setting, the quantity

1/p
— : V4
W, (u, v) (ﬂegl(}f,y) - dx,y) dﬂ(x,y)) ,



is called the p-Wasserstein distance between u and v. This moniker is well-deserved,
as W, is a metric on the space of all probability measures on X which have finite p-th
moment. Furthermore, it metrizes the weak convergence of probability measures to-
gether with the convergence of p-th moments. Importantly, Wasserstein distances endow
the space of distributions with a rich geometry, enabling practitioners to reason about

complicated transformations of distributions in terms of concrete geometric operations.

Given that the Wasserstein distance vanishes if and only if the input measures are
identical, it is natural to consider its application to statistical problems such as testing
for equality of distributions based on samples. Concretely, suppose that we observe
independent and identically distributed samples X, ..., X,, from an unknown probability
distribution u on R?, which we assume to be compactly supported for simplicity. We
aim to test whether u coincides with a reference distribution v by computing the statistic
W, ({1, v), where p = 2 is chosen for simplicity and f, = %z;’zl Oy, is the empirical
measure of the samples, with &, denoting the Dirac measure at x € RY. The null

hypothesis W, (i, v) = 0 is then rejected if W,(i1,,, v) exceeds a set critical value.

The standard approach to computing critical values for this testing problem requires
deriving a central limit theorem under the null and estimating the quantiles of the limiting
distribution. However, once d > 4, the quantity E[W,({1,, u)*] is generally of order
0 (n‘z/ d), up to logarithmic factors when d = 4, (cf. e.g. [83]). This scaling suggests
that a central limit theorem with the conventional /n scaling should not hold in general
for d > 4, see Section 5.4 in [117] for details. The poor scaling of the mean rate of
convergence with the dimension is often referred to as the curse of dimensionality and
is an important consideration when applying OT-based methods to sampled data. To
address this issue, computationally and statistically efficient regularizations of OT have

seen much interest in the past decade. A complete introduction to regularized OT is



included in Chapter 2 in which a platform for valid statistical inference with regularized

distances is developed.

While OT is particularly well-suited for comparing distributions supported on the
same space, modern data science pipelines often involve comparing datasets that differ in
modality or semantic meaning. Applying OT in such settings requires defining a cost
function on the joint space which accurately captures the similarities and dissimilarities
of heterogeneous data — a task which is often nontrivial. To account for this, practitioners
have recently turned to the Gromov-Wasserstein (GW) distance which enables comparing

arbitrary metric measure spaces based solely on their intrinsic structure.

Given two complete and separable metric measure spaces (X, dy, 1) and (Y, dy, v),

the (p, ¢)-GW distance, for p, g € [1, o), between them is defined as

1/p

GW,q(u,v) == inf ( f f ldx(x, x)? = dy (v, )" dn(x, y)dn(x',y)|
XY JXxY

nmell(w,v)

and is finite provided that x4 and v have finite pg-size, that is,

ffdx(x, XYdu(x)du(x") < co and ffdy(y,y’)pqdv(y)dv(y') < oo.
X JX YyJYy

It is straightforward to verify that GW,, ,(u, v) = 0 if and only if there exists a measurable
map 7 : X — Y for which Tyu = v and dx(x, x") = dy(T (x), T(x")) for u-almost every
x € X. In this case, (X,dy,u) and (Y, dy, v) are isomorphic metric measure spaces.
Remarkably, GW,, , defines a metric on the collection of all isomorphism classes of

metric measure spaces with finite pg-size.

In contrast to the standard Wasserstein distance, the statistical properties of the GW
distance remained widely unknown until the recent work of [223]. In that paper, it was
shown that if u and v are compactly supported probability measures on R% and R%
respectively with d., dy > 4, E [|GWa, (it 7,)* = GWa (. v)2|| = O~/ minidsdd) up to

logarithmic factors when min{d,, d,} = 4. This rate matches the curse of dimensionality



rate of W3 when d, = d,, but adapts to the minimum of the two dimensions — a property
which also holds for W, (see [21]) — suggesting that the Wasserstein and Gromov-
Wasserstein distances share similar statistical properties. Chapter 3 strengthens this
heuristic by deriving the first limit laws for GW distances in many cases of interest using

the framework developed in Chapter 2.

While the Wasserstein and Gromov-Wasserstein distances behave similarly at the
statistical level, their computational properties are quite dissimilar. Indeed, OT between
two finitely supported distributions is simply a linear program. By contrast, computing
the GW distance entails solving a quadratic program which is generally nonconvex — a
class of problems known for their intractability. Although local solvers and semidefinite
programming relaxations for this problem have been proposed, exact resolution of the
GW problem remains challenging in most cases. Alternative approaches seek to estimate
a regularized Gromov-Wasserstein distance via local optimization techniques. These
methods are appealing due to their inexpensive per-iteration cost, but alas there are no
currently guarantees on the number of iterations required for convergence. Chapter 4
introduces the first algorithm for approximating a regularized Gromov-Wasserstein

distance which is subject to formal convergence rate guarantees.

1.2 Contributions

The first contribution of this work, provided in Chapter 2, is the development of a general
framework for establishing limit theorems, bootstrap consistency, and semiparametric
efficiency for OT-based distances. This methodology is applied to three distinct regular-
ization schemes for OT and resolves a number of open questions concerning the statistical

properties of sliced Wasserstein distances. The approach is based on the delta method,



which has proven effective in deriving limit theorems for OT distances [187, 190, 117].
Following its introduction in [106], this methodology was applied in [105, 166] to reg-
ularized versions of certain quantities of interest in OT, including optimal maps, dual

potentials, and an index of stochastic dominance.

Beyond standard OT, this approach also enabled deriving limit laws for the empirical
Gromov-Wasserstein distance in three settings of interest, namely 1) for finitely supported
distributions, 2) in the semidiscrete setting, and 3) for compactly supported distributions
albeit with an entropically regularized distance. Although the overall technique is similar
to that used for regularized OT, each case requires a substantially different approach for
proving that the required conditions hold and the analysis differs substantially from OT
due to the quadratic nature of the underlying problem. For distributions with finite support,
a consistent scheme for sampling from the null distribution is also proposed. Notably, this
scheme requires solving random linear programs and can thus be implemented efficiently
whereas methods based on bootstrapping would require solving quadratic programs
which are generally intractable. Leveraging this, the empirical Gromov-Wasserstein
distance is proposed as a test statistic for assesing whether two collections of random
graphs are generated from the same distribution under the inhomogeneous Erd6s-Rényi
model, up to a relabeling of the nodes. This constitutes the second contribution of this

work, detailed in Chapter 3.

While central limit theorems are now available for the empirical Gromov-Wasserstein
distance in various settings, accurately computing the test statistic, which is essential
for valid statistical inference, remains onerous. Chapter 4 contains the final contribu-
tion of this thesis, the first algorithms for approximating the entropically regularized
Gromov-Wasserstein distance with known non-asymptotic convergence rates. While

these algorithms are generally only guaranteed to converge to local solutions of the



regularized Gromov-Wasserstein problem, they serve as a first step towards principled

and efficient estimation of Gromov-Wasserstein distances.



CHAPTER 2
STATISTICAL INFERENCE WITH REGULARIZED OPTIMAL TRANSPORT

This chapter is based on the paper “Statistical Inference with Regularized Optimal
Transport” [106], published in Information and Inference: A journal of the IMA. This is

joint work with Ziv Goldfeld, Kengo Kato, and Ritwik Sadhu.
2.1 Introduction

Optimal transport (OT) theory [208, 175] provides a versatile framework for comparing
probability distributions. Introduced by Monge [146] and later formulated by Kantorovich

[120], the OT problem between two Borel probability measures u, v on R? is defined by

T.(u,v) := inf f c(x,y)dn(x,y), 2.1
RIXR4

rell(u,y)
where I1(u,v) is the set of couplings between p and v. The special case of the p-
Wasserstein distance for p € [1, 00) is given by W,(u, v) := (T (1, v))l/”. Thanks to an
array of favorable properties, including the Wasserstein metric structure, a convenient
duality theory, robustness to support mismatch, and the rich geometry induced on the
space of probability measures, OT and the Wasserstein distance have seen a surge of
applications in statistics, machine learning, and applied mathematics. These include
generative modeling [10, 111, 193, 16, 45], robust/adversarial machine learning (ML)
[20, 213], domain adaptation [185, 52], image recognition [170, 174, 132], vector quantile
regression [36, 46, 91, 113], Bayesian estimation [15], and causal inference [194].
Unfortunately, OT distances are generally hard to compute and suffer from the curse
of dimensionality in empirical estimation, whereby the number of samples needed for

reliable estimation grows exponentially with dimension.

These deficits have motivated the introduction of regularized OT methods that aim



to alleviate the said computational and statistical bottlenecks. Three prominent regular-
izations are: (1) slicing via lower-dimensional projections [163, 28, 148, 12, 147]; (2)
smoothing via convolution with a chosen kernel [102, 100, 103, 101, 152, 172, 221, 40,
114, 105, 22]; and (3) convexification via entropic penalty [179, 130, 53, 4, 87, 142, 65].
These techniques preserve many properties of classic OT but avoid the curse of dimen-
sionality, which enables a scalable statistical theory. As reviewed below!, much effort was
devoted to exploring dimension-free empirical convergence rates and limit distributions,
bootstrapping, and other statistical aspects of regularized OT, although several notable
gaps in the literature remain. Furthermore, proof techniques for such results are typically
on a case-by-case basis and do not follow a unified approach, despite evident similarities
between the three regularization methods as complexity reduction techniques of the

classic OT framework.

The present paper develops a unified framework for deriving limit distributions,
semiparametric efficiency bounds, and bootstrap consistency for a broad class of func-
tionals that, in particular, encompasses the empirical regularized OT distances mentioned
above (Section 2.3). As example applications of the general framework, we explore a

comprehensive treatment of the following problems:

e Average- and max-sliced W, (Section 2.4): Our limit distribution theory closes
existing gaps in the literature (e.g., a limit distribution result for sliced W; was
assumed in [147] but left unproven), with the efficiency and bootstrap consistency

results providing additional constituents for valid statistical inference.

e Smooth W, with compactly supported kernels (Section 2.5): Gaussian-smoothed
OT was previously shown to preserve the classic Wasserstein structure while al-

leviating the curse of dimensionality. Motivated by computational considerations,

"'We postpone the literature review on each regularization method to its respective section.



herein we study smoothing with compactly supported kernels. We explore the metric,

topological, and statistical aspects previously derived under Gaussian smoothing.

e Entropic OT (Section 2.6): A central limit theorem (CLT) for empirical entropic
OT (EOT) was derived [142, 65] for independent data via a markedly different proof
technique than proposed herein. Revisiting this problem using our general machinery,
we rederive this CLT allowing for dependent data, and also obtain new results on

semiparametric efficiency and bootstrap consistency.

The unified limit distribution framework, stated in Proposition 1, relies on the
extended functional delta method for Hadamard directionally differentiable function-
als [181, 169]. To match the delta method with the regularized OT setup, we focus
on a functional on a space of probability measures that is (a) locally Lipschitz with
respect to (w.r.t.) the sup-norm for a Donsker function class and (b) Gateaux directionally
differentiable at the population distribution. To apply this framework, we seek to: (i) set
up the regularized distance as a locally Lipschitz functional 6 w.r.t. || - |7 = supfeffl -
(i1) show F to be Donsker to obtain convergence of the empirical process in (% ); (iii)
characterize the Gateaux directional derivative of ¢ at u. For each regularized distance
(sliced, smooth, and entropic), we identify the appropriate function class ¥ and estab-
lish the desired Lipschitz continuity and differentiability, relying on OT duality theory.
Regularization enforces the dual potentials to possess smoothness or low-dimensionality
properties, which are leveraged to show that ¥ is Donsker. Of note is that our framework
does not require independent and identically distributed (i.i.d.) data and can be applied
for any estimate (not only the empirical distribution) of the population distribution, so

long as the uniform limit theorem mentioned in (ii) holds true.

As the general framework stems from the extended functional delta method, the

limiting variable of the (scaled and centered) empirical regularized distance is given by

10



the directional derivative of ¢ at the population distribution. Linearity of the derivative
implies that the limit variable is centered Gaussian. In this case, it is natural to ask whether
the empirical distance attains the semiparametric efficiency lower bound (cf. [200, Chapter
25]). Semiparametric efficiency bounds serve as analogs of Cramér-Rao lower bounds
in semiparametric estimation and account for the fundamental difficulty of estimating
functionals of interest. We show that the asymptotic variance of the empirical distance
indeed agrees with the semiparametric efficiency bound, relative to a certain tangent
space. Still, even when the limiting variable is Gaussian, direct analytic estimation of
the asymptotic variance may be nontrivial. To account for that, we explore bootstrap
consistency for empirical regularized OT distances. Altogether, the limit distribution
theory, semiparametric efficiency, and bootstrap consistency provide a comprehensive

statistical account of the considered regularized OT distances.

A unifying approach of a similar flavor to ours, but for classic OT distances, was
proposed in [117]. Focusing solely on the supremum functional, they used the extended
functional delta method to derive limit distributions for classic W, with p > 2, for com-
pactly supported distributions under the alternative in dimensions d < 3. In comparison,
our approach is more general and can treat any functional that adheres to the afore-
mentioned local Lipschitz continuity and differentiability. This is crucial for analyzing
regularized OT distances as some instances do not amount to a supremum functional. For
instance, average-sliced Wasserstein distances correspond to mixed L'-L* functionals,
which are not accounted for by the setup from [117]. The functional delta method was
also used in [187, 190] to derive limit distributions for OT between discrete population
distributions by parametrizing them using simplex vectors. This result was extended to
semi-discrete OT in [62] by exploiting the fact that complexity of the optimal potentials
class is reduced when one of the measures is supported on a discrete set. Another recent

application can be found in [105], where this approach was leveraged for Gaussian-
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smoothed W, by embedding the domain of the Wasserstein distance into a certain dual

Sobolev space.

The paper is organized as follows. Section 2.2 presents notation used throughout the
paper and background on Wasserstein distances and the extended functional delta method.
Section 2.3 presents a unified framework for deriving limit distributions, bootstrap
consistency, and semiparametric efficiency bounds for regularized OT distances. The
tools developed therein will be applied to sliced Wasserstein distances in Section 2.4,
smooth Wasserstein distances with compactly supported kernels in Section 2.5, and EOT
in Section 2.6. Section 2.7 leaves some concluding remarks. Proofs for the results in

Sections 2.2-2.6 are found in Sections A.1-A.5 of the supplementary material.

2.2 Background and Preliminaries

This section collects notation used throughout the paper and sets up necessary background

on Wasserstein distances and the extended functional delta method.

2.2.1 Notation

Let || - || denote the Euclidean norm and B(x, r) be the open ball with center x € R and
radius r > 0. For a subset A of a topological space §, let A" denote the closure of A;
if the space S is clear from the context, then we simply write A for the closure. The
space of Borel probability measures on S is denoted by P(S). When S is a normed space
with norm || - [|s, we denote P,(S) := {u € P(S) : fllxll’s’d,u(x) < oo}forl < p < co.
The (topological) support of u € P(S) is denoted as spt(u). For any finite signed Borel

measure y on S, we identify -y with the linear functional f — y(f) = f fdy. Foru € P(S)

12



w d P
and a p-integrable function 4 on §, hu denotes the signed measure hdu. Let —, —, and —

denote weak convergence of probability measures, convergence in distribution of random
variables, and convergence in probability, respectively. When necessary, convergence in
distribution is understood in the sense of Hoffmann-Jgrgensen (cf. Chapter 1 in [199]).
For any nonempty set S, let £°(S) be the Banach space of bounded real functions on S
equipped with the sup-norm || - || s = sup,.g | - |. For any measure space (S, S, 1) and
1 < p < oo, let LP(u) = LP(S, S, 1) denote the Banach space of measurable functions
8 = Rwith [|fllmw = ([1fIPdw)'/? < eo. If p is o-finite and S is countably
generated, then the space is separable. For two numbers a and b, we use the notation

a A b =min{a, b} and a V b = max{a, b}.

2.2.2 Wasserstein distances

The Wasserstein distance is a specific instance of the OT problem from (2.1), defined as

follows.

Definition 1 (Wasserstein distance). Let 1 < p < co. The p-th Wasserstein distance

between p, v € P,(R?) is defined as

1/p
W,(u,v) ;= inf f llx = ylI” dr(x, y)| (2.2)
mell(u,v) RIxRI

where II(u, v) is the set of couplings of u and v.

The p-Wasserstein distance is a metric on £,(R?) and metrizes weak convergence
plus convergence of pth moments, i.e., W,(u,,u) — 0O if and only if u, 5 u and

f |[xl|/Pdu,(x) — f |[x]Pdu(x). Wasserstein distances admit the following dual form

fcpd,u+f (p"dv}, (2.3)
R Rd
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(cf. [208, Theorem 5.9]):

Wﬁw, V) = sup

pell(u)




where ¢°(y) = infere [||x — Y||” — @(x)] is the c-transform of ¢ (for the cost c¢(x,y) =
lx = ylI"). A function f : RY — [—oc0,00) is called c-concave if f = g¢ for some
function g : RY — [—oc0, 00). There is at least one c-concave ¢ € L'(u) that attains the
supremum in (2.3), and we call this ¢ an OT potential from u to v for W,,. Further, when
1 < p < oo and u is supported on a connected set with negligible boundary and has
a (Lebesgue) density, then the OT potential from y to v is unique on int(spt(w)) up to
additive constants [61, Corollary 2.7]. Various smoothness properties of the potentials
can be established under appropriate regularity conditions on the cost and u, v—a fact

that we shall leverage in our derivations.

Remark 1 (Literature review on W, limit distribution theory). Distributional limits
of Vn(W)(,, v) — Wy(u, v)) and its two-sample analogue for discrete u, v under both
the null = v and the alternative u # v were derived in [187, 190]. Similar results
for general distributions are known only in the one-dimensional case. Specifically, for
p =1,2,1[59, 60] leverage the representations of W, in d = 1 as the L” norm between
distribution functions (p = 1) and quantile functions (p = 2) to derive distributional
limits under the null. Limit distributions in d = 1 for p > 2 under the alternative (u # v)
were derived in [63]. In arbitrary dimension, [64] establish asymptotic normality of
V(W3(f,, v) — E[W3(&,, v)]) under the alternative 4 # v by deriving an asymptotic
linear representation using the Efron-Stein inequality. This was extended to general
transportation costs satisfying certain regularity conditions in [61]. The main limitation
of these results is the centering around the expected empirical distance (and not the
population one), which does not enable performing inference for W,. This gap was
addressed in [137], where a CLT for n(W3(i,, v) — W3(u, v)) was established, but
for a wavelet-based estimator ji,, of u (as opposed to the empirical distribution), while
assuming several technical conditions on the Lebesgue densities of u, v. As mentioned in

the introduction, [117] leverage the extended functional delta method for the supremum
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functional to obtain limit distributions for W, with p > 2, for compactly supported

distributions under the alternative in dimensions d < 3.

2.2.3 Extended functional delta method

Our unified framework for deriving limit distributions of empirical regularized OT
distances relies on the extended functional delta method, which we set up next. Let D, €
be normed spaces and ¢ : ® ¢ D — € be a map. Following [181, 169], we say that ¢ is
Hadamard directionally differentiable at 6 € © if there exists a map ¢, : 7g(d) — € such

that
lim ¢(0 + z‘nhn) - ¢(0)

n—oo t,

= ¢(h) (2.4)

forany h € To(0), t, | 0, and h, — h in D such that 6 + 1,h, € ©. Here T¢(0) is the
tangent cone to O at 0 defined as

6,—0 .
T@(H)::{hel):hzlim forsome@,,—>01n®andt,,i0}.

n—oo t,

The tangent cone 7¢(6) is closed, and if ® is convex, then 7(f) coincides with the
closure in D of {(} — )/t : ¥ € ©,1 > 0}. The derivative ¢} is positively homogeneous

and continuous but need not be linear.

Lemma 1 (Extended functional delta method [182, 74, 169, 79]). Let ©, € be normed
spaces and ¢ : ® C D — € be a map that is Hadamard directionally differentiable
at 6 € © with derivative ¢, : To(0) — €. Let T, : Q — © be maps such that
r (T, —0) i T for some r, — oo and Borel measurable map 7 : Q — D with values
in To(0). Then, r,(¢(T,) — ¢(0)) 4 ¢,(T). Further, if ® is convex, then we have

ra(p(T,) = ¢(0)) = ¢ (ru(T, — 6)) — 0 in outer probability.

Lemma 1 is at the core of our framework for deriving limit distributions. It is termed
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the “extended” functional delta method as it extends the (classical) functional delta

method for Hadamard differentiable maps to directionally differentiable ones.

While Hadamard directional differentiability is sufficient to derive limit distributions,
bootstrap consistency often requires (full) Hadamard differentiability. Recall that the map
¢ is Hadamard differentiable at 0 tangentially to a vector subspace Dy C D if there exists
a continuous linear map ¢, : Dy — € satisfying (2.4) for any h € D, 1, — 0 (1, # 0),
and A, — hin D such that 0 + t,h, € ©. The differences from Hadamard directional
differentiability is that the derivative ¢} must be linear and thus the domain must be a
vector subspace of D, and the sequence ¢, — 0 must be a generic (nonzero) sequence
converging to zero. The next lemma is useful for verifying Hadamard differentiability

from the directional one.

Lemma 2. Let¢ : ® € D — € be Hadamard directionally differentiable at § € ® with
derivative ¢, : To(0) — €. If To(0) contains a subspace D, on which ¢;, is linear, then ¢

is Hadamard differentiable at # tangentially to Dy.

2.3 Unified Framework for Statistical Inference

This section develops a general framework for deriving limit distributions, bootstrap
consistency, and semiparametric efficiency bounds for regularized OT distances. We first
treat the former two aspects together, and then move on to discuss efficiency. Throughout
this section, y, designates an arbitrary random probability measure and not necessarily

the empirical measure (unless explicitly stated otherwise).
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2.3.1 Limit distributions and bootstrap consistency

The following result is an adaptation of the extended functional delta method from
Lemma 1 to the space of probability measures, which enables directly applying it to

empirical regularized OT.

Proposition 1 (Limit distributions). Consider the setting:

(Setting ®) Let ¥ be a class of Borel measurable functions on a topological
space S with a finite envelope F'. For a given u € P(S), let 6 be a map from
Py C P(S) into a Banach space (€, || - ||¢), where P is a convex subset such

that u € Py and [ Fdv < oo for all v € P.
Further suppose that

(@) u, : Q — P, are random probability measures with values in P, for all n € N, such
that there exists a tight random variable G, in £*(¥) with Va(u, — p) 4 G, in
2(F);

(b) ¢ is locally Lipschitz continuous at u with respect to || - ||+, in the sense that there

exist constants € > 0 and C < oo such that

IV = tlleoe VIV = tllog <€ = [16() =60 )le < Clly = V'lleo

(c) For every v € Py, the mapping t — §(u + t(v — u)) is right differentiable at ¢ = 0, and

denote its right derivative by

S(u + (v — p)) — 6(u)
t .

0,(v—p) = ltllr(r)l (2.5)

Then (i) 6;, uniquely extends to a continuous, positively homogeneous map on the tangent

cone of P at u:

()
Tp,() :={t(v —p) : vePy,t>0} ;
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(ii) G, € Tp, (1) almost surely (a.s.); and (iii) Vr(d(u,)—6(w))—6,( Vn(u,—p)) — 0holds

in outer probability. Consequently, we have the following convergence in distribution

V() = 6G0) > 8(G).

The proof first identifies 6 as a map defined on a subset of £*(¥). Formally, let
T: Py 3 v (f - v(f)) € £3(F), and we identify § with 6 : 7Py, — € defined by
o(1v) = 6(v), where Py = {v € Py : |Iv — tllws < €}. The local Lipschitz condition (b)
guarantees that the map 6 is well-defined (indeed, without the local Lipschitz condition,
6 may not be well-defined as T may fail to be one-to-one). With this identification,
we apply the extended functional delta method, Lemma 1, by establishing Hadamard
directional differentiability of ¢ at u. The latter essentially follows by local Lipschitz
continuity (condition (b)) and Gateaux directional differentiability (condition (c)). Since
the derivative ¢, is a priori defined only on #y . — u, we need to extend the derivative to
the tangent cone 7, (1), for which we need completeness of the space €; see the proof in

Section A.1 of the supplementary material for details.

For 1.i.d. data X;,...,X, ~ p and u, = [1, as the empirical measure, to apply
Proposition 1 we will: (i) find a u-Donsker function class ¥ such that the functional ¢ is
locally Lipschitz w.r.t. ||-||# at u; and (i1) find the Gateaux directional derivative (2.5). In
our applications to regularized OT, such a function class ¥ will be chosen to contain dual
potentials corresponding to a proper class of distributions. Regularization enforces dual
potentials to possess certain smoothness or low-dimensionality properties, guaranteeing
that F is indeed u-Donsker. The dual OT formulation also plays a crucial role in finding

the Géateaux directional derivative (2.5).

Remark 2 (On Proposition 1). We now clarify certain aspects of Proposition 1.

(Relaxed condition): When 6(u,) is well-defined, the condition that y, takes values in
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Py can be relaxed to u, € Py with inner probability approaching one.

(Data generating process): Proposition 1 does not impose any dependence conditions
on the data. In particular, it can be applied to dependent data as long as one can verify the
uniform limit theorem in Condition (a). See, e.g., [131, 7,9, 71, 11, 154, 56] on uniform

CLTs for dependent data.

(Convexity of Py): The assumption that  is convex can be replaced with the condition
that P, is a convex subset of £*°(F). Namely, using the mapping 7 : Py 3 v — (f —
v(f)) € £2(F), we only need that 7Py = {1v : v € Py} C £°(F) is convex. Condition
(c) then should read that t — 6((1 — f)Tu + ttv) is differentiable from the right at ¢ = 0
with derivative &), (u — v) = lim,jo r~{6((1 — £yt + t7v) — 6(zp)}, where 6(zv) = 6(v). This
modification is needed to cover the two-sample setting; see, e.g., the proof of Theorem 1

Part (i1).

Bootstrap consistency

In applications of Proposition 1, the obtained limit distribution is often non-pivotal in the
sense that it depends on the population distribution y, which is unknown in practice. To
circumvent the difficulty of estimating the distribution of §,(G,,) directly, one may apply
the bootstrap. When ¥ is u-Donsker and yu,, = 1, is the empirical distribution of i.i.d.
data from p, then the bootstrap (applied to the functional ¢) is consistent for estimating
the distribution of 6/’1(6#) provided that the map v — 6(v) is Hadamard differentiable
w.rt. || - |lo# at v = u tangentially to a subspace of £°(#) that contains the support of G ,;
cf. Theorem 23.9 in [200] or Theorem 3.9.11 in [201]. The following corollary is useful

for invoking such theorems under the setting of Proposition 1.

Corollary 1 (Bootstrap consistency via Hadamard differentiability). Consider the setting
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of Proposition 1. If, in addition, G, is a mean-zero Gaussian variable in £(¥), then
spt(G,,) is a vector subspace of £*(F). If further 5, is linear on spt(G,,), then v = 6(v) is

Hadamard differentiable w.r.t. || - || # at v = u tangentially to spt(G,,).

In general, when the functional is Hadamard directionally differentiable with a
nonlinear derivative, the bootstrap fails to be consistent; cf. [74, 79]. An alternative way
to estimate the limit distribution in such cases is to use subsampling or the “m-out-of-n”

bootstrap [161, 74]; see Lemma 3 for the max-slicing case.

2.3.2 Semiparametric efficiency

In Proposition 1, if 6;1 is linear and G, is mean-zero Gaussian, then the limit distribution
0,(G,) is mean-zero Gaussian as well. In such cases, it is natural to ask if the plug-in
estimator 6(u,) is asymptotically efficient in the sense of [200, p. 367], relative to a certain
tangent space. Informally, the semiparametric efficiency bound at i is computed as the

largest Cramér-Rao lower bound among one-dimensional submodels passing through wu.

Formally, consider estimating a functional « : # € (S) — R atu € £ from i.i.d.
data Xi,..., X, ~ u. We consider submodels {y, : 0 <t < €'} with yy = u such that, for

some measurable score function 2 : § — R, we have
dﬂzl/z - dﬂl/z lhd 1/2 ’
f {f phde =0,
where du, and du are Radon-Nikodym densities w.r.t. a common dominating measure
and the integration is taken w.r.t. the dominating measure. Score functions are square
integrable w.r.t. u and u-mean zero. A tangent set Sbﬂ C L*(u) of the model P at u is the

set of score functions corresponding to a collection of such submodels. If 7')# is a vector

subspace of L*(u), then it is called a tangent space. Relative to a given tangent set P,
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the functional x : ¥ — R is called differentiable at u if there exists a continuous linear
functional &, : L*(u) — R such that, for every h € @,, and a submodel t — y, with score

function A,

k() — k() N

t ki, 110,

The semiparametric efficiency bound for estimating « at y, relative to Sbﬂ, is defined
as
(ic,h)?
2 7

Oy = Sup PR
helin(P,,) I ||Lz(#)

where lin(?’,,) is the linear span of ?’u. In particular, the N(0, O'i'u) distribution serves as
the “optimal” limit distribution for estimating « at u in the sense of the Hjek-Le Cam
convolution theorem and also in the local asymptotic minimax sense; see Chapter 25

in [200] for details.

The next proposition concerns the computation of the semiparametric efficiency

bound.

Proposition 2 (Semiparametric efficiency). For Setting ® from Proposition 1 with € = R,

consider estimating ¢ : £y — R at u from i.1.d. data X, ..., X, ~ u. Set
730,,4 ={h: h:S — Ris bounded and measurable with u-mean zero}.

Suppose that (a) the function class ¥ is p-pre-Gaussian, i.e., there exists a tight
mean-zero Gaussian process G, = (Gu( f))f€¢ in ¢*°(¥) with covariance function
Cov(G,(f),Gu(g)) = Cov,(f,g); (b) for every h € ?’o,y, (1 + th)u € P, for sufficiently
small ¢ > 0; and (c) there exists a continuous linear functional 0, : () — R such
that (2.5) holds for every v € P of the form v = (1 + h)u for some h € 7')0,#. Then, the
semiparametric efficiency bound for estimating ¢ at u relative to the tangent space ¢’o,,,

agrees with Var(6/,(G,)).
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Proposition 2 can be thought of as a variant of Theorem 3.1 in [198], which asserts
that a Hadamard differentiable functional (tangentially to a sufficiently large subspace)
of an asymptotically efficient estimator is again asymptotically efficient; see Remark
25 in the supplementary material for more details. In Section A.1 of the supplementary
material, we provide a direct and self-contained proof of Proposition 2. We note that
Proposition 2 covers a slightly more general situation than [198, Theorem 3.1] since
it only requires Gateaux differentiability of the map 9, and choosing a pre-Gaussian
function class ¥ in such a way that the derivative ), extends to a continuous linear
functional on £*(¥). In particular, the efficiency bound computation in Proposition 2 is
applicable even when Proposition 1 is difficult to apply. For instance, when the Gateaux
derivative ¢, in (2.5) is a point evaluation, 6, (v — u) = (v — p)(f *) for some function
f* € L*(u), we can choose ¥ = {f*} (singleton) and apply Proposition 2 to conclude
that Var,(f*) agrees with the semiparametric efficiency bound, relative to £, (note that

the function class F in Proposition 2 need not be the same as the one in Proposition 1).

The following corollary covers the two-sample case. Define #, analogously to Sbo,ﬂ

and set 7'30,,1 €B¢)o,v ={hi®h,: h € 7)o,u,h2 € 7‘)0,1/}'

Corollary 2 (Semiparametric efficiency in two-sample setting). Let F be a class of
Borel measurable functions on a topological space S with finite envelope F, and for
given u,v € P(S), let Py, Po, be subsets of P(S) containing u, v, respectively, such
that dep <ooforall p € Py, UP,,. Let Py, ® Po, = {p1 ®p2 : p1 € Pou,p2 € Poyl.
Consider estimating 6 : Py, ® P, — R at u ® v from 1.i.d. data (X;,Y)),...,(X,, Y,) ~
1 ® v. Suppose that (a) the function class ¥ is pre-Gaussian w.r.t. 4 and v; (b) for every
hy @ hy € Py, @ Poys (1 +th)u) ® (1 + thy)v) € Py, ® P, for sufficiently small ¢ > 0;
(c) there exist continuous linear functionals ¢;, : {*(¥) — R and ¢, : £*(F) — R such
that 7~ H&(((1 + th)u) ® (1 + thy)v)) = (u @ v)} — &, (i) + &,(hpv) as t | O for every

hy®hy € Sbo,ﬂ @ Py.,. Then, the semiparametric efficiency bound for estimating ¢ at u ® v
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relative to the tangent space ?"0# ® Py, agrees with Var(6/,(G,)) + Var(6,(G,)), where G,

and G, are tight u- and v-Brownian bridges in £°(F), respectively.

Remark 3 (Efficiency of wavelet-based estimator of W;). Theorem 18 in [137] estab-
lishes a CLT for a wavelet-based estimator W;(fi,, v) for W,(u, v) in the one-sample case
under high-level assumptions that include global regularity of the OT potential ¢. Their
result reads as Vn(W53(i,, v) — W3 (i, v)) 4N (0, Var,(¢)). Their proof first establishes
a CLT for the expectation centering (similarly to [64]) and then shows that the bias is
negligible. To obtain the same result via Proposition 1, one would have to assume a
uniform bound on the Holder norm of OT potentials corresponding to a local neighbor-
hood of . Unfortunately, such uniform bounds on global regularity of OT potentials are
currently unavailable, except for a few limited cases (cf. the discussion after Theorem
3 in [137]). For instance, when the marginals are defined on the flat torus and admit
sufficiently smooth densities that are bounded away from 0 and co, Theorem 5 in [137]
provides such a bound, rendering Proposition 1 applicable. Moreover, in the setting of
Theorem 18 in [137], it is readily verified that p — W,(p, v) is Gateaux differentiable at
u with derivative (p — u)(¢) (cf. the proof of Lemma 45 in the supplementary material),

so Var,(¢) indeed coincides with the semiparametric efficiency bound.

2.4 Sliced Wasserstein distances

This section studies statistical aspects of sliced Wasserstein distances, deriving limit

distributions, bootstrap consistency, and semiparametric efficiency.
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2.4.1 Background

Average- and max-sliced Wasserstein distances are defined next.

Definition 2 (Sliced Wasserstein distances). Let 1 < p < co. The average-sliced and

max-sliced p-Wasserstein distances between y, v € P,(R?) are defined, respectively, as
1/p
W, v) = [ fs Wi piv)da(@)| - and W, v) = max W, (pju, pv),

where p? : RY — R is the projection map x +— 67x, o is the uniform distribution on the
unit sphere S°! := {x € RY : ||x]| = 1}, and pg,u := p o (p¥)~! is the pushforward of u

under p’.

The sliced distances W,, and Wp are metrics on PP(R") and, in fact, induce the same
topology as W, [12]. Sliced Wasserstein distances are efficiently computable using the
closed-form expression for W, between distributions on R using quantile functions. For
p € PRY) and 6 € S, denote by F,(-;6) and F;'(-;6) the distribution and quantile

functions of pg,u, respectively, i.e.,
Fut:0) =pu({xeR?: 0'x <1}) and F,'(r:0) = inf{r e R : F,(1;6) > 7.

Then, Wp(pg,u, pgv) equals the LP-norm between the corresponding quantile functions,
1
WP (wgu, pyv) = f |\ (x:0) - F,'(7;0)| d,
0
which further simplifies for p = 1 to the L' distance between the corresponding dis-
tribution functions. Also, sliced Wasserstein distances between projected empirical
distributions is readily computed using order statistics. Let 2, := n™! Y, 6y, and
P = n Y dy, be the empirical distributions of X;,...,X, and Yy,...,Y,. For
each € S, let X,(0) = 07X, and let X;)(6) < --- < X(,)(0) be the order statis-
tics. Define Y;)(f) < --- < Y(,(0) analogously. By Lemma 4.2 in [25], we have

WZ(pgﬁn, pgf/n) = lyn, |X(l-)(9) — Y(,-)(H)|P. The sliced distances W, and WP can be

computed by integrating or maximizing the above over 6 € S%°!.

24



Literature review

Sliced Wasserstein distances have been applied to various statistical inference and
machine learning tasks, including barycenter computation [163], generative model-
ing [69, 68, 148, 147], and autoencoders [126]. The statistical literature on sliced
distances mostly focused on expected value analysis. Specifically, [153] show that
if u satisfies a T,(c?) inequality with ¢ € [1,2], then E[W,(@,, )] < o(n™/” +
n(1/a=1P+ \[(dlogn)/n) up to a constant that depends only on p. Further results on
empirical convergence rates can be found in [134], where both Wp and Wp were treated,
while replacing the transport inequality assumption of [153] with exponential moment
bounds (via Bernstein’s tail conditions) or Poincaré type inequalities. A limit distribution
result for one-sample sliced W; was mentioned in [147] but was left as an unproven
assumption. Extensions to sliced W, and two-sample results, all of which are crucial

for principled statistical inference, are currently open. Consistency of the bootstrap and

efficiency bounds are also unaccounted for by the existing literature.?

2.4.2 Statistical analysis

We move on to the statistical aspects of sliced W, closing the aforementioned gaps. The
p > 1 case is treated under the general framework of Section 2.3 for compactly supported
distributions. For p = 1, we present a separate derivation that leverages its simplified

form to obtain the results under mild moment assumptions.

2 After the first version of the present paper was posted on the arXiv, we became aware that the latest
update of [138] (arXiv update: April 4, 2022) contains limit distribution and bootstrap results for W » with
p > 1 under the alternative. Our work is independent of [138] and our approach is distinct; see Remark
5. After our paper was posted, [218] proved similar results to ours for W, and W, under a similar set of
assumptions to us (see Remark 8 for details) and [214] derived limit distributions for p > 1 uniformly in
the slicing direction under the assumption of compact support and uniqueness of optimal potentials, but did
not cover the max-slicing case in full generality. Neither of these works addressed asymptotic efficiency.
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Order p > 1

The next theorem characterizes limit distributions for average-sliced p-Wasserstein
distances under both the one- and two-sample settings. It also states asymptotic efficiency
of the empirical plug-in estimator, and consistency of the bootstrap. The latter facilitates
statistical inference by providing a tractable estimate of the limiting distribution, and is
set up as follows. Given the data X;,...,X,, let Xf, ... ,Xf be an independent sample
from f,, and set 2% := n7' Y, dx» as the bootstrap empirical distribution. Define et

analogously and let P? denote the conditional probability given the data.

Theorem 1 (Limit distribution, efficiency, and bootstrap consistency for Wi ). Letl < p<
oo, and suppose that u, v are compactly supported, such that u is absolutely continuous
and spt(u) is convex. For every 6 € S9!, let ¢’ be an OT potential from pg,u to pgv for
W,,, which is unique up to additive constants on int(spt(pgy)). Also, set y? = [¢?]° as the

c-transform of ¢? for c(s, t) = |s — #|”. The following hold.

(i) We have
5 d )
V(WP (i, v) = WP (1, v)) = N (0,72),
where v} = [ Cov(¢” 0 ¥, ¢” 0 p")dor(8)dor(9), which is well-defined under the

current assumption. The asymptotic variance vf) coincides with the semiparametric

efficiency bound for estimating Wﬁ (-,v) at u. Also, provided that vlz7 > 0, we have

sup PB( W(Wﬁ(ﬂg, V) - Wg(ﬂn, V)) < l‘) - P(N((), vi) < l)‘ E 0.

teR

(i1) If in addition v is absolutely continuous with convex support, then
o d
V(WP (@, ) = Wh(, v)) = N (0,77 +w?),

where v7 is given in (i) and w7, = [ Cov,(¥’or’, 4 0p?)do(6)dor(9). The asymptotic

variance vf, + wf, coincides with the semiparametric efficiency bound for estimating
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WP(.,-) at (u, ). Also, provided that vf, + WIZ7 > 0, we have

sup [P5( VW2 (aE, 95) = WE (@, 7)) < 1) = BN(O, v} + w2) < 1) = 0.

teR

The derivation of the limit distributions in Theorem 1 follows from Proposition 1. We
outline the main idea for the one-sample case. The functional of interest is set as the pth
power of the average-sliced p-Wasserstein distance. Leveraging compactness of supports,
we then show that Wﬁ is Lipschitz w.r.t. W, (cf. Lemma 9 in the supplementary material).
From the Kantorovich-Rubinstein duality, Wl can be expressed as Wl(/x, V) = |l = V|l
with = {g o p? : 6 € S, ¢ € Lip, ((R)}, which is shown to be u-Donsker (Lip, o(R)
denotes the class of 1-Lipschitz functions ¢ on R with ¢(0) = 0). Evaluating the Gateaux
directional derivative of the sliced distance, we have all the conditions needed to invoke
Proposition 1, which in turn yields the distributional limits. For Wp, the corresponding
derivative turns out to be linear (in a suitable sense), so that asymptotic efficiency of the
plug-in estimator and the bootstrap consistency follow from Proposition 2 and Corollary

1 combined with Theorem 23.9 in [200].

For the two-sample case, we think of Wp(y, v) as a functional of the product measure
u®v, as the correspondence between (i, v) and u®v is one-to-one. With this identification,
the rest of the argument is analogous to the one-sample case. We note that in the two-

sample case, the semiparametric efficiency bound is defined relative to the tangent space
{h1 ® hy : hy and h, are bounded measurable functions with u(h,) = v(h,) = 0}.

This convention is adopted throughout when discussing semiparametric efficiency bounds

in the two-sample case.

The asymptotic variances in Theorem 1 involve potentials between all slices of the
marginal distributions, so direct estimation of the asymptotic variances seems highly

nontrivial from a computational standpoint. Hence, the bootstrap offers a particularly
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appealing alternative for estimating the sampling distributions of empirical sliced Wasser-

stein distances.

Remark 4 (Removing pth power). While Theorem 1 states limit distributions for the
pth power of Wp, we can readily obtain corresponding results for the average-sliced

p-Wasserstein distance itself by invoking the delta method for the map s +— s!/7.

Remark 5 (Comparison with [138]). Theorem 4 in [138] derives limit distributions and
bootstrap consistency for empirical Wp under the alternative, subject to the assumption

that the projected densities {f,(-; 0)}gese1 and {f,(+; 6)}gese-1 are uniformly integrable with

1 1
Sup esssup.,« - % — < 00
P ESSSUPocust T BT 0y, 8) © fAF- (1 0):0)

Here f,(-;0) and Fljl(-; ) are the (Lebesgue) density and quantile function of pg’,u, and
their composition is the so-called /-function; cf. [25, Equation (5.2)]. Verification of
this condition for given distributions seems nontrivial. The proof of [138, Theorem 4]
exploits the quantile function representation of W, in d = 1 along with a linearization
step (of quantile functions). Our limit theorem, on the other hand, assumes that i has a
density with compact and convex support, and employs a markedly different proof via

the general framework of Proposition 1.

We next provide one- and two-sample limit distributions for the max-sliced Wasser-
stein distance. In this case, the Hadamard directional derivative is nonlinear and therefore

the limit is non-Gaussian and the nonparametric bootstrap is inconsistent (cf. [74, 79]).

Theorem 2 (Limit distribution for Wp). Consider the assumption of Theorem 1.

(i) Setting S,, :={0e S ": Wp(pg’,u, p;’v) = W, (4, v)}, we have

VAW (s v) = Wi, 9)) 5 sup G(6),

0,y
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where (G (6)),.sa-1 is a centered Gaussian process with continuous paths and covari-

ance function Cov(G,(0), G,()) = Cov,(¢? o p?,¢” o p”), which is well-defined.

(i1) If in addition v is also absolutely continuous with convex support, then
JE— R R J— d ,
VAW, @ 92) = W (2,v)) = 5up [Gi(0) + G (6)], (2.6)

where (G;(0)) .1 is independent of G, given in (i) and defined analogously.

Observe that, for u,v € P,(R?), the map 6 Wp(pg,u, pgv) is continuous, so the
set S,,, is nonempty. The proof of Theorem 2 also relies on the general framework
of Proposition 1. As in the average case, Wp is Lipschitz w.r.t. W;. This reduces the

argument to characterizing the Gateaux directional derivative, which requires extra work.

The nonlinearity of the Hadamard directional derivative means that the nonparametric
bootstrap is inconsistent for W,,. Nevertheless, subsampling or the m-out-of-n bootstrap
can still consistently estimate the limit law. The next lemma deals with the m-out-of-n
bootstrap. Below, we say that the bootstrap quantity S? converges in distribution to a
nonrandom law p in probability if sup,cg =) |]EB [8(SE)]—Es-,lg(S )]| — 0 in probability,
where BL;(R) denotes the class of (bounded) 1-Lipschitz functions g : R — [-1, 1] and

E? is the conditional expectation given the sample.

Lemma 3. Let XP,..., X2 and Y7,...,Y? be independent samples from f1, and 9,,

m
respectively, where m = m, — oo with m = o(n). Set g5, = m™' Y1, 6x» and

P8 = m 'Y, 6ys. Under the setting of Theorem 1 and conditionally on the data,

m,n

m,n>  m,n

the sequence \/%(WZ(,&B P8y — Wi(ﬁn, ¥,)) converges in distribution to the limit in

(2.6), in probability.

Remark 6 (Bias of plug-in estimator for Wp and correction). In general, the limit

distributions for the max-sliced distance in Theorem 2 have positive means, which
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/2. Such an

implies that empirical Wp tends to be upward biased at the order of n!
upward bias commonly appears in plug-in estimation of the maximum of a nonparametric
function (cf. [47]). One may correct this bias using a precision correction similar
to [47]. Namely, define Wp(a) = Wi(,&,,, 9,) — ko/ \/n, where k, is the a-quantile of
SUPgec,, [G,.(0) + G;(0)], which can be estimated via the subsampling or the m-out-of-n
bootstrap. Provided that &, is a continuity point of the distribution function of the limit

variable, this estimator is upward a-quantile unbiased, and in particular, median unbiased

when a = 1/2, meaning that P(Wp(a) < Wi(y, v)) =a+o(l).

Remark 7 (Extensions). We address two possible extensions of Theorems 1 and 2.

(Null case): As ¢ o p? and ¢ o p’ are constant u- and v-a.e., respectively, for each
6 € S, the limit distributions in Theorems 1 and 2 degenerate to zero under the null, i.e.,
u=v.Ind =1, [60] derived a limit distribution for W,({i,, ) using the quantile function
representation of W,, which requires several technical conditions concerning the tail of
the Lebesgue density of u. Their argument hinges on approximating the (general) sample
quantile process by the uniform quantile process, and applying results for the latter.
This argument does not directly extend to the sliced distances, as the quantile process
is indexed by the additional projection parameter 6 € S¢~!. Also, it seems nontrivial to
find simple conditions on y itself under which the projected distributions pju satisfy the
conditions from [60] for all (or uniformly over) 6 € S?~!. We leave null limit distributions

for Wp and Wp for future research.

(Unbounded support): For compactly supported distributions, dual potentials are Lips-
chitz continuous whose Lipschitz constants depend only on the order p and the radius
of the support. This is a key result when we apply Proposition 1 to sliced Wasserstein
distances; see also the discussion after Theorem 1. For distributions with unbounded

supports, the recent work of [139] derives local Lipschitz estimates for dual potentials
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under a high-level anti-concentration assumption (see the discussion around their Lemma
11), but for empirical distributions, the local Lipschitz constants depend on the sample
size n, which hinders the application of Proposition 1 (the function class being dependent
on n does not bring any difficulty to finding error bounds but would require a very delicate
argument for limit theorems). The extension of Theorems 1 and 2 to simple moment
conditions would require highly technical arguments and hence is beyond the scope of

the present paper.

Order p =1

The analysis for W, relies on the explicit expression of W; between distributions on R as

the L! distance between distribution functions, whereby

W, (u,v) = f f |F,.(;0) — F,(t;0)| dt do(6). .7)
s-1 JR

For W, the Kantorovich-Rubinstein duality yields

Wi(,v) = sup  sup [ f so(eTx)dw—v)(x)]. 2.8)

fesd-1 peLipy o(R)

Here Lip, z(R) denotes the class of 1-Lipschitz functions ¢ on R with ¢(0) = 0. These
explicit expressions enable us to derive a limit distribution theory for W, and W, under

mild moment conditions, as presented next.
To state the result, set A as the Lebesgue measure on R and denote
S1gN(?) = ¥(0,00)(1) = ¥ (—c0.0)(D)-

Recall that a stochastic process (Y(?)),., indexed by a measurable space T is called

measurable if (¢, w) — Y(, w) is jointly measurable.

Theorem 3 (Limit distribution for W, and W)). Let € > 0 be arbitrary.
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@

(ii)

(1i1)

(iv)

If 4 € Pr.e(R?) and v € P (RY), then there exists a measurable, centered Gaussian

process Gy, = (Gu(7, 0)); gycnxse With paths in L'(1® o) and covariance function
Cov(G(s,6),G,(1,9)) = u({x € RY:07x < 5,07y <t}) - F.(s;0)F,(t;9), (2.9)

such that

VW, (1, V) = W, (11, ) 5 f f [sign(F, — F,)|G.dAdo + f f GldAdor
F,=F,
(2.10)

If i, v € Pa.e(RY), then
\/ﬁ(wl (ﬁna 1,>n) - W] (,Lt, V))
4 f f [sign(F, — F,)|(G, — G.)dAdo + f f G, — GJdAdo,
F,=F,

where G, is independent of G, given in (i) and defined analogously.

Assume p € Pu.o(RY) and v € P;(R?). Consider the function class
F={pop’: 05" pelip,R).
Then, there exists a tight u-Brownian bridge process G, in £*(#) such that

VAW, (2, v) = Wi (1)) S sup G, (f).

SeM,,
where M, = {f € 7 u(f =v(f)) = Wi (i, v)} and F is the completion of F for
the standard deviation pseudometric (f, g) = +/Var,(f — g).

If i1, v € Py (RY), then there exists a tight v-Brownian bridge process G, in £7(F)

independent of G,, above such that

VAW, (1 7) = Wi () = sup [Gu(f) - G,

feM[,",
where M, = {(f € 7 :(u-»(f) =W v)}and F  is the completion of F for

the pseudometric (f,g) = +/Var,(f — g) + /Var,(f — &).
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While Theorem 1 requires distributions to have compact and convex support, Theo-
rem 3 holds under mild moment assumptions. The derivation for W, uses the CLT in L' to
deduce convergence of empirical projected distribution functions in L!(1 ® o). The limit
distribution is then obtained via the functional delta method by casting W, as the L'(1®0)
norm between distribution functions and characterizing the corresponding Hadamard
directional derivative. For W, we use the Kantorovich-Rubinstein duality in conjunction
with the fact that the class of projection 1-Lipschitz functions is Donsker under the said
moment condition. In Part (ii1), if 4 = v, then M,,, = ?ﬂ, and since G, has uniformly
continuous paths w.r.t. the standard deviation pseudometric, the limit variable becomes
Sup rer Gu(f). Likewise, in Part (iv), the limit variable becomes sup e [Gu(f) = GL(f)]

when u = v.

For W, , if the second term on the right-hand side of (2.10) is zero, then the asymptotic

normality holds. We state this result including its two-sample analogue next.

Corollary 3 (Asymptotic normality for W,). For 4 € P(R?) and 6 € S?!, define

ZZ = sup spt(pg,u) and [ﬁ = inf spt(pgu). The following hold.

(1) Under the assumption of Theorem 3 Part (i), if in addition F,(z;0) # F,(t;6) for
(A® o)-almost all (1,6) € {(s,9) : s € [[7,1,1,8 € S}, then

\/E(Wl (ﬁm V) - wl(ﬂ’ V)) i) N(O, V%)a

where v? is the variance of f f [sign(F,, — F,)|G,dAdo. The asymptotic variance v;

agrees with the semiparametric efficiency bound for estimating W, (-, v) at u.

(i1) Under the assumption of Theorem 3 Part (i), if in addition F,(z;0) # F,(t;6) for

(A® o)-almost all (1,6) € {(s,8) = s € [/ AL, ], V.1, € S}, then
A A d
W(W] (/’Lna Vn) - wl (/la V)) - N(O, V% + W%),
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where v? is as above and w? is the variance of f f [sign(F, — F,)|G/dAdo. The
asymptotic variance v; + wi agrees with the semiparametric efficiency bound for

estimating W, at (u, v).

Finally, bootstrap consistency (as in Theorem 1) holds for both cases (i) and (ii).

As an example, the above asymptotic normality holds when the population distribu-

tions are both Gaussian.

Example 1. Consider u = N(£1,%) and v = N(&,,%,). Then pg’/x = N(@O&,07%,0)
and pg,u = N(07&,,07%,0). In this case, as long as & # & or £y # X,, we have
ol : 07& = 07& and 072,60 = 67%,0}) = 0, which follows from the fact that ﬁ ~0

for Z ~ N(0,1;) and Lemma 1 in [158]. Thus, F,(t;6) # F,(t;6) for (1 ® o)-almost all

(t,0) € R x S°! and the conclusion of Corollary 3 applies.

Remark 8 (Comparison with [218]). The work [218], which appeared after our paper
was posted on the arXiv, derived limit distribution results for W, and W, similar to
the above. For the average-slicing in the one-sample case, they assume the slightly
weaker moment condition [ VP([X][> 1)dt < oo, where X ~ p. Their proof strategy
is essentially the same as ours and the above condition is imposed to verify a CLT for
the empirical projected distribution function in L'(1 ® o), as stated in the beginning of
Step 1 in the proof of our Theorem 3(i). Our assumption, which requires finite (2 + €)-th
moment, is meant to provide an elementary moment condition to guarantee the said
CLT in L'(1 ® o), and it is not difficult to see that the weaker (yet more high-level)
condition f VP(IX|| > t)dt < oo suffices for our proof to go through; see the discussion
around equation (A.9) in the supplementary material. For the max-slicing case (with
p = 1), [214] assume the exact same moment condition, although they do not cover the

alternative case.
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2.5 Smooth Wasserstein Distance with Compactly Supported Ker-

nels

We study smooth Wasserstein distances with compactly supported kernels, namely, when
the considered distributions are convolved with a mollifier (also known as a bump func-
tion). Smoothing by means of the Gaussian kernel was extensively studied before for
structural and statistical properties (see literature review below), but it remains unclear
how to efficiently compute the Gaussian-smoothed Wasserstein distance.? Despite recent
advancement in computation of continuous-to-continuous OT between distributions with
smooth densities [197, 196], these approaches cannot handle the Gaussian-smoothed W,
since they assume compactly supported distributions.* Furnishing a smoothed framework
that enjoys the structural and statistical virtues as the Gaussian-smoothed Wasserstein dis-
tance, while being amenable for efficient computation via the aforementioned approaches
is the main motivation of this section. The main use case of compactly supported kernel
paradigm is thus when the population distributions are also compactly supported. For
the sake of generality, we next define the distance and provide structural properties for
arbitrary u, v € P(R?) distributions (possibly with unbounded support), but restrict to the
compactly supported case for the statistical analysis. In Section A.4 of the supplementary
material, we provide a thorough account of how to lift the algorithm from [197] to

compute our smooth distance.

3While the empirical Gaussian-smoothed Wasserstein distance can be evaluated by sampling the kernel
and applying computational methods for classic W,,, this approach fails to exploit the smoothness of this
framework and sacrifices the statistical advantages pertaining to estimation and inference.

4Convolution with a Gaussian kernel does not preserve compact support. In applications where compact
support of the convolved distributions is immaterial, the Gaussian kernel is, however, a natural choice.
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2.5.1 Background

To set up the smooth Wasserstein distance, we first define a smoothing kernel as follows.
Let y € C*(R?) be any non-negative function with fR,, x(x)dx =1and fRd 1x||”x (x)dx <
oo, for all 1 < p < co. Then, for any o > 0, define y, = o %y(-/o) € C*(R?) and
let 7, € P(RY) be a probability measure whose (Lebesgue) density is y,.. We call 7,
a smoothing kernel of parameter o, and define the corresponding smooth Wasserstein

distance as follows.

Definition 3 (Smooth Wasserstein distances). Let 1 < p < oo and 7, be a smoothing

kernel. The associated smooth p-Wasserstein distance between p, v € P,(R?) is

WZ"(y, v) = W, (U * N, v % 7).

Example 2 (Standard mollifier). A canonical example of a smooth compactly supported

function is the standard mollifier

&exp(—=m) ifllxll < 1
Cy 1—1x]1?
x(x) = , (2.11)

0 otherwise

where C, = fRd xdA, from which a compactly supported kernel is readily constructed.
Our results, however, are not specialized to the mollifier kernel and hold for any 7, as

described above.

As reviewed next, Gaussian-smoothed Wasserstein distances, i.e., when 1, = v, :=

N(0, o%1,), have been extensively studied for their structural and statistical properties.

Literature review

Gaussian-smoothed Wasserstein distances were introduced in [102] as a means to miti-

gate the curse of dimensionality in empirical estimation. Indeed, [102] demonstrated that
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E[WY7 (@, )] = O(n~'7?), for p = 1,2, in arbitrary dimension provided that x is suffi-
ciently sub-Gaussian (cf. the recent preprint [22] for sharp bounds on the sub-Gaussian
constant for which the rate is parametric when p = 2). Structural properties of W(ly“)
were explored in [100], showing that it metrizes the classic Wasserstein topology and
establishing regularity in o~. These structural and statistical results were later generalized
to Wg") for any p > 1 [152], and asymptotics of the smooth distance as o — oo were
explored [40]. Relations between Wf,,y”) and maximum mean discrepancies were studies
in [221], and nonparametric mixture model estimation under Wg”) was considered [114],
again demonstrating scalability of error bounds with dimension. The study of limit
distributions for empirical Wi,y") was initiated in [101] for p = 1 in the one-sample
case, extended to the two-sample setting in [172], and generalized to arbitrary p > 1
via a non-trivial application of the functional delta method in [105]. These works also
considered bootstrap consistency and applications to minimum distance estimation and
homogeneity testing. To date, a relatively complete limit distribution theory of Wg”) in

arbitrary dimension is available, as opposed to the rather limited account of classic W,,.

2.5.2 Structural properties

We henceforth consider a compactly supported smoothing kernel 7, and adopt the
shorthand W7 := W)7. We start by revisiting structural properties previously established

for the Gaussian-smoothed case and demonstrate that they remain valid for WY.
Proposition 3 (Stability of Wg). Forany 1 < p < o0, o > 0, and , v € P(RY), we have
WO, v) < Wy (u, v) < W9 (u, v) + 20(B,, [IXIIP])/7.

In particular, lim,jo W7 (1, v) = W, (, v).
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The first bound is due to contractivity of W, w.r.t. convolution. Constructing a
coupling between p € P(R?) and p * i, with total cost o(E,, [|IX]|”])"/? proves the second.
Since 7, is compactly supported, spt(n7,) is contained in a ball of radius r > 0, whereby
(E,, LIXI1P DY? < r which contrasts the dimension dependent gap for Gaussian kernels;

cf. [100, 152].

As the smooth distance converges to the standard distance as oo — 0, it is natural to

expect that optimal couplings converge as well. This is stated in the next proposition.

Proposition 4 (Stability of transport plans). For 1 < p < co, u,v € P,(R?), and o | 0.
Let 7, be an optimal coupling for W * (i, v) for each k € N. Then, there exists an optimal

coupling 7 for W, (i, v) for which 7 S along a subsequence.

The proof of this result follows that of Theorem 4 in [100] and [105] with only minor
changes and is hence omitted. Note that when the limiting 7 is unique (e.g., when p > 1

and u has a density), then extraction of a subsequence is not needed.

We next show that W7 is indeed a metric on SDP(R") that induces the Wasserstein

topology.

Proposition 5 (Metric and topological structure). For 1 < p < coand o0 > 0, W is a

metric on P,(RY) inducing the same topology as W,,.

The proof of Proposition 5 follows by observing that the characteristic function of 7,

vanishes on at most a null set.
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2.5.3 Statistical analysis

This section studies empirical convergence rates and limit distributions for the smooth
Wasserstein distances with compactly supported kernels and population distributions. Let
X c R? be compact, set X, := X + B(0, o), and assume for simplicity that the density of
1, is positive on B(0, o), and identically zero on R \ B(0, o). For any u € P(X), the set

X, contains the support of the convolved measure u * 1.

Limit distributions for p > 1 under the alternative

Building on the unified framework from Proposition 1, the next theorem establishes
asymptotic normality of empirical W} under the alternative. The null case and the p = 1

setting are treated in the sequel.

Theorem 4 (Limit distributions for Wg under the alternative). Set 1 < p < oo, o > 0,
Vo= [Wg]p , and let u, v € P(X) be such that int(spt(u * 1,)) is connected. Let ¢ be

an OT potential from y * 1, to v * 17, for W,,, which is unique on int(spt(u * 1,-)) up to

additive constants. The following hold.

(i) We have
A o d
Vit (V3 (1, v) = Vi ) N (0.v;)
where vf, := Var,(¢ * x,-). The asymptotic variance vf, coincides with the semipara-

metric effiency bound for estimating V7 (-, v) at u. Also, provided that vlz7 > 0, we

have

sup [PA( VA(V3 (A2, v) = V5(@,. ) < 1) = BN(O12) < )] 0.

teR

(i1) If in addition v * 1, has connected support, then
A A loa d
VI (VS @ns 90) = V5, 1)) SN (0,97 + w)),

39



where V2 is as in (i) and w3 := Var,(¢ * x,-). The asymptotic variance v; + w7,
coincides with the semiparametric efficiency bound for estimating V7 at (u, v). Also,
provided that vf, + wf, > 0, we have

sup [PE(VR(V@E,9E) = V5, 7)) < 1) = BIN(O, 2 + w) < 1) 5 0.

The proof of Theorem 4 applies Proposition 1 to the functional p * n, +— Wp(p *
Ny V * 1) for p € P(X) with spt(p) C spt(u). To this end, we show that this functional
is Lipschitz continuous w.r.t. || - || g for the unit ball B in L*(X,), which follows by
duality (2.3) and uniform bounds on the OT potentials (cf. Remark 1.13 in [207]). The
differentiability result follows by adapting the Gaussian kernel case (cf. Lemma 3.3
of [105]). To prove weak convergence of the smoothed empirical process Vn(l, — ) * 1,
in £*(B), we employ the CLT in L*(X,) and use a linear isometry from L*(X,) into

{*(B). Linearity of the derivative yields asymptotic efficiency and bootstrap consistency.

Remark 9 (Connectedness assumption). By Lemma 57 in the supplementary material,
the condition from Theorem 4 that int(spt(u * 7)) 1s connected holds whenever u itself

has connected support.

The ideas from the proof of Theorem 4 coupled with Hilbertian structure of L?(X,,)

yield rates of convergence in expectation for empirical Wy.

Proposition 6 (Parametric rate). For 1 < p < oo, 0 > 0, and u,v € P(X) with u # v,

we have

E [|W (2, v) = W3 (1. v)]| < 2llolleo VABO, o) AX,) diam(X,)" [WS (e, v)]' 02,
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Limit distributions for p = 2 under the null

We derive limit distributions for W under the null. Our approach relies on the CLT
in Hilbert spaces and is thus limited to p = 2. Let C§ denote the space of infinitely

differentiable, compactly supported real functions on R¢.

Definition 4 (Sobolev spaces and their duals). The Sobolev seminorm of a differentiable
function f : R? — R w.r.t. a reference measure u € P(R?) is denoted by ||| A2 =
IV fll;2()- The homogeneous Sobolev space is defined as the completion of Cj° + R with

respect to || - |I12(,). The dual Sobolev space H™'* (1) is the topological dual of H'* ().

Definition 5 (2-Poincaré inequality). A probability measure u € P(RY) is said to satisfy

the 2-Poincaré inequality if there exists C < oo, such that

f = u(Ollzy < CIV fllzrasy,  f € Cys

where L%(u; R¥) is the space of Borel maps f: R? — R¥ with ”f”iz(y;Rk):: fRd||f||2d/J < 0.

With these definitions in place, we state the limit distribution for WY .

Theorem 5 (Limit distributions for WS under the null). Let u € P(X) be such that u * 1,

satisfies the 2-Poincaré inequality and set o > 0. The following hold.

(i) We have

. d
VWG (fin, 1) = 11Gull=1200,.)»
where (G.(f)) je12uu, 1 @ centered Gaussian process with paths in H~'* (u * 1,,)

a.s. and covariance function Cov(G,(f), G,(g)) = Cov,(f * X 8 * Xo)-
(i1) Additionally, if u = v, then
A oay d ,
\/’ZW‘ZT(IJVU Vn) - ||G/J - Gﬂ“l-.]’l*z(y*n(r)a

where G, is an independent copy of G,,.
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The proof of Theorem 5 follows a similar approach to the Gaussian kernel case.
In contrast to the proof of Proposition 3.1 in [105], to show weak convergence of the
smoothed empirical process in H~"2 (u * 1,), we apply the CLT in Hilbert spaces. To this
end, we first verify that the smoothed empirical process has paths in H~"2 (u * ). This
step requires control of the inverse of the density of u * 1, which decays to zero near the
boundary of its support; see the proof of Lemma 58 in the supplementary material. The
extension to general 1 < p < oo requires a much finer analysis than provided in the proof

of Lemma 58, and thus we focus on the p = 2 case.

Remark 10 (Poincaré inequality). In Theorem 5, a sufficient condition for u * n, to
satisfy the 2-Poincaré inequality is that both u and 7, satisfy 2-Poincaré inequalities (see
Proposition 1.1 in [210]). The kernel can always be chosen to satisfy 2-Poincaré by simply
constructing it from the standard mollifier from Example 2. In that case, 1, is a log-

concave measure (cf. [135, 176]) and hence satisfies the 2-Poincaré inequality [24, 145].

Analogously to Proposition 6, parametric rates for empirical W7 under the null follow

from Hilbertian structure of H~? (u * 17,) and the ideas from the proof of Theorem 5.

Proposition 7 (Parametric rate). For o > 0 and u € $(X) for which u * n,, satisfies the

2-Poincaré inequality with constant C,,,, we have

B W5 (0. )] < 2C,0 (1 V I I)AX )2,

Limit distributions for p = 1

We now treat the limit distributions for W{ under both the null and the alternative.
The Kantorovich-Rubinstein duality for W, enables us to do so in the absence of the

additional assumptions required when p > 1. In what follows, let Lip, , denote the set of
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1-Lipschitz functions f on R with f(0) = 0and F, = {f * xo : f € Lip; o}. Observe that

WY (i, v) = sup ser (1t — v)(f) by the Kantorovich-Rubinstein duality.

Theorem 6 (Limit distributions for W{). Let o > 0 and u,v € P(X). There exist
independent, tight u- and v-Brownian bridge process G, and G, in {*(F,), respectively,

such that:

(1) We have
V(WS (@, v) — WO (1, ) sup Gy

where M, = {f € ?}; cu(f = v(f)) = W{(u,v)} and ?J:T is the completion of 7, for
the pseudometric (f, g) = +/Var,(f — g).

(i1) We have
VAW (s ) = W (1, 9)) sup [Gu(f) = GLP,

feMg

where M/ = {f € ?;’V D (= v)(f) = W{(u, v)} and 7" is the completion of ¥, for

(o

the pseudometric (f, g) — \/Varﬂ( f—g+ \/Varv( f—29.

Theorem 6 follows by showing that the function class ¥, is Donsker combined
with the extended functional delta method for the supremum functional. The proof of

Theorem 6 also establishes parametric rates for empirical WY .

Corollary 4 (Parametric rate). For o= > 0, u € P(X), we have E[WY (f,,, )] = O(n™"/?).

We conclude this section by referring the reader to Section A.4 of the supplementary
material for an account of computational aspects for smooth Wasserstein distances. There,
we outline the algorithm from [197], show how to lift it to compute WY, and discuss

limitations of that method.
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2.6 Entropic Optimal Transport

EOT is an efficiently-computable convexification of the OT problem. The general ma-
chinery of Proposition 1 enables deriving limit theorems for empirical EOT, generalizing
previously available statements to allow for dependent data. Our theory also provides new
results on semiparametric efficiency of empirical EOT and consistency of the bootstrap

estimate.

2.6.1 Background

EOT regularizes OT by the Kullback-Leibler (KL) divergence as

SE(v) = inf f c(x, Y)dr(x, ) + € Dy (rll ® ), (2.12)
nmell(u,v) RAxRA

where € > 0 and Dy, (u||v) := flog(d,u/dv)d,u if 4 < v and +oco otherwise [179, 130]. We
consider the quadratic cost c(x, y) = ||x — y||>/2, assume that € = 1, and use the shorthand
S(u,v) = S|1|-||2 /2(,u, v). The assumption that € = 1 comes without loss of generality by a

rescaling argument, since St , (i, v) = €S(Ue, ve), Where pie = feyu for fo(x) = e 12y,

To apply Proposition 1 to empirical EOT, we rely on the duality theory for EOT,

whereby

S(u,v) = sup f wdu + f wdv — f e du®y + 1,
(P)EL XL (v) JR? RY RIXR4

with (¢ @ Y)(x,y) = @(x) + Y(y). Assuming u, v € P,(RY), the supremum is attained by a
pair (¢, ) € L'(u) x L'(v) satisfying the so-called Schrédinger system
f PO dy(y)y =1 p-ae. x € RY,
R4

(2.13)
f OGN = 1 yae. y € RY
R4
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We refer to such (¢, ¥) as optimal EOT potentials (from pu to v for ¢ and vice versa for ).
Optimal EOT potentials are unique (4 ® v)-almost everywhere up to additive constants.
Conversely, any (¢, ) € L'(u) x L'(v) that admit (2.13) are optimal EOT potentials. See

Section 1 in [156] and the references therein for details of the duality results for EOT.

Literature review

The entropic penalty transforms the OT linear optimization problem into a strongly
convex one, allowing efficient computation via the Sinkhorn algorithm [53, 4]. While
EOT forfeits the metric and topological structure of W,,,” it attains fast empirical conver-
gence in certain cases. Specifically, empirical EOT converges as n~'/? for smooth costs
and compactly supported distributions [87], or for the squared cost with sub-Gaussian

distributions [142].

Limit distributions for EOT (and the Sinkhorn divergence) for c(x,y) = ||x — y||” in
the discrete support case were provided in [18, 123]. Their approach is to parameterize
each marginal by a finite-dimensional simplex vector and find the derivative of the
EOT cost w.r.t. the simplex vector to apply the standard delta method; arguably, this
approach does not directly extend to general distributions. A CLT for EOT between
sub-Gaussian distribution was first derived in [142], showing asymptotic normality of
Vn(S(f,, v) — E[S(i1,, v)]) and its two-sample analog using the Efron-Stein inequality
similar to [64]. The main limitation of this result is that the centering term is the expected
empirical EOT, which is undesirable because it does not enable performing inference
for S(u, v). This limitation was addressed in the recent preprint [65], see the discussion
in Remark 11. We provide here an alternative derivation of the CLT that relies on

establishing the Hadamard derivatives of the EOT cost w.r.t. the marginals following the

SIndeed, e.g., SE(u, 1) # 0; while this can be fixed via centering EOT to obtain the so-called Sinkhorn
divergence, it is still not a metric since it lacks the triangle inequality [18].
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unified framework from Proposition 1, which automatically leads to asymptotic efficiency
of empirical EOT and consistency of the bootstrap estimate, as well as the extension
for dependent data. The Hadamard differentiability result (implicit in the proof) may be
of independent interest as it pertains to stability analysis of EOT, which has attracted

growing interest in the mathematics literature [143, 144, 90, 78, 157].

2.6.2 Statistical analysis

We next state the CLT, asymptotic efficiency, and bootstrap consistency for empirical

EOT.

Theorem 7 (CLT, efficiency, and bootstrap consistency for EOT). Suppose that u, v €
PRY) are sub-Gaussian. Let (¢, ) be optimal EOT potentials for (u,v). Then, the

following hold.

(i) We have Vn(S(ii,, v) — S(u, v)) 4 N(0,v?) with v = Var,(¢). The asymptotic
variance v? coincides with the semiparametric efficiency bound for estimating S(-, v)

at p1. Finally, provided that v} > 0, we have

PE(V(S(@E,v) — S(@n ) < 1) — B(N(0,03)) < 1)| = 0.

sup
teR

(ii) We have Vn(S(,, v,)—S(u, v)) 4N (0, v3 +03) where v7 is as in (i) and v; = Var, ().
The asymptotic variance v? + v coincides with the semiparametric efficiency bound
for estimating S(-, -) at (u, v). Finally, provided that v + 05 > 0, we have

sup ‘PB( VRS2, 95) = S(@ns 92)) < 1) — B(N(O, 07 +03) < 1)| = 0.
teR
Remark 11 (Comparison with [65]). As mentioned in Section 2.6.1, a CLT for one-

and two-sample EOT was derived in Theorem 3.6 of [65], whose proof first expands
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the empirical EOT cost around its expectation and then shows that the bias is negligible.
We rederive this result via a markedly different proof technique, relying on the unified
framework from Proposition 1, which automatically also implies bootstrap consistency
and asymptotic efficiency via Corollary 1 and Proposition 2, both of which were not
addressed in [65]. In addition, as Proposition 1 does not assume i.i.d. data, the above
result readily extends to dependent data, which falls outside the framework of [65]. For
instance, suppose that {X;},cz is a stationary S-mixing process with compactly supported

marginal distribution . Then, by Theorem 1 in [71],
d .
Va(i, — ) —» G in £°(Fy),

where ¥, is the function class given in (A.15) in the supplementary material with
s = max{|d/2] + 1,2} and sufficiently large o > 0, while G is a tight centered Gaussian
process in ¢*(F,) with covariance function Cov(G(f),G(g)) = X,ez Cov(f(Xp), g(X))).

Conclude from the proof of Theorem 7 that

V(S V) = S, 1) 5 G@) ~ N(0, )" Cov(g(X), ¢(X,)

Likewise, a CLT result holds for other forms of dependent data, such as exchangeable
arrays [56]. Furthermore, for the EOT case, the corresponding Hadamard derivative is
linear, so suitable dependent bootstrap methods, such as the block bootstrap for mixing
data [31] and the (extended) pigeonhole bootstrap for exchangeable arrays [56], are
consistent for the empirical EOT cost, provided that the bootstrap processes satisfy a

uniform CLT for F.

2.7 Concluding Remarks

This work developed a unified framework for proving limit distribution results for

empirical regularized OT distances, semiparametric efficiency of the plug-in empirical
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estimator, and consistency of the bootstrap. As applications, we focused on three
prominent OT regularization methods—smoothing, slicing, and entropic penalty—and
provided a comprehensive statistical treatment thereof. We closed existing gaps in the
literature (e.g., a limit distribution theory for sliced W,,) and provided several new results
concerning empirical convergence rates, asymptotic efficiency, and bootstrap consistency.
In particular, for the smooth Wasserstein distance, we explored compactly supported
smoothing kernels, which were shown to inherit the structural and statistical properties
of the well-studied Gaussian-smoothed framework. The analysis of compactly supported
kernels is motivated by computational considerations, as we demonstrated how to lift
the efficient algorithm from [197] for computing W3 between smooth densities to the

considered smooth OT distance.

Our framework is flexible and can treat a broad class of functionals, potentially well
beyond the three examples considered herein. For instance, straightforward adaptations
of our arguments for sliced W, would yield limit distributions, efficiency, and bootstrap
consistency of the projection-robust Wasserstein distance from [134], when the projected
subspace is of dimension k < 3 (indeed, the class of projected OT potentials is still
Donsker in that case). Going forward, we also plan to explore applicability of the unified
framework to empirical OT maps or certain functionals thereof (e.g., inner product with

a smooth test function).
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CHAPTER 3
LIMIT LAWS FOR GROMOV-WASSERSTEIN ALIGNMENT WITH
APPLICATIONS TO TESTING GRAPH ISOMORPHISMS

This chapter is based on the paper “Limit Laws for Gromov-Wasserstein Alignment
with Applications to Testing Graph Isomorphisms” [165], submitted to the Annals of

Statistics. This is joint work with Ziv Goldfeld and Kengo Kato.
3.1 Introduction

The Gromov-Wasserstein (GW) distance provides a framework, rooted in optimal trans-
port (OT) theory [208, 175], for comparing probability distributions on possibly distinct
spaces by aligning them with one another. The (p, g)-GW distance between two metric

measure (mm) spaces (X, do, (o) and (X, dy, up) is defined as [141]

1

D, (1o, 1) = neni(?lf (f Idg(x, x) — d‘f(y, V)Wdr @ n(x,y, x',y)| , (3.1

1)

where Il(uo, 111) is the set of all couplings of 1 and u;. Evidently, D, , (1o, 1) seeks to
minimize distortion of distances over all possible alignment plans (modeled by couplings)
of the considered mm spaces. This distance serves as an OT-based L” relaxation of the
classical Gromov-Hausdorff distance and defines a metric on the space of all mm spaces
modulo the equivalence defined by isomorphism.! The GW framework has seen recent
success in tasks involving alignment of heterogeneous datasets, such as single-cell
genomics [23, 34, 67], alignment of language models [5], shape matching [125, 140],
graph matching [43, 159, 217, 216], heterogeneous domain adaptation [180, 219], and

generative modeling [32].

"Two mm spaces (Xo,do, o) and (X;,d;, ;) are said to be isomorphic if there exists an isometry
T : spt(uo) — spt(u) for which g o T = py.
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Despite its appealing structure and broad applications, a principled statistical and
computational framework for GW alignment remained elusive since its inception more
than a decade ago [141]. The difficulty in analyzing the GW problem lies in its quadratic
dependence on r, leaving techniques developed for the (linear) OT problem not directly
applicable. Recently, a variational form of the quadratic GW distance, i.e., with p = g = 2,
between Euclidean mm spaces (R%, || - ||, o) and (R%, || - ||, 1) was derived, casting it as

the infimum over a class of OT problems [223]:

D(uo, f11)* = Daa(to, p11) = Silgg, pr1) + _inf {32UIAIR + OTa(uo, i)} (32)
A€R4%*41

Here S;(uo, u1) is a constant that depends only on the moments of the marginals and
OTa (o, 1) denotes the OT problem with a cost function parametrized by an auxiliary
matrix A. This connection to the well-understood OT problem unlocked it as a tool for
the study of GW, leading to new algorithms for approximate computation with formal
guarantees [164], sharp rates of empirical convergence [223, 110], and advances in GW
gradient flows and differential geometry [222]. We seek to further progress the statistical
GW theory by studying the asymptotic fluctuations of the empirical GW distance around
the population value, providing first limit distribution results (upon suitable scaling)
and efficient algorithms for simulating the limits. These advances are leveraged for

applications to graph isomorphism testing.

3.1.1 Contributions

Utilizing the so-called dual formulation from (3.2), we first explore stability properties of
the GW distance under perturbations of the marginal distributions. Combining this with
the functional delta method, we establish the first limit theorems for GW distances at the

scale of +/n, under several settings of interest. Specifically, we adopt the methodology
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for deriving distributional limits developed in [106], which requires showing that the GW
functional is right differentiable along certain directions and locally Lipschitz continuous
in the sup-norm over a certain function class. This strategy is applied in three cases: (i)
discrete GW, when both population distributions are finitely discrete, (ii) semi-discrete
GW, when one population is finitely discrete and the other is absolutely continuous and
compactly supported, and (ii1) entropically regularized GW when the populations are
arbitrary 4-sub-Weibull distributions. In all cases, local Lipschitz continuity follows from
similar arguments whereas proving right differentiability comprises a more challenging

task that requires different approaches tailored to each setting.

In the finitely discrete setting, we employ stability results for the optimal value
function in nonlinear optimization [27] to prove the desired right differentiability. The
main challenge in doing so stems from the general result requiring a directional regularity
condition that does not hold for the GW setting. We circumvent this by exploiting the
variational form (3.2) to directly establish strong duality for a linearization of the discrete
GW problem. As the obtained derivative is nonlinear in general, the resulting limit
distribution is not normal and the naive bootstrap fails to be consistent (cf. [74, 79]). To
address this, we propose an efficient method for directly estimating the limit distribution
under the null hypothesis (i.e., the population distributions are isomorphic) and prove its
consistency. Remarkably, sampling from the proposed estimator only requires solving a
linear program, while computing the test statistic requires the resolution of a nonconvex
(in fact, NP-complete) quadratic program. These results serve as the cornerstone of
our proposed application: testing if two inhomogeneous random graph models are

isomorphic.

In the semi-discrete setting, a central component of our analysis is to derive a simple

sufficient condition for the optimal coupling of OT 4 (uo, ¢1) to be unique and induced
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by a deterministic map, uniformly in the choice of A € R%*¥  Consequently, this
same condition implies that the GW problem itself admits an alignment plan that is
induced by a map, a so-called Gromov-Monge map. This adds to the limited number of
cases where such alignment maps are known to exist (to wit [189, Theorem 9.21], [204,
Theorem 4.1.2 and Proposition 4.2.4], and [75, Theorem 3.2]). Using this condition,
the corresponding right derivative can be computed by appealing to the GW dual form,
leading to a characterization of distributional limits for semi-discrete GW. As in the
discrete case, the limiting law is generally not Gaussian, and the naive bootstrap is

inapplicable.

To address the setting when both distributions are non-discrete, we consider the
entropically regularized GW distance between 4-sub-Weibull distributions. The analysis
leverages the fact that optimal couplings and dual potentials are unique (in a suitable
sense) for each of the entropic OT problems featuring in the dual form. The required
stability can then be demonstrated by following a similar argument to the semi-discrete
case. Building on the results of [164], we show that the derived limit distribution is
normal once the regularization parameter surpasses a given threshold that depends on the
marginal moments, and may fail to be normal otherwise. When asymptotic normality

holds, the bootstrap enables consistent estimation of the distributional limit.

We apply the derived limit distribution theory to the problem of two-sample testing
for graph isomorphism. As our theory account only for Euclidean mm spaces, we
propose an embedding for distributions on random graphs with N vertices into the
space of distributions on R". Crucially, this embedding is constructed such that the
embedded distributions are identified under the GW distance if and only if the associated
distributions on graphs are isomorphic. This enables us to formulate a consistent test

for the graph isomorphism question with the GW distance as the test statistic. To our
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knowledge, these are the first results in this setting (see literature review below). As
the GW test statistic is hard to compute, we propose efficient procedures for estimating
it numerically based on the linear programming-based sampler from the discrete GW
limiting variable. This methodology is empirically validated in a number of numerical
experiments. The experiments also showcase asymptotic normality of empirical entropic

GW and consistency of the bootstrap under certain conditions.

3.1.2 Literature Review

The statistical properties of the empirical GW distance are largely unknown, beyond the
following convergence rate result (see Theorem 3 [223]). If (1o, 1) € P(Xo) X P(X)
where Xy € R% and X, c R are compact, then, for R = max;c,; diam(X;) and

d= minie{o,l} d;,
E|D(Go.: 110> = D(tto. p11)?|] Sty R~ + (1 + Ry~ (log ) o,

where [l ,, 1, are the empirical measures of n 1.i.d. observations from py and y;,
respectively. These rates are sharp up to polylog factors and, notably, scale with the
dimension of the lower-dimensional space. As for the entropically regularized GW
distance, Theorem 2 in [223] establishes an n~!/? parametric empirical convergence rate,
provided that uy and yu, satisfy the aforementioned 4-sub-Weibull condition. That work
also showed that entropic GW with parameter € > 0 approximates the unregularized
distance at the level of O(eglog(1/¢g)), thus approaching it as € — 0. In [110], the
above empirical convergence rates were shown to adapt to the intrinsic dimension of the
population. Formal guarantees for a neural estimator of the GW distance were provided
in [211], accounting for empirical estimation and function approximation errors (but not

the optimization error).
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The existence of Gromov-Monge maps for the semi-discrete GW problem derived
herein adds to a few other known cases for which deterministic schemes are optimal.
In the Euclidean setting with D,,, results are available when (i) the distributions are
uniform on the same finite number of points [204, Theorem 4.1.2], (i1) yo and y,; are
absolutely continuous and rotationally invariant about their barycenter [189, Theorem
9.21], and (ii1) when the cross-correlation matrix of some optimal alignment plan for
D(ug, p1) is of full rank among other conditions [204, Proposition 4.2.4]. Beyond the
quadratic setting, the only other result concerns the inner product GW distance (i.e.,
when the cost function in (3.1) is [{x, x") — (y, y’)lz, with p = 2) between populations
o, i1 that are compactly supported in their respective, with the lower-dimensional one

being absolutely continuous.

Our approach to proving limit theorems for GW distances is based on the generic
framework put forth in [106] which, in turn, relies on the functional delta method (see
Section B.4 for details). The delta method [169, 181] has seen great success for proving
limit theorems for Wasserstein distances and regularized OT. Notably, [187] first applied
this technique to establish limit theorems for the p-Wasserstein distance on finite metric
spaces. Next, [190] extended this approach to the case of countable metric spaces, and
[117] provided a generic stability result for the OT cost and provided sufficient conditions
for the CLT to hold. This approach also proved effective in studying the distributional
limits of regularized optimal transport functionals—under smoothing, slicing, or entropic

regularization—and associated objects (e.g., maps and dual potentials) [104, 105, 106].

Testing equality of distributions on graphs was first addressed in [109] based on
the maximum mean discrepancy. While the experiment in that work also considered
equality up to isomorphisms, their theoretical results did not cover that setting. Another

approach relies on testing if certain graph statistics, such as the mean graph Laplacian,
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are equal at the population level based on samples [98]. Other lines of work include the
setting where the number of samples grows with the graph size [39, 42] or when the
graphs are large and only a small constant number of samples from each distribution is
available [93, 92, 94, 119, 133, 191, 192]. The scopes and/or settings of those references
differ from the statistical framework and accompanying theory we provide for graph

isomorphism testing.

3.2 Background and Preliminary Results

3.2.1 Notation

For a nonempty Borel set S ¢ R4, P(S) is the set of Borel probability measures on S,
C(S) denotes the set of continuous functions on §, and £*(S) is the Banach space of
bounded real functions on S equipped with the supremum norm ||€||.s = sup,.g [£(s)].
When S ¢ R? is a compact set, we write ||S || = sup,s lIsll, where the latter is the

Euclidean norm.

For a probability measure p € P(RY), set P, = {V € P(RY) : spt(v) C spt(p)}. If
T : RY - R? is a measurable map, Ty € PR?) is the pushforward measure
defined by Tyo(A) = o(T7'(A)) for every Borel measurable set A C RY. The cen-
tered version of p is denoted by p = (Id-E,[X])y0. The p-th moment of p is de-
noted M,(p) = f Il - IPdp, X, = f 7z7dp(z) is its cross-correlation matrix, and for
a p-integrable function f : RY — R, we write p(f) = f fdp. A probability dis-
tribution p € P(R?) is said to be B-sub-Weibull with parameter o for o > 0, pro-
vided that f ™ dp < 2. We denote by Pg,(R?) the set of all -sub-Weibull

distributions with parameter 0. Distributions that are 2-sub-Weibull are called sub-
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Gaussian, while X ~ u being 4-sub-Weibull is equivalent to sub-Gaussianity of
IX]|>. For measures (09, p1) € PRY) x P(RM), py ® p; denotes the product measure.

. .. . . d w
Convergence in distribution and weak convergence are denoted, respectively, by — and —.

For matrices A, B € R“*¥ and (i, j) € [No] X [N1], A;; is the ij-th entry of A, and
(A,B)r = X jetdoixiar) AijBij 18 the Frobenius inner product. The induced Frobenius
norm is denoted by || - ||z, with Be(r) € R%*% designating the closed Frobenius ball

with radius 7 > 0. A function f : R®* — R is said to be Fréchet differentiable at a

|f (A+H)—F(A)-D fia D)
(]|

point A € R if limyg,10 = 0 for some bounded linear functional

Dfia; : R9*4 — R which we call the Fréchet derivative of f at A.

For functions fj : R® — R and f; : R — R, their direct sumis fy @ f; : (x,y) €
R% x R+ fy(x) + fi(y). For any nonnegative integer k and nonempty open set S C R,
C*(S) is the set of k-times continuously differentiable functions on . For N € N, [N]

denotes the set {1,...,N}, and 1y € R" is the vector of all ones.

3.2.2 Optimal Transport

For (ug, 1) € PR®)xPR%), and a continuous cost function ¢ : Xox X; — R satisfying
¢ > a ® b for some continuous functions (a, b) € L'(uo) X L'(u;), the optimal transport

(OT) problem is given by

OT.(uo i) = inf f cdn,

mell(uo.p1)

where I1(u, u1) is the set of all couplings of (uo, ¢1). If, in addition, f cduy ® vy < 0,
the following duality result holds (cf. e.g. Theorem 5.10 and Remark 5.14 in [208])

OT. (o, p1) = sup { f @odpto + f soldm}- (3.3)
(¢0,¢1)€%§0)XC(X1)
PodY1<c
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Both the primal (minimization) problem and the dual (maximization) problems admit
solutions, which we refer to, respectively, as an OT plan and OT potentials for OT (1, t1).
Of note is that if (¢, ¢7) is a pair of OT potentials for OT (1o, i), then so is (¢} +a, ¢} —a)
for any a € R; we refer to potentials related in this fashion as versions of one another. If
n = (Id, T)guo for amap T : R® — R%, we say that x is induced by the map T and, if

is optimal for OT (g, u1), T is called an OT map (also known as a Monge/Brenier map).

3.2.3 Entropic Optimal Transport

The entropic optimal transport (EOT) problem was introduced in [53] as a convexification
of the classical setting. It is defined by regularizing the transportation cost with the

(strongly convex) Kullback-Leibler divergence:

OT.o(uo, 1) = inf fcdn + eDkyp(n||to ® py), where

mell(po,11)
[log(%)da, ifa <8, (3.4)
Dk (a||B) =
+00, otherwise.

The strong convexity of the regularized objective endows (3.4) with many useful proper-

ties. First, if ¢ € L'(up ® 1), (3.4) is paired in strong duality with the problem

Podp1—C
sup {f¢odﬂo+f901d/11 —sfe = duy ® uy +8}. 3.5
(po.1)EL! (o)L (1)

A solution, (¢, ¢7), to (3.5) is called a pair of EOT potentials for OT. .(uo, t41) and is

known to be a.s. unique up to additive constants (i.e. any other solution (), ¥/7) satisfies
W5, ¥T) = (@) +a,o] —a) po ® ui-a.s. for some a € R). Moreover, (3.4) has a unique
solution 7* € Il(uo, 141), given in terms of the marginal measures and the EOT potentials
via

dr* #599] ~¢

—=e ¢ , ® pi-a.s.
dito @ 1, Ho @
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This further implies that (¢, ¢1) € L'(uo) X L'(u;) solves (3.5) if and only if (¢, ¢;)

solves the Schrodinger system

po(D)+p1 —c(x,) o+ (=)
fe E du, = l,fe E dup =1, (3.6)

for pp-a.e. x € R% and u;-a.e. y € R%. See [155] for a comprehensive introduction to

EOT.

3.2.4 Gromov-Wasserstein Distances

Throughout, we focus on the (squared) (2, 2)-GW distance between the Euclidean mm
spaces (R%, ||- ||, uo) and (R¥, || ||, 1), henceforth identified with the probability measures

themselves. The distance between o € P(R®), u; € P(RY) with finite fourth moments is

D(uo, 1) = _inf  [|Allzgrsmys  for Ax,y,x,y) :=|llx=xIF =y =y1°|. (3.7
mell(uo.p1)

A coupling 7 € I1(u, 1) solving (3.7) always exists [141, Corollary 10.1] and is called a
GW plan. If a GW plan is induced by a measurable map, T : R%® — R4, we call T a
Gromov-Monge map. Of note is that D nullifies if and only if there exists an isometry
¢ 2 spt(ug) — spt(u;) for which p; = wyuy. When such a relationship holds, we say that
the mm spaces (R, || - ||, o) and (R, || - ||, ;) are isomorphic. Furthermore, D defines
a metric on the quotient space of all Euclidean mm spaces whose measures have finite

fourth moments modulo the aforementioned isomorphism relation.

Recalling that f1; = (Id =E,, [X1)su;, for i = 0, 1, denotes the centered measures, it was

recently shown in [223] (see Corollary 1 in that work) that D admits the variational form,

D(uo, 21)* = D(fao, fir)* = Si(fio, fir) + Saliio, f11) (3.8)

S (o, 1) = f It = ¥ dito ® o, ')+ f ly = ¥ Ity ® pa (v, ) — 4Mo o) Mo (1)

Sa(uo.p) = inf {320AIR + OTa(uo. ),
AGRdOXdl
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where OT (o, pt1) = OT., (o, 1) for cx : (x,y) = —4||x|?|ly||> — 32xTAy and the
equality D(uo, 11)> = D(fto, f1;)* is due to translation invariance. In particular, S, is an

explicit constant whereas S, is a minimization problem with objective function,
Do)+ A € RN 1 32Y|AR + OTp (ko p11)- (3.9)

Further, if 7* solves (3.7), then A* = % f xyTdn*(x,y) solves (3.9) provided that o,
are centered (see [223, Theorem 1]). Our first result refines the characterization of mini-

mizers of (3.9).

Theorem 8 (On minimizers of (3.9)). Let (up, ;) € PR®) x P(RY) be compactly

supported. The following statements hold:

1. @, is locally Lipschitz continuous and coercive. If all OT plans, ma,
for OTa(uo, 1) admit the same cross-correlation matrix, f xyTdna(x,y), then
@) is Fréchet differentiable at A € R%*¥ with (Dcp(ﬂo,m))m (B) = 64(A —

1 [ xyrdra(x,y), B)r.

2. If A* minimizes (3.9), then 2A* = fxden*(x, y) € Br(A/M>(uo)M>(u,)) for some
OT plan 7* for OT g« (o, p1)- If po, p; are centered, then 7* solves (3.7).

Theorem 8, whose proof is provided in Section 3.8.1, shows that all minimizers of
(3.9) are contained in BF(% \/m) and, given such a minimizer, a solution to
(3.7) can be obtained. Although Point 1 appears to directly imply Point 2, since a global
minimizer of a differentiable coercive function must be a critical point, we stress that
if OTa (10, 111) admits multiple OT plans, @, ,,) may fail to be differentiable at A. To
formalize this fact, the proof of Theorem 8 characterizes the Clarke subdifferential [49]

Of (I)(#Oﬂ/ll)'

Remark 12 (Uniqueness of cross-correlation matrix). The condition that all OT plans for

OT A (1o, p1) share the same cross-correlation matrix seems nontrivial to verify in general
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and, in fact, fails in some cases. For instance, example given in Figure 1 of [223] indicates
that @, ) is nonsmooth for simple discrete measures on the line. With this, it appears
reasonable to impose the stronger condition that, for every A € R%*4 QT (1, i1)
admits a unique optimal plan. However, standard results guaranteeing uniqueness of
OT plans generally require injectivity of V.c(x, -), known as the twist condition, (see e.g.
Theorem 10.28 in [208]) among other assumptions. As V.ca(x,y) = —8x|[y||> — 32Ay,
this condition can fail even in anodyne situations (e.g. O € int(spt(uo)) and there exists
v,y € spt(u;) N ker(A)). The failure of this condition constitutes a roadblock to proving
the existence of Gromov-Monge alignment maps for (3.7). Nevertheless, we demonstrate
in Section 3.4 that, in the semi-discrete case, a simple condition guarantees uniqueness of
OT plans and existence of OT maps for OT A (uo, 11). This enables us to prove existence of
Gromov-Monge maps for the semi-discrete GW problem, which adds to the few known
cases for which optimal alignment maps exist; [189, Theorem 9.21] and [204, Proposition

4.2.4].

The entropic GW distance between the Euclidean mm spaces (R%, || - ||, o) and
R, || - ||, 1) is obtained by regularizing (3.7) using the Kullback-Leibler divergence,
analogously to EOT. Fixing & > 0, the distance between uy € P(R®), u; € P(RY) with

finite fourth moments is given by

2 _ . 2
Ditptoo ) = _inf AN g, + £Dsc (llto ® 1)} (3.10)

This modification was introduced in [160, 186] due to computational considerations,
resulting in a heuristic iterative algorithm which involves solving an EOT problem at each
iterate. More recently, a gradient-based algorithm for solving the entropic GW problem
subject to non-asymptotic convergence guarantees was provided in [164] by leveraging

Theorem 23 ahead. We underscore that D,(u, io) # O unless y is a Dirac measure?

2Dk (mlluo ® o) > 0 with equality if and only if 7 = g ® o Whereas f Adn ® m > 0 with equality if
and only if 7 is induced by an isomorphism.
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so that D, does not define a metric. Nevertheless, D, is still invariant to isometric
transformations of the marginal spaces and always admits a solution.®> By analogy with
(3.8), the entropic GW problem also admits a variational form (obtained by replacing
OTa by OTy . := OT,, . in (3.8)) and Theorem 8 carries over to the entropic case with
the advantage that the measures need only be 4-sub-Weibull and that the objective @, ,,,)

is everywhere Fréchet differentiable; see Section B.1.

3.3 Discrete Gromov-Wasserstein Distance

We first consider the GW distance between finitely discrete measures uo € P(R%) and
1 € PRM). Throughout, we let Xo = (x?) = spt(uo) and X; = (V)| = spt(uy).
Our analysis hinges on the variational formulation of the GW distance and the fact that

D(uo, p1)* can be identified with the finite-dimensional quadratic program

inf  (P,AP))g,

PERNO XNy

s.t. P]]_NI = my, PTI]—N() =m, (311)
P;; >0, V(i j) € [No] X [N1].

where A(P) € RM*M ig the matrix with i j-th entry
A@); = > AR, 50) Py,
(k,DE[No]X[N1]
and (mg, m;) € R x RV are the weight vectors for uy and u;, respectively, i.e., (mg); =
po({x”}) and (m1); = m({y?) for (i, j) € [No] x [N,]. Evidently, any P € R%*“
satisfying the constraints in (3.11) can be identified with a coupling mp € TI(u, ;) via

mp ({(x@,y)}) = P;; and it is clear that (P, A(P))r = [ Adp ® 7p.

3The proof of Corollary 10.1 in [141] shows that the functional @ € P(R% x R%) f Ado @ @
is continuous in the topology of weak convergence of probability measures. The conclusion follows by
noting that @ +— Dk (@]|up ® u1) is lower semicontinuous and that IT(u, ;) is compact in this topology.
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3.3.1 Stability analysis

We explore the stability of the discrete GW functional along perturbations of the marginal
distributions. Combining this with the methodology from [106] will then result in
distributional limits for empirical GW in the discrete setting. In order to preserve the

structure of (3.11) along the perturbations

Moy = Mo + 1(Vo — Mo), Mg =y +1t(vi — ), t€][0,1]

appearing in Proposition 16 ahead, we require that v; € P(X;), for i € {0, 1}, is such that
D(uo,, i1,)* can be written as (3.11) with the corresponding weight vectors in place of
mq, my. For any (vo, v1) € P(Xo) X P(X1), we have 2 VM (vo) Ma(v1) < 2 1Xollooll X 1[I0, 5O
that all minimizers of @, ,,, are contained in Bg(M) for M = %II/\’ olleollX1llco- Moreover,
My(%) = Ma(v;) — ||IB,,[X]II* < My(»)), for i € {0, 1}, so that the minimizers of @, 5, are

also contained in Bp(M).

Stability properties of D(uo, u;)* along valid perturbations of the marginals are es-
tablished by studying a type of linearization of this quadratic programs which is related
to OT s (uo, 141), as defined in Section 3.2.4, for some choice of A € R%*4 To state the

subsequent stability property, set
Fi={f: Xio>R:fllox <1}, i€{0,1},

Fe={fo®fi: foeFo. /i €Fi}.

Theorem 9 (Stability for discrete GW). Let A = argming_ ;) Oz, ). Then, for any pairs

(Y0, V1), (00, 1) € Ppiy X Py, we have [D(vo, v1)? = D(po, p1)?| < Cllvo @ vi = 0o ® i lloo70

for some constant C > 0 which is independent of (vy, v;), (0o, 01). Further,

AeA nelly (¢0.01)€DA

d e -
ED(ﬂO,t’ﬂl,t)zlt:O = inf inf  sup {f(fo + 8o + @0)d(vo — po)

+ f(fl + 81x +@nd(v —,Ul)},
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where, for x € R%,

folx) =2 f llx — X" dpao(x’) — 4Ma(fan)llx — B [X11, g0x(x) = 8XTExy)[IYIPX],

with f}, g1 defined symmetrically by interchanging x € R% and y € R%, X and Y, and
Ho and ;. Further, ¢; = ¢;(- — E, [X]) for i € {0, 1}, and, for A € Bg(M), lzlz c (o, 1)
is the set of all OT plans, 7*, for OT x(fio, f1;) satisfying A = 1 [ xyTdn*(x,y), while D,

is the set of all corresponding OT potentials.

The proof of Theorem 9 (see Section 3.8.2) employs a linearization of the GW
quadratic program (3.11) along certain perturbations of its marginals. The approach
builds on directional differentiability results for the optimal value function in nonlinear
programming (see Section 4.3.2 in [27]) while utilizing stability properties of solutions
to perturbed (finite-dimensional) quadratic programs [124]. We note that the results
from [27] do not apply directly to the problem at hand as the directional regularity
condition, used to enforce strong duality for the linearized problem, does not hold due to
the structure of the GW coupling set (see Remark 19). Nevertheless, we show that the
dual variables correspond to OT potentials for OT A (fo, fi;), where A = % f xyTdn(x,y)
for some GW plan 7, and use the fact that dual OT potentials can always be replaced
with a bounded version thereof without changing the objective to restrict optimization to

a bounded constraint set.

Remark 13 (Comparison with OT stability). To compare GW stability to that of OT, let
(X, dy) be a finite metric space and set p, 11 € P(X) and (vo,v1) € P, X P,,,. Adopting

the notation of Theorem 9, Theorem 3.1 in [85] yields

d
_tOTde(/'[O,tnul,t)L:O = sup {fsﬂod(vo—/lo)+f901d(vl —,Ul)},

d (<P0,¢1)€D,;
where D, is the set of OT potentials for OTd?< (o, p1). This observation was used in [187]

to derive limit distributions for the p-Wasserstein distance on a finite space via the delta
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method. A similar term appears in the GW stability result (Theorem 9), along with (1)
a minimization over A, (ii) a minimization over corresponding OT plans, and (iii) the
terms fy and f; which depend only on y and y;. The first occurs due to the minimization
over matrices in the variational form, the second is due to the centering required to access

the variational form, while the third accounts for the term S, in the variational form (3.8).

3.3.2 Distributional limits

The characterization of the stability profile of the discrete GW problem with respect to
perturbations of the weights given in Theorem 9 is the driving force behind the subsequent

limit theorem once the following assumption is made.*

) d
Assumption 1. (i, f14)nen C Py X P, 1s such that Vo, ® 1, — o ® py) — X po®un

in £°(F®) where y g, is tight.

The canonical statistical setting that fulfills Assumption 1 is when i, and /1, ,, are the
empirical measures of i.1.d. observations Xy, ..., Xo, from gy and X, 4, ..., X;, from
w1, where the two collections of samples are independent and the function classes are

Donsker.

Theorem 10 (Limit distributions for discrete GW). In the setting of Theorem 9, if

(Ho.n> M1.n)nert satisfy Assumption 1, then

\/ﬁ(D(,Uo,n,,ul,n)z - D(,Uo,/ll)z)

d . . _ _
— inf inf  sup {Xﬂo@#] ((fo+ 8or+@0)®(fi + 81+ 901))} .
A€A relly (po.p1)EDA

In particular, if (to ,, 41,2) = (fops f11,0), We have x e, (80 © 81) = Gy (g0) + Gy (g1) for

any go ® g1 € ¥®, where G, is a tight y;-Brownian bridge in £*(F;) for i € {0, 1}.

4Assumption 1 will be used when stating limit laws beyond the discrete case, the function class 7
should be understood based on the context.
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Given Assumption 1 and Theorem 9, Theorem 10 is a direct consequence of the
delta method-based framework developed in [106, Proposition 1], included herein for
completeness as Proposition 16 in Section B.4. Complete details are provided in Sec-

tion 3.8.2.

Remark 14 (Extension of limits). In Theorem 10, the distributional limit y,,g,, is
evaluated at & @ &, for & = fo + gor + $o and &, = fi + g1.x + &1, respectively, for
some choice of OT plan and pair of OT potentials. Though &, and &, are not necessarily
elements of ¥\ and ¥, it is easy to see that [|£l|-.x, and [|£]|-.x, can be bounded by
a constant C which depends only on ||Xj|lc and ||X{||c (up to choosing the versions
of the OT potentials which are bounded and noting that the direct sum is the same
for all versions, see Lemma 12). It follows that (C7'&,, C~'¢)) € Fo x F; whereby
Vin(pon ® pin = po ® )€ ® €1) = CVn(uo, ® pin = po ® p)(C'én ® C1&)) 5
CX oo, (C™' €0 ® C1¢1). We thus identify x e, (£0 ® &1) With Cx ey, (C™'& @ C71€)).

Remark 15 (Removing the square). Although the limit distribution in Theorem 10 is
presented for the squared distance D?, the asymptotics for D can be obtained by a second

application of the delta method with the function +/(-), assuming that D(uq, u;) # O.

Remark 16 (Estimating the limit). When the derivative established in Theorem 9 fails to
be linear as a function of (vo — o, vi — (1), the limit distribution in Theorem 10 cannot be
estimated via the naive bootstrap [74]. To guarantee that the derivative be linear, it would
suffice to show that A = {A*} is a singleton, that the OT plan for OT s+ ({19, i1;) is unique,
and that the corresponding OT potentials are unique (up to versions). In this discrete
setting under the null, these conditions imply that o and yu; are Dirac delta distributions,
rendering the limit trivial. We overcome this predicament by developing an efficient
direct method for estimating the limit under the null using linear programming, described

in Section 3.3.3 ahead.
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Under the null hypothesis D(ug, 1) = 0 (i.e. go = y; up to isometries), the obtained

limit distribution simplifies as follows.

Corollary 5 (Limit distribution under the null). In the setting of Theorem 10, assume
that (1o is not a point mass and that D(u, it;) = 0. If 7 is the set of all GW maps between

[o and f1;, then
d . _
VD (o i 100 > inf SUp e ((- = By [X]) @ (T (- = By [X]))} = Ly,
TeT heH
H = {h:spt(itg) = R | h(x) — h(x") <
2311xlP = [1X'117)* + 8(x — X)Xz (x — x), Vx, X' € Spt(ﬂo)}.

If (o, 1,n) = (fon, fl1,,), the above result holds and L,,, = \/EIIG#OHOO,(;,, where H =
{h(- =B, [X]) : h e H}.

Corollary 5 follows from Theorem 10 upon characterizing the OT potentials under
the null and simplifying the resulting expressions. Note that if 4 € H, so too is h — a,
and the value of the direct sum in the limit distribution is invariant to translation. Thus,
the direct sum can always be chosen such that it lies in ¥® up to a dilation by e.g. setting

h(x) = 0 for some x € spt(fip). See Section 3.8.2 for complete details.

3.3.3 Direct estimation of the limit

As the distribution L, in Corollary 5 admits a reasonably simple expression in the case
of empirical measures, we may consider estimating it directly as an alternative to the

bootstrap. To this end, let ()}, = spt(fi,,) and set

N, =312 —()112\2
H, = {u € RV Ju; — u; < 2015717 = IXV1%)

+8(x" — X (X0 - xV),i # j € [N,]).
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Algorithm 1 Sampling from L,

Given samples X1, ..., X, from po, construct fi ,,

1: Let (XM = spt(fip ).

2: Let b, € RM®=D apnd A € RVWVo=DXNo pe such that H, = {u € RV : Au < b,}.

3: Sample Z, ~ N(0,X%,,) and solve \2 SUP ey, Ziu ~ L,; repeat Step 3 to generate
new samples.

Letting my denote the weight vector for iy, it is useful to set u; = (f(xV), ..., f(xN))
for f € ¥ so that p(f) = mjuy. With this, G,,,(f) = ZTuy for f € Foand Z ~ N(0,%,,),
where, for a probability vector r € RY, X, € R¥¥ is the covariance matrix of the
multinomial distribution with 1 trial and probability vector r, whose entries are given by
ri(l—r,-), lfl:],
) = (3.12)
—rirj, if i * j,
Taking Z, ~ N(0,X,, ) and writing m, for the weight vector associated with fi,, the

above suggests estimating L, as

L, = \/zsup Ziu, (3.13)
ueH,

Algorithm 1 summarizes the procedure for sampling from L,,. It is worth mentioning
that, as soon as fig,, is supported on more than one point, #, has non-empty interior (see
Lemma 13), but is unbounded. However, the samples Z, are almost surely orthogonal to

the vector of ones, so that each instance of the linear program admits a bounded solution.’

We now establish that this procedure is consistent for estimating the distribution of

L

4o -

Theorem 11. In the setting of Corollary 5 and Assumption 2,

lim sup [P(L, < X1, Xa, ..., X,) = P(L,, < )| =0,

n—oo >0

SIn practice, it is recommended to add a box constraint on the first variable, -6 < h(x) < 6 for any
6 > 0, even if the entries of Z, sum to one with probability one to account for numerical error. This
modification results in a bounded feasible region, but does not effect the optimal value obtained, see the
proof of Theorem 11.
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for almost every realization of X;, X5, ... provided that y is not a point mass.

The proof of Theorem 11, included in Section 3.8.2, leverages the stability properties
of the optimal value function for linear programs when viewed as a function of the cost
and constraint vectors [99]. Using this result we show that, conditionally on Xi, X5, ...,
we have L, 4 L, for almost every realization of the data. The result is established by
noting that L, has a continuous distribution function. We highlight that this result holds
beyond the setting of empirical measure, i.e., when other weakly convergent estimators
of the population distributions are employed. Indeed, the proof is carried out under
general conditions which encompass both the empirical measure and the estimator used

for testing graph isomorphisms, introduced in Section 3.6.

We find it noteworthy that while L, is the weak limit of a sequence of optimal values
for random nonconvex quadratic programs (NP-hard), Theorem 11 shows that it can be
approximated by solving linear programs. By contrast, the naive bootstrap estimator may
fail to be consistent as the directional derivative provided in Theorem 10 is nonlinear (see
Proposition 1 in [74] or Corollary 3.1 in [79]). The m-out-of-n bootstrap [161, 17] may
prove consistent, but its computational overhead and the required tuning of m render it

computationally costly and unattractive compared to the direct estimator.

Remark 17 (Computational considerations). Estimating the distribution of L, given
X1, ..., X, requires solving multiple instances of a linear program with a fixed feasible
set, but with varying cost vectors. Software for numerical resolution of linear programs,
both open-source and commercial, are plentiful (see e.g. [86, 116, 107] for benchmarks
of linear programming solvers) and are based on variants of the interior-point method
[121], which has polynomial time complexity and the simplex method [54], which has
exponential worst case complexity, but performs as well or better than the interior-point

method on most problems.
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3.4 Semi-Discrete Gromov-Wasserstein Distance

In this section, we consider the semi-discrete setting for the GW distance, where y €
PR%) is supported in X, an open ball centered at 0 with finite radius, and u; € P(R%)
is supported on the points X = (y("))jil. To establish limit distributions for the semi-
discrete GW cost, we again require stability of the solution set. However, unlike the
discrete case, we can no longer rely on an analysis of finite-dimensional quadratic
programs. Rather, we prove that, under mild conditions, the semi-discrete (2,2)-GW

problem is solved by a Gromov-Monge map—a result of independent interest. This,

in turn, allows us to deduce the desired stability.

To arrive at the main structural results concerning the existence of Gromov-Monge
maps, we start by specializing some results for semi-discrete OT to the family of costs ca
figuring in the variational form of the GW distance (3.8). To that end, recall the so-called

semi-dual form of the semi-discrete OT problem,®

N
OTC(NO,N1)=SUP{ZZiﬂl({y(i)})‘F min {c(-,y“>)—z,-}duo}. (3.14)

Z€RN e 1<i<N

We call a solution to (3.14) an optimal vector for OT .(ug, ;).

3.4.1 Existence of Gromov-Monge maps

A standard approach for establishing the existence of OT maps for OT (i, ;) employs
the so-called twist condition, which guarantees injectivity of V c(x,-) [208, Theorem

10.28]. We leverage a version of the twist condition for semi-discrete OT with a generic

%This representation is obtained by recasting the dual OT problem in (3.3) as
SUPy, ccxy) {ft,o‘l'dyo + ft,oldm}, where ¢ : x € Xy = infjex, {c(x,y) —@1(y)} is the c-transform
of ¢;. In the semi-discrete case, one then identifies the OT potential ¢ with a vector z € RN to arrive at
(3.14).
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cost from [122] to identify a primitive condition for OT 4 (uo, 1) to admit a Monge map,
uniformly in A. Once this proviso is met, Theorem 8 guarantees the existence of a

Gromov-Monge map for the semi-discrete GW problem.

Theorem 12 (Existence of Gromov-Monge maps). Assume without loss of generality
that (1o, i1 are centered and let A* minimize @, ,,). If X; is such that y? —y") ¢ ker(A*)
for every i # j € [N] with |[y®]| = ||ly"||, then there exists a GW plan for D(uo, u;) which
is induced by the p-a.e. unique map
Tae i x€ X o Y@ for Ly (x) € argmin (cas (x,y7) = 27),
1<i<N

where z?* is an optimal vector for OT«(uo,u1). Further, letting Lag s+ ; denote the
set {x € Xy : i € argmin,_,_y (CA* (x,y?) — z?*)}, A* = 1yY fLang*J xdpo(x) (y(i))T.
A sufficient condition for the assumption on X; to hold at every A € R%*% is that

Iyl # [y for every i # j € [N].

The proof of Theorem 12, given in Section 3.8.3, shows that the condition on the
support of y; is equivalent to a variant of the standard twist condition. This, in turn,
guarantees that the corresponding OT problem admits a unique OT plan that is induced
by a map and the result follows using the dual form (3.8). We emphasize that, for given
o, M1, it is easy to verify the sufficient condition that ||[y?|| # |[y|| for every i # j € [N],
whereas the general condition may be difficult to check as argming, @, ) 1S a priori

unknown.

Remark 18 (Semi-discrete Gromov-Monge map)Existence (and optimality) of Gromov-
Monge maps for the GW problem (3.7) is known only in a few cases. Theorem 4.1.2
in [204] shows that it suffices to optimize over permutations when p, y; are both uniform
probability measures supported on the same (finite) number of points, while Theorem 3.2

in [75] treats the inner product GW problem (i.e., when the cost function in (3.7) is set to
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Alx,y,x',y") = {(x,x') = (y,y’)) between compactly supported and absolutely continuous
distributions. The only results for the quadratic cost considered herein require additional
high-level assumptions, such as that y, and u; be absolutely continuous and rotationally
invariant about their barycenter [189, Theorem 9.21] or a priori knowledge that the
cross-correlation matrix of some GW plan for D(uy, ;) is of full rank [204, Proposition
4.2.4]. While such conditions are restrictive and hard to verify in practice, they may hold
beyond the semi-discrete setting. Theorem 12 presents a new instance of the existence of
Gromov-Monge maps for the quadratic GW problem, assuming the semi-discrete setting

with the primitive geometric condition on the magnitude of the discrete support points.

3.4.2 Stability and limit distributions

We now derive the asymptotic distribution of the empirical semi-discrete GW distance.
To that end, we first study stability of D by leveraging the fact that the same condition
guaranteeing existence of Gromov-Monge maps for the semi-discrete case, also imply the
uniqueness of the OT plan for OT 4 (fio, fi;) for every A € argmingsyxs, P p,). As in the
fully discrete case, we set M := %”XO”OO”XIIIOO so that, for any (v, v1) € P(Xp) X P(X}),

all minimizers of @, 5,) are contained in Br(M)

To apply the unified approach described in Proposition 16, we define the function

class

7:@ = {fOGBf] :(fO’fl) E%XY‘-]}, fOI‘TO :Bck(/\’o)+gu{0}’
Fi1={f:X] > R:|fllox, <1},

where k = [d/2] + 1, Berx,) denotes the unit ball in Ck(Xy), and

G = {x e Xy lrgigr[{]{cA(x—f,y(i) —-{) —zi}

: A € Be(M),z € RY, |lzll < K, £ € R, [IZ1] < X1 lleo, € € X,
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These definitions are motivated by the regularity of the OT potentials (Lemma 19).

Theorem 13 (Stability for semi-discrete GW). Let A = argming_ ;) @, z,)- Then, for

any pairs (vo, v1), (00, p1) € Puo X Ppuy» |[D(vo, v1)* — D(po,p1)2| < Clvo®@vi —po®@pilleoFe
for some constant C > 0 which is independent of (v, v1), (09, p1), and, if 1y, i1; verify the
conditions of Theorem 12 at every A € A and int(spt(fiy)) is connected with negligible

boundary, we further have
iD(.Uo Hi )2| = inf < | (fo + goxs + @)d(vo — po)
dr - Hor k) i = (G 0+ Py
+ f(fl + g1 + @AV, _,Ul)} ,

where fo, fi, 8o» §1.1s Mo, and iy, are as defined in Theorem 9, ¢ = (- — E,,[X]) for
i =0,1, and, for A € A, n* is the unique OT plan for OT 4 (jio, j1;), and (go(‘)‘, cp‘l") is any

choice of corresponding OT potentials.

The proof of Theorem 13 relies on the decomposition D(¥, 7,)*> = S;(¥, ;) +
S,(¥o, ¥1). The desired right differentiability and Lipschitz continuity of S; is rela-
tively straightforward, whereas that of S, requires a more careful analysis. This is
since S, includes an infimum, and the fact that fip, and fi;, may not share the same
support as iy and ji;, respectively. This complicates the comparison of OT poten-
tials corresponding to different marginals. We address this issue by first computing
the right derivative of OT (¥, ¥1) at (i1g, f11) for a fixed A, and then use the fact that
A € Bp(M) — OTa(f1o,, f11 ;) converges uniformly to A € Bg(M) — OT (@19, f11), which
enables evaluating the derivative of the infimum. Complete details are included in

Section 3.8.3.

Compared to Theorem 9, Theorem 13 includes neither an infimum over OT couplings
nor a supremum over OT potentials. This distinction is a consequence of the uniqueness

of OT couplings for OT 4 (fio, i1;) for A € A under the conditions of Theorem 12 and the
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uniqueness (up to versions) of the OT potentials resulting from the assumption on spt(i),

see Lemma 19. This latter condition is standard in the literature [61, 62].

Armed with the stability result, we obtain the distributional limit for semi-discrete

GW by invoking the unified approach from Proposition 16.

Theorem 14 (Limit distributions for semi-discrete GW). In the setting of Theorem 13,

let (1o, 11,,) satisfy Assumption 1. Then,

d _ -
Vit (D(to: #10)° = Do 11)°) = I0F (e (o + 805+ 80)@(fi + 812+ @)}

If (/J(),na/‘ll,n) = (lao,n’:al,n)’ Assumption 1 is met andX/l()@,ul(gO S gl) = G/J()(gO) + Gﬂo(gl)

for any go ® g € ¥ °®, where G,,, is a tight y;-Brownian bridge in £*(7;) for i € {0, 1}.

As in the discrete case, we slightly abuse notation by identifying y,,g,, with its
extension to a certain dilation of 7%, see Remark 14 for details. The approach outlined
in Remark 15 can also be applied in this case to obtain a limit distribution for D (without
the square). Finally, as discussed in Remark 16, the consistency of the naive bootstrap
for the limit in Theorem 14 can be established if (A is a singleton. At present, sufficient

conditions for such a result to hold are unknown.

3.5 Entropic Gromov-Wasserstein Distance

To go beyond the fully discrete and semi-discrete settings, we consider the entropic
GW distance under the sole assumption that uq, 4, are 4-sub-Weibull with parameter o2
Note that if (ug, pt;) € Py (R®) X Py (R), then fiy and ji; are 4-sub-Weibull with

parameter 52 = 8%2“”220'2 and % My (fig)M,(j1,) < o, these auxiliary results are proved

in Section 3.8.5. We thus set M = o so that Bg(M) contains all minimizers of @,y (see
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Theorem 23). The derivation is similar to the semi-discrete case, as the EOT problem
that appears in the entropic GW variational form (see Section B.1) enjoys uniqueness of

EOT plans and potentials.

The sub-Weibull assumption stems from the regularity theory for EOT potentials
from Lemma 4 of [223] (restated in Lemma 26 ahead), which motivates the choice of the

function class as F® = {fy & f1 : (fo, f1) € Fo X F1}, where
Fi={f e "R I < 1+ |- I 1D A1 < 1+ 1+ IPF, Yr € NG with 0 < |a] < &,
for k = |(dy V d;)/2] + 1. We have the following stability theorem.

Theorem 15 (Stability for entropic GW). Let A = argming .,/ Oz,z,)- Then, for any

pairs (vo, v1), (00, p1) € Par(R) X Py RM),

D.(v0, v1)* = Do, p1)?| < Clivo ® 1 -

0 ® pille.7e for some constant C > 0 which is independent of (v, v1), (00, 1), and,
iD(ﬂ |, = inf { | (fo + gomn + &5)d(Vo = po)
dr-¢ 0. H1t) |,zg = AL 0t 8o T ¥ 0~ Ho

+ f(fl + g + @A —Ml)},

where f, gir, Mis g‘o?, fori = 0, 1, as well as 7 are all defined as in Theorem 13 with

OTa «(flo, f11) in place of OT 4 (fo, f11).

The proof of Theorem 15 follows similar lines as that of Theorem 13 with the
important distinction that the measures need only be 4-sub-Weibull. The regularity of
the EOT potentials and the strong structural properties of solutions to the EOT problem

enable treating measures with unbounded support. See Section 3.8.5 for complete details.

Invoking Proposition 16 now leads to the following characterization of distributional
limits for the entropic GW cost and bootstrap consistency when (A is a singleton. For

XB

ST ,X{in and X2 ... ,Xﬁn independent collections of i.i.d. samples from fiy,, and {1, ,,

1,1°
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let ﬂﬁn = % >0 X5, for k € {0, 1} denote the bootstrap measures and P? the conditional

probability given the data.

Theorem 16 (Limit distributions for entropic GW and bootstrap consistency). In the
setting of Theorem 15, let (g, t1.)nex Satisfy Assumption 1 with Py ,(R%) x Py (R

in place of $,,, X ,,,, then

d . ] _
\/E(Ds(lio,n,,ul,n)z - Ds(llo,,ul)z) - gg[{Xuo@m((fo +80.+3)B(fi +81.+P)).

Moreover, if € > 16 /M4(fig) M4(f11), A is a singleton and the limit is a point evaluation.

If (1o s f1.0) = (@05 f11,), then Assumption 1 is met and x e, (80 @ &1) = G0 (80) +
G,,(g1) for any gy ® g1 € F°, where G,, is a tight y;-Brownian bridge in ¢*(7;) for
i € {0, 1}. Further, if A = {A} is a singleton, the limit is normal and the bootstrap is

consistent

Sup ‘PB (v (D@f,. 17,0 = Do f110)?) < 1) = (NG + VD) < I)' 5o,

teR

for v§ = Var,,(fo + 8o + @) and vi = Var, (fi + &1 + @) provided that vj + v > 0.

Again, we identify y,,,, With its extension to a certain dilation of ¥, see Remark 14.
To obtain a limit distribution for D, itself, the technique from Remark 15 can be used.
The condition on ¢ that guarantees that A is a singleton stems from Theorem 6 in [164],
which shows that in that case the objective of the entropic GW variational is strictly
convex in A. Beyond this condition, it is unclear when A is a singleton so that the

consistency of the naive bootstrap cannot be established in general (see Remark 16).

3.6 Testing for Graph Isomorphism

A key property of the GW distance is that it identifies distributions that are related

through an isometry. Armed with our limit theorems for GW distances, we consider an
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application to testing if two random graph models are isomorphic, based on samples
from them. As the limit distribution theory accounts for Euclidean mm space, to employ
it for graph isomorphism testing, we propose a framework for embedding distributions of
random graphs on N vertices into P(RY). Crucially, the embedding is constructed so that
the random graph are isomorphic if and only if the GW distance between the embedded
distributions nullifies. This allows casting the graph isomorphism testing question as a

test for equality of the embedded distributions under the GW distance.

3.6.1 Embedding of random graph distributions

Consider the set Gy of all weighted undirected graphs on N vertices with nonnegative
weights and no self-loops. A graph G € Gy is specified by its matrix of weights
W¢ e R™V, which is defined as W = W% = w if the nodes i and ; are connected by
an edge with weight w for i # j € [N]. We adopt the convention that a weight of 0
indicates the absence of an edge, which implies WS = 0 for every i € [N] since there are
no self-loops. With this, a distribution v € P(Gy) can be specified by fixing N(N — 1)/2
univariate edge distributions, (p;)i jeiny:i<j € P([0, 0)), and setting law(Wg) = p;; for
G ~ v. Such a distribution treats each edge independently, and we write P;,q(Gy) to

denote the set of all such distributions to emphasize this fact.

To formulate the comparison of two distributions vy, v; € Pi,a(Gn) With associated
edge distributions (0o ;)i je(ny: i<j» (01,ij)i,je(ny: i<j 10 terms of the Euclidean GW distance

considered herein, we introduce the following embedding ¢ : P([0, 00))NV=D/2 — PRN),

I N Ly
L (pijije INET L P
L (,Oj),j [N]I—>N(N+1)(N_1)ij:1npt_/ N+1; i ( )

i<j
i#]

where 7, (B) = f 1s(—e; + te;)dp;(t), for every Borel set B C RY. To simplify notation,

77



we identify v € Pinq(Gy) with its edge distributions, (0;); jen): i<j» and write «(v) in place

of ¢ applied to the edge distributions.

This construction enables a comparison of vy and v; up to a relabelling of the graph
nodes. Precisely, vy and v, are said to be isomorphic if there exists a permutation
o : [N] — [N] for which py ;; = po.»io(j for every i # j € [N] under the convention that
Po,ij = po,ji for every i # j. This notion of isomorphic graph distributions coincides with
the standard notion of isomorphic graphs when v, and v; are Dirac distributions. We now
establish that vy and v; are isomorphic if and only if ¢«(vy) and ¢«(v,) are identified under

the GW distance.

Proposition 8 (Identification of isomorphic graph distributions).For vy, v| € Pi,a(Gn),

o = t(vg), and u; = t(vy), then D(ug, 1y) = 0 if and only if vy and v, isomorphic.

The proof of Proposition 8, included in Section 3.8.6, uses the particular construction
of the embedding in (3.15). Notably, the first term in (3.15) compares the individual edge
distributions, whereas the second term ensures that the only possible isometry relating u

and y is a permutation of coordinate axes.

3.6.2 GW testing for graph isomorphism

We are ready to set up the statistical GW-based test for graph isomorphism. Given
mutually independent collections of sample graphs Gy i, ...,Go, ~ Vo € Pina(Gy) and

Gi1,-..,Gr, ~vi € Pina(Gn), we seek to test between the hypotheses:
Hy : vy and v, are isomorphic VS. H, : vy and v, are not isomorphic.

Given Proposition 8, this amounts to testing Hy : D(¢(vp), t(v1)) = 0 versus the alternative

H; : D(t(vp), «(v1)) > 0. To formulate the proposed test statistic, let Py ;;, = % D 6ch,l,
ij
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for k € {0,1} and i,j € [N] with i < j, which corresponds to the empirical edge
distribution, and let vy, and v, , denote the corresponding distributions on Gy. With this,
the test statistic is given by nD(«(vo,,), L(\/Ln))2 and the critical value for the asymptotic
level @ € (0, 1) is given by g, 1_,, the conditional (1 — @) quantile of the direct estimator
L, =2 Sup,cq, Znu for Z, ~ N(0,X,) as defined in (3.35), where p,, = t(vo,,) and X,
is the empirical analogue of X, defined in (3.59). Using the machinery developed in our
study of the empirical discrete GW distance from Section 3.3, we prove in Section 3.8.6

that the proposed test is consistent.

Theorem 17 (Test consistency and asymptotic distribution). Let vy, v; € Pina(Gy) be
such that their edge distributions, (oo j)ff’j:l: iej and (o1 j)ﬁ'j:t ij» are supported in [0, K].

Then, with y; = «(vy) and i, = t(vy,) for k € {0, 1}, we have

E[lD(/JO,na,ul,n)2 - D(,UO’,Ul)ZH < (1 + 2K4)n_%

Furthermore, if (o ; j)f’j:k i<j and (oo, j)le:h i< are finitely supported, then with the notation

of Theorem 10, there exists Gaussian processes y,, in £*(¥) and y,, in £*(¥;) with

\/E(D(/Jo,nnul,n)z - D(;“Ou“l)z)

d
— inf inf  sup  xu(fo+ 8ox+P0) + X (fi+ 81+ P1)i-
AeA nEH: (tpo,tﬁl)E@A { o " }

If, in addition, D(uo, 1) = O, then VAD(om 1) — V2lull sz Where H is as
defined in Corollary 5 and the test which rejects the null hypothesis, H; : vy and v, are

isomorphic, if vnD(ug,,, u]’n)2 > @u.1-o 18 asymptotically consistent with level a.

3.6.3 Computational framework

To test if two random graph models are isomorphic by using the GW-based approach,

the distance D(ug,, t1,,) should be computed exactly to obtain statistically significant
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results. As computing this statistic is NP-hard in general, we propose to apply a local

subgradient-based solver with a particular warm-start strategy.

Recalling (3.8), D(170,71)*> = Si(j0, 1) + infcgapxa, Do) (A) for any (m9,11) €
PRP) x PRM), whereby D(1,71)* can be computed by minimizing @, ). This
approach was explored in the context of the entropic GW problem in [164], where the
minimization problem is smooth, but possibly nonconvex. We adapt Algorithm 2 in that

work to the nonsmooth case by substituting the subgradient of @5, 5 , derived in Lemma 7,

0771
in place of the gradient (see Algorithm 2). Though the convergence guarantees presented
in [164, Theorem 11] no longer apply in the current setting, in the experiments presented

in Section 3.7, Algorithm 2 always returns a point at which a subgradient with norm less

than 5 x 1078 exists when L is set to 128.

A warm-start for Algorithm 2 consists of a particular choice for the initialization C,.
Our proposed warm-start methods are motivated by the fact that, under the null, the set
of optimizers for @, z,) is a subset of all matrices of the form Ay = % f xT (x)"djap(x),
where T : RY — RY is an isometry corresponding to a permutation of the coordinate
axes. We write 7 for the set of all such isometries. The fact that any limit point of a
sequence of minimizers of @, , , ) minimizes O, 5,y with probability 1 (see Section B.2)
suggests numerically estimating D(uq_,, it1.,)* via an exhaustive search. Namely, initialize
Algorithm 2 at all such matrices Az, record the output of the subgradient method as
Ar, and return miny.s A7 as an estimate for the GW distance. The exhaustive search
is accurate under the null for large n, but onerous given that it requires solving N!

optimization problems, which limits its usage to small scale problems.
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Algorithm 2 Subgradient method for estimating D(19, 7;)*

k

Given the initialization Cy € Dy, tolerance 6 > 0, and L > 0, fix 8 = ﬁ, Yi = 1ps

T = ﬁ, k = 1
A] — C()
G, «— 64A, + 32 fxdenA](x, y) for any OT plan 7, of OT4, (7o, 71)
while ||Gk||1: >o0do
B, « mm(l, m) (Ar — BGy)
C, « min(l, m) (Ci-1 — Go)
A — 17iCe + (1 —1)By
Gis1 — 64As1 + 32 [ xyTdmy,, (x,y) for any OT plan ma,,, of OTa,,, (o, 711)
ke—k+1
return S, (7o, 71) + Py.5)Br)

R AN AR oy

Relaxed graph matching

To scale up the computation of D(ug,,, i1.,)* to larger problems, we proposed an alter-
native approach to the exhaustive search, applicable for unweighted graphs. Consider
the related problem of directly aligning the empirical probabilities pg;; and p ;; of two

unweighted graphs by defining

0  poiz Poiz --- Poan 0 Pz Pz ... Puv
R Do 0 Poxs ... Doon| . Pioir 0 Pios ... Dion
PO = P] = bl
pont Pon2 Ponz ... O pixvi Dinve Pinz -.. O

and solving the problem mingcg IIEP, — f’lEIII%, where & is the set of all permutation
matrices on RY. This is known as the graph matching problem and, whose exact solution

generally requires an exhaustive search, though the objective can be evaluated quickly.

A common relaxation of the graph matching problem replaces & by its convex hull,
known as the Birkhoff polytope, conv(&) = {E € R™Y : E > 0,ELy, = ET1y, = Ly},
which yields the convex relaxation mingeconv(e) IRP, — IA’lRIIIZ:. As a solution, R*, to

this relaxed problem need not be a permutation matrix, a projection onto the set of
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permutation matrices is performed by solving maxgcg(R*, E)g, which is known as the
linear assignment problem and can be solved efficiently. The permutation matrix E*
obtained by performing these two steps is called a relaxed graph matching. The approach

is summarized in Algorithm 3 below.

Algorithm 3 Relaxed graph matching

Given pg , 11 1, CcOnstruct P, and P,

1: Obtain R* € argming...sIRPy — P, R|[Z using convex optimization software.

2: Obtain E* € argmaxy (R*, E)r using a linear assignment problem solver.

3: return output of Algorithm 2 initialized at A7+, where T* is the permutation of axes
corresponding to E*.

Remarkably, there are settings where this relaxed graph matching is known to coincide

with the solution of the original graph matching problem.

Proposition 9 (Theorem 2 in [2]). Fix 6, > 0 and suppose that the eigenvalues of
Py, ()Y |, satisfy min; jepvy, 2714 — ;1 > 6, max;epy |4, = 1, and its eigenvectors (v;)Y
satisfy e < v/1y < % for i € [N]. If |[E*Py — P, E*||r < %, then the graph matching

problem and its relaxation are equivalent.

The assumptions of Proposition 9 effectively guarantee that both the relaxed and
original problems admit a unique solution (in particular, the only isomorphism relating P,
to itself must be the identity). Observe that the conditions concerning P, can be verified
a priori, and both P, and P, can be normalized such that the condition maxe |l = 1
holds. Consequently, upon obtaining E*, it suffices to verify that IE*P, — P, E*||p satisfies

the final condition to confirm if the relaxation E* solves the graph matching problem.

Although Proposition 9 is only applicable in certain settings, the underlying optimiza-
tion problems can be solved efficiently thus enabling the matching of moderately sized
graphs. Moreover, this approach may still yield good solutions beyond the theoretical

guarantees. This graph matching approach is well-suited for unweighted graphs, but
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appears difficult to generalize to weighted case. By contrast, exhaustive search can
easily be applied to weighted graphs, but is much more costly to implement and hence is
limited to small-scale problems. A thorough numerical study of the performance of the

exhaustive search procedure and Algorithm 3 in provided in Section B.3.

3.7 Numerical Experiments

The experiments in this section serve to verify the different results presented in the paper.
We examine settings for graph isomorphism testing and present results that numerically

validate the developed limit distribution theory.

3.7.1 Testing for graph isomorphism

The following experiments serve to empirically validate Theorem 17 by studying the
type 1 and type 2 errors of the proposed test for graph isomorphism. As the problem
is inherently discrete, we operate under the framework of Section 3.3 and focus on the
consistency of the direct estimator L, of the limit, which employs linear programming
(see Section 3.3.3). We implement the test which rejects the null hypothesis (vy and v,
are isomorphic) if VD (o, f1.0)* > Gn.1-a» Where ¢,.1_, is the (1 — @) quantile of L, and

«a is the significance level.

Unweighted graphs

Figure 3.1 presents the underlying distributions v, v, and v, on the set of binary graphs

on 10 vertices. Here, vy and v, are chosen to be isomorphic whereas v, is set to be equal
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Figure 3.1: Distributions from Section 3.7.1. vy is generated by sampling (po;)i jen]
i<j
from the uniform distribution on [0, 1]. v; is obtained from v, by a randomly chosen

permutation. The modified probability for v, is highlighted in orange. Edge probabilities
are presented with two significant figures for ease of reading.

to v, save for the fact that we set p, 12 = pi.13, resulting in vy and v, not being isomorphic.

We generate datasets of n € {10, 25,50, 100, 500, 1000, 5000} graphs from each of
these distributions and construct the estimators g, 41 », and o, as t(vo,), t(vy,), and
t(v2,,). We then compute D(ug,, it1.,)* and D(ug,., pt2.,)* approximately via Algorithm 3.
Next, we generate 200 samples from L, using Algorithm 4 (an extension of Algorithm 1
to estimators other than the empirical measures, as employed herein) and estimate
Gn,1-o for @ € {k/9}_,. With this, we record if VnD(to., 11,1)* > Gni-a- 1.€., the test
spuriously rejects the null hypothesis, or if VD (g, t2.,)* < Gn.1-o» Whence the test fails
to reject the null when the alternative is true. To estimate the type 1 and type 2 errors,
we perform 100 repetitions of this procedure and report the fraction of repetitions for
which VaD(uo, i1.,)* > ¢u1-o as the estimated type 1 error and the fraction for which
\/ED(,uo,n,,ug,,,)2 < @n1-¢ as the estimated type 2 error. These results are compiled in

Figure 3.2.

Figure 3.2 validates Theorem 17. Notably, even for a small number of samples,
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Figure 3.2: These plots compile the type 1 and type 2 error of the proposed test for
varying numbers of samples and desired significance levels by following the methodology
described in Section 3.7.1.

the graph of the estimated rejection probability as a function of the significance level
approaches the graph of the identity function, as expected. In the low sample regime,
n = 10, the type 1 error is significantly higher than expected whereas the type 2 error
is lower than that for n = 25 and n = 50. This can be explained by the fact that
Algorithm 3 is prone to overestimating the GW distance when few samples are available

(see Section B.3.1 for additional discussion).

Graphs with finitely many weights

We now consider the case of weighted graphs whose edges may take on the values
{0,1,2,3}. Figure 3.3 depicts isomorphic distributions vy, v; on this space of graphs
along with a distribution, v,, which is identical to v, except for p, ;» which is set to equal
P1.13 so that vy and v, are not isomorphic. The methodology for estimating the type
1 and type 2 error of this statistic is identical to Section 3.7.1, up to the fact that we
use the exhaustive search to estimate the GW distances (given that the relaxed graph

matching approach is limited to unweighted graphs). The results are compiled in Figure
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3.4, presenting similar trends to those discussed above with the notable exception that the

performance of the test in the case n = 10 does not deviate heavily from the performance

obtained with larger sample sizes.

(12'+5'50°'2")

(1v9p'20"'T')

(6€'ST ‘28 ¥1)

Figure 3.3: Distributions from Section 3.7.1. First, edge weight probabilities for v,
were sampled from the Dirichlet distribution, then a random permutation was chosen to
generate v; from v as depicted. Edge weight probabilities are given as vectors whose k-th

entry is the probability that the edge takes the weight k — 1 (truncated to two significant
figures).

Type 1 error Type 2 error
1.00
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0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
Significance level a Significance level a

Figure 3.4: These plots compile the type 1 and type 2 error of the proposed test for

varying numbers of samples and desired significance levels by following the methodology
described in Section 3.7.1.
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Yy 141

Figure 3.5: Distributions from Section 3.7.2. Here B, ;, denotes the beta distribution with
parameters (a, b) whereas U is the uniform distribution on [0, 1].

3.7.2 Simulating limit distributions

We next set to illustrate the structure of the limit distributions under the different settings

studied in this paper.

Graphs with compactly supported weight distributions

This experiment explores the law of vnD(ug.,, i1.,,)*> when the underlying distributions
on the edge weights are isomorphic. While Theorem 16 only accounts for finitely sup-
ported distributions, we go beyond that setting and consider here continuous, compactly
supported distributions, as shown in Figure 3.5. The ground truth permutation relating
these distributions is taken to be the identity, and, given n sampled graphs, we estimate
D(uo n» 41.,)* using the subgradient method (Algorithm 2) initialized at % f xxTdfiy ,(x).
To generate additional samples from D(uq,,, it1.,)?, we draw a new set of n graphs and
repeat this procedure. As the underlying distributions are isomorphic, D(uo, 1) = 0 and

there is no need to center the statistic.
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n = 500, 500 repetitions n = 750, 500 repetitions n = 1000, 350 repetitions n = 1500, 125 repetitions

21 21 2 21
2 2 2 2
@ @ o ]
Sl Sl 3l 3l
a a () o
oL AnRRNIAEE .. . oL AR} ‘ oL ARARR ‘ oL AR, :
00 05 1.0 15 20 0.0 05 1.0 15 20 0.0 05 1.0 1.5 20 0.0 05 1.0 1.5 20
VD (11,0, f11,0)? VD (1,0, f11.0)? VD (.0, f11.0) VD (.5, f1.0)

Figure 3.6: Estimated distribution of \nD(ug,, u1.,)* for different values of n.

The results of this experiment, presented in Figure 3.6, appear to indicate that the
distribution of nD(ug ., i11,,)* is stable as n increases, this finding indicates that the
derived limit distribution results from Theorem 17 may extend to the compact case.
Moreover, the mean rate of convergence provided in that result is in line with these

simulations.

Entropic Gromov-Wasserstein distance

As noted in Theorem 16, D,({.,, f11.,)* is asymptotically normal under proper scaling and
centering and the bootstrap is consistent once &€ > 16 \/My(fig)M4(ii;). To illustrate this
finding numerically, we fix y to be the uniform distribution on [—1, 1]* and y, to be the
uniform distribution on the unit sphere in R? and let & = 16.2 \/% > 16 \/m,
where % is the value of the product of the fourth moments. Then, we generate n = 2500
samples from both distributions to form the empirical measures 19, [1; , and compute

DE(,&O,,,,,[JL,[)2 using Algorithm 1 in [164]. It is verified numerically that this choice

of ¢ satisfies € > 16 \/M4(/10,H)M4(,a1,,,) for each computation so that Theorem 11 in
[164] guarantees that a nearly optimal value is obtained using this procedure. Finally,
the boostrapped empirical measures are constructed by sampling X(Ii e ,X(lin from
fions XP\,..., X}, from i, and setting 2§, = 137, Oxs pr, =130, oz . The
distribution of v (D.(28 . 4 )* = D(fto» f11.1)?) for fixed Xi, ..., X, is then estimated

from 1500 repetitions. The resulting histogram is presented in Figure 3.7 and is seen to
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Figure 3.7: Histogram of the bootstrap estimator for the entropic GW distance limit
distribution in the setting of Section 3.7.2 along with a kernel density estimator.

be approximately normal.

3.8 Proofs of Main Results

3.8.1 Proof of Theorem 8§

To simplify the proof of Theorem 8, we separately prove each statement as its own

lemma.

Lemma 4. @, ) is Fréchet differentiable at A € R%*% with derivative

1
(D(I)(IIO#I))[A] (B) = 64<A - 5 fxdeﬂA(xa y)aB>F

provided all optimal couplings for OT 4 (o, 1) admit the same cross-correlation matrix

I [ xyrdma(x, y).
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Proof. It is easy to see that || - ||§ is Fréchet differentiable at A with derivative 2(A, -)g.

For any H € R%*4  we have that

OTasu(o, 1) — OTa(uo, 1) < fCA+Hd7FA - fCAdﬂA = —32fxTHyd7TA(x,y),
(3.16)

for any choice of OT plan mp for OT 4 (1, p1). Similarly,

OTa+u(uo, 1) — OTa (o, 1) = =32 fXTHydﬂAm(X, »), (3.17)

for any choice of optimal coupling 7 g for OT s u(o, 1t1). Now, consider an arbitrary

sequence H,, converging to 0. Note that

sup |easm, (x,) — ca(x,y)| = sup [32x7H,|
xEspt(io) XESpt(to)
yespt(uy) yespt(u)

<32 sup || -]l sup |- [IH,|lr — O,
spt(uo) spt(u1)

hence ca,m, — ca uniformly on spt(ug) X spt(u). It follows from Theorem 5.20 in [208]
that, for any subsequence n’ of n there exists a further subsequence n” along which
TTA+H,, 2 7 for some optimal coupling 7 for OT 4 (uo, 1t1). Thus f xyTdmasm,, (x,y) =
f xytdn(x,y) = f xyTdma(x,y) by assumption. As the limit is the same regardless of

the choice of subsequence, conclude that f xyTdnam(x,y) — f xyTdma(x,y)as H — 0,

thus
B (O sotio ) = OTa ) +32 [ a7Hydma ()
< 32H f xyTdnpu(x,y) — f xyTdma(x,y) ] -0,
which proves the claim. O

Lemma 5. For any 7 € Il(uo, 1), [ xy"dn(x,y) € Bp(/Ma(uo)Ma(u)).

Proof. By Jensen’s inequality,

H f xyTdn(x,y)

< f lxyT|lg dr(x,y) = f IxlllIylldm(x, y).
F
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This final term is bounded above by \/fllxllzdn(x, y)fllyllzdﬂ(x, y) = My (uo)Mo(uy)
by the Cauchy-Schwarz inequality. m|

Lemma 6. @, ,, is locally Lipschitz continuous and coercive.

Proof. Fix a compact set K ¢ R%*% For any A, A’ € K, it follows from (3.16) and

(3.17) that,

OT a (o 11) — OT a(ttgs 1) < 32 f (A’ = A)ydra(x,y)

< 32|A" - Allr

fxdeﬂA(X, y)

’
F

OTar (o, 1) — OT Ao, 1) = =32||A" = Allg

f xyTdma(x,y)

F b
that is,

|OTar (1o, pt1) — OT A (1o, 1)l

< 32||A" - All (

f xyTdma(x,y)

\/ ”fxdeﬂA(x, y)
F

)

Applying Lemma 5, we obtain

|OT A (0, t21) — OT Ao, t11)| < 32 /Mo (o) Ma(u)I|A” — All.

Further,

A% - IIA’II§| = (llAlle + IA"][e) IAllE = IA/]le] < 2 supg |l - [I|A — Al
To show coercivity, observe that, for any A € R%* and 7 € TI(u, 1),

f—4||x||2||)’||2 = 32xTAydn(x,y) = =4 \ Mu(po) M4(ur) — 32 Mo (o) Mo (u)I|Allg

Hence 32||A||r + % — o0 as ||A|[g — oo proving coercivity. O

Lemma 7. The Clarke subdifferential of @, ,,, at A € R%*% is given by

0Dy u)(A) = {64A -32 fxdenA(x, y) : ma is an OT plan for OTA(uO,,u])} . (3.18)
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Proof. We first establish that d®,, ,,) is a subset of the right hand side in (3.18). By
Rademacher’s theorem, local Lipschitz continuity of ®,,,,) (Lemma 6) guarantees that
it is differentiable on a set A of full measure and, by Theorem 8.1 in [48], the Clarke

subdifferential of @, ) at A € R®*% can be defined as

0Dy )(A) = conv ({Qa{gg A(Dq)wo,m))[AnJ})

where Q is any subset of A for which A\Q is negligible and it is presupposed that
the limit converges (here conv denotes the convex hull operation on a set). From
Lemma 4, (DD ), can be identified with 64(A, — 1 [xyTdra,(x.y)) where
ma, 1s any OT plan for OTy, (1o, 1) (by assumption all such cross-correlation ma-
trices are identical). As A, — A, it follows from the proof of Lemma 4 that
TTA, N A up to a subsequence, where m is some OT plan for OT, (g, p1). Thus,
I y(A) = 64A — 32conv ({ [xyTdrar,y) s Ay, 5 70 A, € Q}) If A € A,
0Dy ) (A) = D((D(ﬂo,m))[A]’ whereas if A ¢ A, the previous convex hull is a subset
of the set of all cross-correlation matrices for some OT plan for OT4 (u, i), noting that

any convex combination of OT plans is also an OT plan.

Now, we show that ®,, ) is a superset of the right hand side in (3.18). To this end,
note that A € R%* s —QOT, (g, i) is convex by Theorem 5.5 in [167] as it can be
expressed as the pointwise supremum of a collection of linear functions of A. By (3.16),
it follows that

—OTar (o, 1) — (=OT a0, 1)) = <32fxde7TA(X,)’),A' - A> ,

F
for any A’ € R%*4 and any choice of OT plan, 7a, for OT s (uo, 1) so that the subdif-
ferential of —OT (1o, 1) at A (in the sense of convex analysis) contains all matrices
of the form 32 f xyTdma(x,y). Note, however, that the Clarke subdifferential coincides

with the (convex) subdifferential in this context (see Proposition 2.2.7 in [50]) and that
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0D 1) (A) = 64A — (=0T (10, v1))(A) by Proposition 2.3.1 and Corollary 1 on p.39

of [50], proving the complementary inclusion. O
We now prove point 2, concluding the proof of Theorem 8.

Proof of Theorem 8 (2). By Proposition 2.3.2 in [50], if A is a local minimizer for @, ,,),

then 0 € 8Dy, ., (A), characterized in Lemma 7. Thus, there exists an OT plan 75 for

OT(uo, i) satisfying 2A = fxdeﬂA(x, y) € Br(/M;(uo)M,(u1)) by Lemma 5. By

coercivity, proved in Lemma 6, at least one local minimizer is globally optimal.

Now, assume that g, u; are centered. It is straightforward to see that if A* solves

(3.9), then the associated OT plan ma« satisfies

’ ’ 2 ’ ’
Sl(ﬂo,ﬂ1)+sz(ﬂo,ﬂ1)=ff|||x—x||2—||y—y||2| dras ® as(x,, X, Y),

such that A« is optimal for (3.7) (see Section 5.1 in [223] for details). O

3.8.2 Proofs for Section 3.3
Proof of Theorem 9

We first show that the OT potentials for OT 4 (vy, v;) can be chosen as to satisfy uniform

bounds for any choice of (vy,v)) € P, X Py, and A € Bp(M).

Lemma 8. For any (vo,v)) € Py, X P, A € Bg(M), and any choice of OT potentials
(@0, ¢1) for OT (o, v1), there exists a version, (o, @1), of (¢o, ¢1) satisfying [|@olle.x, V

l@1]l0.x, < K where K depends only on ||Xy||e and [|X]|e.

Proof. In the discrete setting, OT4(vy, v;) can be identified with a finite dimensional

linear program. By the complementary slackness conditions, any pair OT potentials
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(o, 1) for OT A (vg, v1) satisfies go(x)+¢1(y) = ca(x,y) at all points (x, y) € XoxX; where
n({(x,y)}) > 0 for any choice of OT plan 7 for OT 4 (vo, v1). As € I1(vy, v;) and spt(v;) =
X fori=0,1, for every x € X there exists y, € X; for which ¢y(x) + ¢1(y,) = ca(x, )
and, similarly, for every y € X there exists x, € X, for which ¢(x,) + ¢1(y) = ca(x,, ).
Moreover, y, € argminy {ca(x,-) — ¢} and x, € argminy, {ca(:,y) — ¢o}, as poDp; < ca.

Whence,

—llcallooxoxx, — SUP @1 < @o(x) = i{gf{cA(x, ) = @1} < llealloo xoxx, — SUp @1,
X] 1 Xl

—llcalloo,xoxx, = sSup o < @1(y) = inf {ca(-,y) — o} < llcallooxoxx, — SUP @o.
Xo Xo Xo

Let (@0, ¢1) = (o + C, 1 — C) for C = —supy, o + llcalle.xoxx; such that supy, o

llcalleoxoxx,- From the prior display, we have ||¢1llox, < 2llcalloxoxx;s I@ollox, <
llealloo.xoxax, -
It suffices, therefore, to bound ||ca |l x,xx, - To this end, for any (x,y) € Xy X X,
leaCe, Y| =1 = 4lxlPlIylP = 32xTAy] < 4IXolILIX A1, + 320 XollellXilloM,  (3.19)
where the inequality is due to the triangle inequality and the fact that [xTAy| =
[Cey™, Adel < ey TlIellAlle = lIxIlIYIIIAlE < [|XollollXi]loM as A € Be(M). m

Next, we address the failure of the directional regularity condition from [27]. In what
follows, we assume without loss of generality that yy and u; are centered. In the case

that wo, iy are not centered, observe that the limit in (3.22) can be written as

. D (o5 t1.1)* — Do, p11)?
im

10 t

_ lim D((Id —Ey, [XDsto,» (Ad —Ey, [X)gt1,)* — D(io, f1r)*
tl0 t

b

by translation invariance of the Gromov-Wasserstein distance. As the subsequent argu-

ments only require that the perturbed measures and the base measures are supported on
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the same points and that the base measures are centered, we may apply the same result to

the limit on the right hand side to prove the general claim.

Our proof technique is inspired by the arguments presented in Section 4.3.2 of [27].
However, we highlight that the results contained therein are not applicable to the current

setting as the so-called directional regularity condition does not hold.

Remark 19 (Failure of directional regularity). Consider the perturbed problem

inf  (P,AP))g,

PGRNOXNl
s.t. Ply, =myg,,
A (3.20)
PT ]]-No =My,
P;; >0, Y(i, ) € [No] X [N{],
where (mq,, m;;) € RM x RM are the weight vectors for g, and y,, for 7 € [0,1]. To

establish stability of the optimal value of (3.20) at t = 0, Theorem 4.24 in [27] can be

applied provided that the directional regularity condition holds.

According to Theorem 4.9 in [27], the directional regularity condition for the problem
(3.20) holds at a point P € RY*M which is feasible for (3.20) at = 0 in the direction

d = (ny — mg,n; —my,0) where ny, n; are the weight vectors for v, v; if and only if
0 €int (G(P, (mo, m1)) + DGy npun (RN {219 = mo, ny —=my) : £ 2 0D - K), (3.21)
where G(Q, (r9, 1)) = (Qly, — 19, Q7 1y, — 11,Q) and K = {0} x {0} X [O, 00)NoxXN1 Tt ig
easy to see that
DG iy ) RN (t(ng — mo,ny —my) : t > 0})

= {Q1y, — 19 — mo), Q7 1y, — 11 —m), Q) : Q € RN*™ £ > 0},

so that condition (3.21) reads
0 € int({(Q1y, — t(ng — mo), Q" Ly, — t(n; —my),P +Q —8)

: Q € RN _§ € [0, c0)MoN1 ¢ > 0}).
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We remark that the first and second coordinates of any triple in the above set satisfy
15 (QLy, — #(ng —mo)) = 1§ Qly, = 15 QT 1y, = 15 (Q" 1y, — t(ny — my)),

as ng — my and n; — m; have total mass zero. It follows that this set has empty interior

and thus condition (3.21) fails.

For ease of presentation, we separate the proof of Theorem 9 into a number of

lemmas.

Lemma 9. Fix (vo,v) € P,, X Py, and let p; = v; — w;, i, = p; + tp; for t € [0, 1] and
i €{0,1}. Then,

d e -
ED(ﬂO,tnul,t)zL:O = inf inf  sup {f(fo + 8o + Po)dpo

ACARENY (4g.p1)eDa

+ f(fl + 81t @1)61/01},
(3.22)

where

fo=2 f ||+ —xll*dpo(x) — 4Mo ()| - —E, [XTII,
fi=2 f |- =yt dpo(y) — 4Ma(io)ll - =By, [XTII%,

gox = SEuenlIYIPXTT(),
g1x = SEuenlIXIPYTT(),
@ = @i(- = E,[X]) for i = 0,1, and, for A € Be(M), IT} is the set of all OT plans for

OT a(fto, f11), and Dy is the set of all corresponding OT potentials.

Proof. Assume without loss of generality that gy and u, are centered. We begin by
establishing an upper bound on the limit. To this end, let 7 € I1(uy, 1) be an arbitrary
GW plan for D(ug, 1), and let y be a finite signed measure on X, X X; with first

marginal vy — o, second marginal v, — u;, and with y({(x?, y¥)}) > 0 for every (i, j) €
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I(@) = {(i. j) € [No] X [N1] : A({(x?,y?)}) = 0}. With this, 7 + ty € (o pt1,) for

every t € [0, 1] sufficiently small, whence

D(tto,r, t1,)* = Do, pt1)* < fAd (T+ty)®(m+1y) - fAdfT@fT

:2thd7‘r®y+t2ffAdy®y,

(3.23)

for all such r.

We now tighten the right hand side of (3.23) by optimizing over the choice of
y in the first term of the last line. To this end, define C € RYM as C;; =

2 f A (x(i), Yy, x, y) dr(x,y) for (i, j) € [No] X [N;] and consider the linear program

inf (C,G)r

GERNU XNy

subject to Gly, = ng—my,
! A (3.24)
GTI[NO =n —m,

G;; >0, V() e I(n),

where 1y, is the vector of all 1’s of length N; for i = 0,1, and the vectors ng, my €
RM,_ n;,m; € RV contain the weights of vy, o, v, and u; respectively. The corresponding

dual problem is given by

sup yT(ng — mp) + 27 (ny — my)
yERNO,zeRNl
(Sij)i.jer
subject to yitz;=Cy, Y, )) ¢ I(n), (3.25)

yi+zj+Sij:Cij’ Y (i, j) € I(m),

S, >0.
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Since o, 1 are centered we have, for (i, j) € [No] X [N;], C;; is given by

2 f X = xll* = 2115 = xIPIy? = 31 + [y = yll*dAcx, y)

=2 f X = x[*dpao(x) + 2 f Iy = yli*dpi (y) = 4Ma(up) X1 = 4Mo(uo)lly 1P
+8 f (X0, lylPdr(x, y) + 8 f PP, yydr(x, y) - 4 f IyIPlxlPdA(x, y)

— 4O - 16 f 9, ), Y)d(x, ),

where only the final two terms in the display depend simultaneously on x and y\/.

Adopting the auxiliary variables r € RN, s € RM given by

i =Yi 2f||x(i) — xll*dpo(x) - 8 f(x(i),X>||y||2d7'T(x, ¥) + 4Mo ()17
si=2=2 [ 07 < 5lFdu) =8 [ P67 dr) + 4baGalb T 626
+4 f VP llxlPdm(x, y)
for every (i, j) € [Ny] X [N;], we obtain the equivalent dual problem

sup rT(ng —mg) + sT(ny —my) + g
reRMNo, seRM
Sipi.jperm

subject to ri+s; =Ry, Y, )¢ L), (3.27)
r,~+sj+Sl~j :Rl‘j, V(l,])EI(ﬁ'),
Sij 20,

where R;; = —4x?IPIly | = 16 [<x@, x)(y'7, y)dr(x, y) for (i, j) € [No] X [Ny], and

Sk =

( f [1x? = xlI*dpao(x) +8 f 7, oI dr(x, y) = 4Ma )l )(no—mo) +

Ny
Z( 10730 )+8 [ PO ) - a1 )(n] m);,

the term involving 4 f [[yl1%]1x|1>d7(x, y) is omitted, as n; — m; sums to 0.
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If (7, s) 1s feasible for (3.27), r; + s5; < R;; for every (i, j) € [Ny] X [N;] with equality
when (i, j) € I(7) (i.e. when (x?, y?) € spt(7)). Recall from Section 3.2.4 that, as 7 is
optimal for D(u, 141), it is also optimal for OT4_ (1, it1), where Az = % f xyTdn(x,y). It
follows that r"mg + sTm; = f ca,dn such that (r, s) can be identified with a pair of OT
potentials for OTa, (1o, 11). As the objective in (3.27) is invariant to the transformation
(r,s) = (r+ C, s — C) and any choice of OT potential for OT4_ (1, 1) admits a version
which is bounded (see Lemma 8), the feasible set in (3.27) can be restricted to a bounded
set. Conclude that (3.27) (and hence (3.25)) admit optimal solutions so that strong duality

holds between the problems (3.27) and (3.24) holds (i.e. their optimal values coincide).

Given these deliberations, it follows from (3.23) that

B D1, f1.0)* = Do, p11)*
im sup
110 t

<¢z+ sup {f‘ﬁod(Vo—#o)‘i‘fSOld(Vl —/11)},
(%0.¢1)€DA;

which can be further tightened by minimizing the right hand side over all optimal
couplings for D(ug, u1)?. Alternatively, if A € argming_ ((DWWI)), then any optimal
coupling, 7*, for OT4 (1, 1y) with A = %fxdeﬂ*(x, y) is optimal for D(ug, u;)* by
Theorem 8 (as aforementioned, any solution 7 to D(ug, i;)* also solves OT 4 (uo, u41) for

A =1 [xytdn(x,y)) yielding

D10 f11,)* = D(stg, 11)?
limsup (l‘to,l /Jl,l) (luo /’tl) S f‘fodpo + fﬁdp]

110 t

+ inf in_f*fgo,nde"'fgl,ndpl"' sup f@odpo+f¢’1dp1 ,
AA | nelly (po.p1)EDA

(3.28)

upon expanding the expression for g;.

We conclude by proving the complementary inequality. Let #, | O be arbitrary, and
let ;,, be any GW plan for D(uo,,, t11,,). In what follows, we write P, for the matrix with

entries (P,),; =, ({(x(i), y(f))}) for (i, j) € [No] X [N,] and my, ny, m;, n; for the vectors
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of weights of g, vo, 11, v1 as in the first half of the proof. With this, D(u,, ,ul,,)z can be
viewed as a perturbation of the (finite dimensional) quadratic program D(uy, 141)* given

in (3.11), where the equality constraints are of the form
[P e RN (A, PYp = by(t) for i € [No + N1}

for some fixed matrices (A,-)ﬁiolw ' c RN and a vector b(t) = (mgy + t(ng — mo), m; +
t(n; —my)) € RN*N _ In this setting, the set of matrix solutions, S, of D(ug,, u;,)* for

t € [0, 1] satisfies

S CSo+ylimos, —moy, noys, —no,) — (Mg, —mg, no, —no)|| B(1), (3.29)

=tll(mo—no.no—mo,mi—ni,ni—my)l|
for all ¢ sufficiently small, where v > 0 is a constant and the addition is understood in the

sense of Minkowski (see Theorem 3 in [124]).

By the Heine-Borel theorem, there exists a subsequence #,, along whichP,, — P €
[0, 11Yo*N and, evidently, P € S by the previous arguments.” It follows from (3.29) that,

for every n’ sufficiently large, there exists some P?l, € Sy with IIPS, =P, llr = O@tn).

Let vy, 2, (S ;?]f)(,-, jer(x,)) denote a solution to (3.25), where the set 7(7) is replaced
by 7 (n,/) (where mr,, is the coupling with weights given by PS,), and the cost C is replaced
by Cy with (C,);; = 2 [[A(x?,y9, x,y) dmy(x,y) for (i, j) € [No] X [N] (note that all
of the implications regarding (y,, Z, (S :’J ). j)ez(x,)) derived in the first half of the proof
still hold, as 7, is optimal for D(ug, u;)?). For notational convenience, let S,, € RNoxM
be such that

SZ, = (Cn/)ij = )i — (Zn/)j’ if (i, J) € I(mw),
(Sn’)ij =

0, if (i, j) ¢ L (7)),

and observe that 0 = (S, P%)r = (C,, P%)r — (yw,mo) — (2w, o) by definition, and

"Indeed, d(P,S¢) < [P - P,,llr + d(P;,,S¢) = 0ast, | 0, where d(-,S¢) = infqes, {d(-, Q)}.
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(S, B)r > 0 for any B € [0, co)No*N a5 Ssz > 0. As such,

<Sn” Pt,l/ >F = <Cn’a Pt,,r >F - <yn’9 my + tn’(nO - m0)> - <Zn’a mp + z‘n’(nl - ml))
(3.30)
0
=(Cy, Py = P, )r — 1wy, no — Mo) — t,y{Zp, 1 —my) > 0.
Leta: P e RN 5 3 ieing PAG?, yW, x®yO)Py,; denote the quadratic form whose
JIE[N]
minimization underlies the discrete Gromov-Wasserstein distance. As a is smooth with

(Fréchet) derivative Dagp(Q) = 2 21}1;6[[%0]] P A(xD, yD, x® yD)Qy, we have
JLELINY

a(P,,,P,) - aPl,Ph) = (Cy, P, =P = O(IIP, - PYI?) = O(r7,),
so that, from (3.30),

D(,UO,I,,/ ’ll],l‘,,/ )2 - D(ﬂO’ #1)2 Z a(Pl‘n/ ) Pl‘nl) - a(Pg’? ng) - <Sn'a Pl,l/ >F
=a(P,,.P,,)—aP,.P))—(Cy.P,, —P))s
(3.31)
+ Z‘n’<yn” no — m0> + tn’<Zn’a ny — m1>

= tn’<yn’, ng — mO) + tn’<Zn’, n — I’I’Z]> + O(tn’)-

Recall from (3.26) and (3.27) and the surrounding discussion that (y,, z,/) satisfy

Ywsho — mg) + (2w, 1 — my)

= sup {fsﬂod(vo — Mo) + fQDId(Vl - ,Ul)} + Sx,,
(po1)€DAG, ) (3.32)

> inf sup {f‘ﬁod(vo — M) + f%d(vl —,Ul)} +Srps
eI | (po,01)eDacm)

where A(r) = % f xyTdn, and IT* denotes the set of optimal couplings for D(ug, 1)?. It
follows from (3.31) and (3.32) that

.. D(ﬂO,tnm,ul,tn; )2 - D(,Uo,,ul)2
lim il(?f "
[ n

> inf sup {f‘POd(VO_,UO)"'fQold(Vl —/11)}+§;r .
melr (90.01)EDAm)
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As this final lower bound is independent of the choice of subsequence, and the initial

choice of sequence ¢, | 0 was arbitrary,

.. D(l'l(),l‘al'tl,t)2 - D(llo,/«ll)z
hml(l)nf ;
t

> inf sup {fSDOd(Vo—llo)"'f‘Pld(Vl —#1)} +Sr(s
el (90:91)EDA)

the right hand side can be rewritten in the same form as the right hand side of (3.28) by

expanding ¢, and applying the same reasoning as the first part of the proof, proving the

claim. m|

Lemma 10. For any pairs (v, v1), (00, 01) € Py X Py |D(vo, v1)?* = D(vo, v1)2| < Clvo®

Vi — po ® Pillw.se for some constant C > 0 which is independent of (vy, v1), (0o, 01)-

Proof. Analogously to the proof of Lemma 9, D(vy,v;)? and D(vy, v;)? represent the

NoXxN1

optimal values of quadratic programs on R . Let ng, po, ny, p1 denote the weight

vectors for v, pg, v1, p1 respectively. By Theorem 3 in [124],

|D(VO’ V1)2 - D(V()a V1)2| < Cl”(n()a —np, Ny, _nl) - (p09 _pO’ pl’ _pl)”
(3.33)

< V2C' (lIno = poll + lIny = pill)

for some constant C’ which is independent of ng, n;, po, p1, as all vectors involved lie in
a bounded set and result in nonempty feasible sets for the relevant quadratic programs.

As Fy, 1 are symmetric in the sense that if f € ¥, then —f € ¥, and similarly for ¥,

o ® vi —po ® pilleoe = sup |(vo —po) ()l + sup [(vi —p)(F) =llno — polli + llny — pulli-
f€Fo fef

As all norms on a finite dimensional space are equivalent, this display and (3.33) prove

the claim. O

Proof of Theorem 9. Theorem 9 follows directly from Lemmas 9 and 10. i
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Proof of Theorem 10

The generic limit theorems follow from Theorem 9 by applying the delta method, see

Proposition 16.

To see that the empirical measure satisfies the desired condition, note that, in this
setting, flp,, and o can be identified with vectors of weights 71, and my € RM. By the

central limit theorem,

\/ﬁ(ﬁ/lo,l’l - mO) i) N(()’ Zmo)’

where X, is the multinomial covariance matrix

(mo)i(1 = (my);), ifi=j
(By)ij =

—(mg)i(mo) , otherwise.
Thus, Vn(fio, — o) i) G, in £>(Fo) where G,, is a po-Brownian bridge. An
analogous result evidently holds for vn(i;, — py).

As the X;;’s and X ;’s are independent, Example 1.4.6 in [201] and Lemma 3.2.4 [73]

imply that
A A d . (o] 00
\/ﬁ(ﬂo,n - NO’ﬂl,n - lul) - (G/l()7 Gu1)7 m f (%) X f (ﬂ)

As the map (ly, 1)) € €= (Fo) X £2(F1) b Iy ® [; € £=(F®) is continuous it follows from

the continuous mapping theorem that
A A d . 00
\/E(,uo,n ®,ul,n — Ho ®/.11) - G/l()@,ul’ m f (T@)’

where G e, (fo ® f1) = G, (fo) + Gy, (f1) for every fo & fi € F°. m|
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Proof of Corollary 5

Throughout we assume without loss of generality that dy < d; and let ¢ : x € R% —

(x,0,...,0) € RY denote an isometric embedding of R% into R,

Lemma 11. If Tyi1p = f1; for some isometry T : spt(fiy) — spt(i;) then T is inner product

preserving.

Proof. Let S : «(spt(iip)) — spt(it;) be an isometry defined via S = T o ¢! and extend S
to an isometric self-map on R% which we denote by the same symbol. By the Mazur-
Ulam theorem, S (y) = Uy + b for some orthogonal matrix U € R x R and b € R,
Observe that

N N

0 = By, [X] = By [TOO] = Y fo((xD (Uex®) + ) = b+ U D fio(1xPux?).

i=1 i=1

As By [X] =0, XN, io({xPDe(x®) = «(Bg,[X]) = 0 so that b = 0. Conclude that, for any

X, x" € spt(itg), T(x)TT(x") = u(x)TUTU(x") = xTX'. ]

Lemma 12. Suppose that Tyjip = i1; for some isometry T : spt(itg) — spt(it;). Then,
for any A € A and n € II%, n is induced by an isometric alignment map T, go(X) =
8xTEz [IIXI X1, g1..(y) = 8yTEg, [IYII*Y], and every pair of OT potentials for OT s (fio, i)

is of the form

po(x) = =2lIxl[* = 8xT Xz x + h(x),  @1(y) = =2IYII* = 8y" X,y — h(T;' ()
for some h € H.
Proof. Given that Tyjiy = f;, we have that D(i, i1;) = O whereby m is a GW plan
if and only if it is induced by a Gromov-Monge map T, : spt(iiy) — spt(it;) which

may differ from 7. In any case, go.(x) = 8x"Exy)x [||Y||2X] = 8x7E,, [IIT,,(X)IIZX] =
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8xTEg, [llX ||2X] where we have used the fact that 7, is inner product preserving and hence

norm preserving (see Lemma 11). The same arguments apply to gi ..

From Theorem 8, A € A if and only if A = % f xyTdn(x,y) = % f 7T, (2)7duy(z) for
some GW plan 7. The corresponding OT potentials (¢, ¢1.) for OT (o, f1;) satisfy
@0x(X) + @12(y) < =4lIx|PIyIP - 32xT Ay
for every (x,y) € spt(ip) X spt(ft;) with equality r-a.e. Observe that
2112 2 2\2 4 4
~4IdPIYIE = 2 (Il = [I71P)” = 21l = 201,
whereas
-1 1 1
(=T, O)NTAT(x) —y) = —xTAy + ExTEpox + E)’Tzﬁl)’ - xTAy,
noting that xTAT,(x) = % f x7zT,(2)TTr(x)djag(z) = % f XTzzxdjty(z) = %xTZﬁox and
that
1 1 _ 1 _
T, ()TAT(x) = 3 V' T(2)7" xdfip(z) = ExT ZT(2)"dfag(2)y = xTAy.
In sum,
@0(x) + 2/1xl|* + 8xT Tz, x + @12() + 2UII* + 8y g,y

< 2 (1P = IYIR) + 160 = T ()T A(TA(x) - y),
and, setting o (x) = —2|lxl|* — 8xTE; x + h(x) and ¢, () = =2lylI* - 8y"Xyy + g()
for some functions 4 : spt(itp) — R and g : spt(i1;) — R, since 7 = (Id, T)si1p we must
have that h(x) + g(T,(x)) = 0 for every x € spt(iig) hence g(y) = —h(T; ' (y)). In order for

(@0 ¢1.2) to be OT potentials we further enforce that
-1 2 2\? -1
h(x) = h(T; ) < 2 (01 = IVIP)” + 16(x = T, )T A(TR(x) = ),
for every (x,y) € spt(iio) X spt(@t;). As T7'(y) = spt(jip) conclude that

hx) = h(x) < 2 ([P = IWIP)” + 16 (x = ¥)TA(T(x) = Tolx)).

=3 (x—x)T g (x=x')

for every x, x’ € spt(iig) whereby h € H. m|

105



Proof of Corollary 5. Applying Theorem 10 and the result of Lemma 12,

A A d . . -_— -
\/ED(/JO,na /Jl,n)2 — inf ln,f sup {Xﬂo@,ul ((.ﬁ) + 8o t 900) ® (fl +81xt QDI)} )
ACATEN (pg,61)eDa

where g .(x) = 8xTE [IIXI*X], g1..(y) = 8y"Eg, [IY|*Y] which are independent of 7 and
A. Furthermore, for any A € A and 7 € I, 7 is induced by an (isometric) alignment

map T, : spt(fip) — spt(fi;) and every pair of OT potentials for OT 4 (i1, fi;) is of the form

@o(x) = =2||xlI* = 8xTXp x + h(x),  @1(y) = =2lylI* = 8y Za,y — KT, ()
for some h € H.

We now set Yo(x) = =2|[xlI* — 8xTEzx, 1 (y) = =2lIylI* — 8y™X;, x and show that
fo+ 8o+ is constant so that f; +g; + ¢ is constant by symmetry. Then, vn(uo, ®u1,—

po®H1)(fo+8o+@o®fi+81+@1) = V(o St n—po®u ) (h(-—E,, [ XDO—-h(T ' (--E,, [X])))

so that

Xﬂo@/ll(fo + gO,ﬂ + ‘1270 @ fl + 81x + @1) :X,uo(X),ul(h(' - E,uo[X]) @ _h(T_l( - E/Jl [X])))

To this end, we first expand fy(x) = 2 [ |lx — X'|[*duo(x’) — 4 [ |Ix' = B, [X1IPllx —

By [X11Pdpo(x’) (recall that Ma(fig) = Ma(@iy) in this case) using the formula
2 f Ilx = X I dpao(x")
=2 f (Ilx = B [X1IP + 2x = By XD By [X] = X) + By [X] — ¥IP) dox),
=2 f b = By XTI + 4] = By [XDT (B [X] = )| + By [XT = ¥ *dpto(x')
+4 f 1% = By [XTPIER [XT = %1 + 2(x = By [XDT(Byig [X] = X)IE,,, [X] — x'II
+ 2(x = By [ XD (Byy [XT = x)lx = By [XTIPdpto(x'),
and note that gio(x) = —2llx — By [XTII* = 8 [](x = By [XDT (B, [X] - x)| dito(x'), and

80(x) = 8(x = By [XDTE,,, [I1X = Ey [XTIP(X = By [XD] + 8B, [XITE,, [IIX — E,, [X]IIP(X —
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E,,[X])], whence
fo+go+do= f”Eyo [X] = X" dpo(x') + 8B, [ X"y [IX — By [XTIP(X — B,y [X])]

+8 fllx = By [X1IPCx = By [XDT (B [X] = X' )dpao(x'),

=0

(3.34)

proving the claim.

Conclude that

VD o 110 > inf. inf sup {iuep, (h(- = By [X1) ® ~h(T; (- = By, [XD)))

AeA ”EH heH

= inf sup {ieu (- = By [ XD @ —h(T~'( = B [XD)}.

Te‘]'

proving the first claim.

Specifying this result for the empirical measures, we have from Theorem 10 that
X (fo ® f1) = Gy (fo) + G, (f1) for every fo & fi € F°. It remains to show that
G, (= WT7'(- = E, [X])) = G,,( — h(- — B, [X])) for any T € 7. To this end, note that
if fi(- = By, [XD, f{(- — B, [X]) € 1,

Cov(G, (fi(- = B [XD), Gy (7 [X]))
=Covy(fioT,fioT)
= CoV(Gy (fi (T (- = By [X1)), Gy (f{(T (- = B, [X1))),

A A d ’ ’
thus VAD(o f11.1)> = $UPep {Guo(h(- = By [X1)) + Gy (—h(- = By, [X]))} . where G/,
is an independent copy of G,,. As H is symmetric in the sense that if 4 € H, then

—h € H, this limit can be expressed as \/illGﬂollmﬂq. O

Proof of Theorem 11

We will prove that the direct estimation approach proposed in Section 3.3.3 for estimating

the limit L,,, in Theorem 10 is consistent under the following, general, conditions. This
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enables us to treat both, by the same token, the empirical measures and the measures

defined in Section 3.6 for testing graph isomorphisms.

Assumption 2. The first set of assumptions regard the structure of Y., from Assump-

tion 1.

® Xueu (Jo ® 1) = Xu(fo) + X (fi) for fo @ fi € F°, where y,, and x,, are tight

mean-zero Gaussian processes on ¥ and ¥,

e For any Gromov-Monge map T between fiy and fi;, it holds that y,, (g1(- — E, [X])) =

Xuo(&1(T (- = By, [X]))) whenever g1(- — B, [X]) ® g1(T(- — By, [X])) € 72,

e There exists a mean-zero Gaussian vector, Z € R, with covariance X, for which
Xuo(h) = ZTuy, for every h € H, where w;, = (h(xD), ..., h(x™)) € R for (x?)Y, =

spt(fto)-
The remaining assumptions pertain to the construction of the direct estimator.

® L, and X, are estimators of o and X7 constructed from samples Y7,..., Y, from an

auxiliary distribution v on some (perhaps distinct) space,

e Conditionally on Yy, Y>, ..., E,  [X] — E, [X], £z, — Xz, and X, — X, determin-

istically given almost every realization of Y;, 1>, ...

Under Assumption 2, L, = \/5“/\//10 oot = V2 Sup;eq Z7uy, as follows from the proof

of Corollary 5. This suggests setting ()_c("))?;”l = spt(fo,,) and estimating L, as

L, = V2 sup Z]u for Z, ~ N(0,%,) and
ueH,

H, = {u € R |u; — u; < 201X - 22)12)? (3.35)

+8(x — ¥, (XY = 1), # j € [NJ]),
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Algorithm 4 Generate samples from L,

Given samples Yi,..., Y, from v,

1: Let (X" = spt(ig ).

2: Let b, € RM®o=D apnd A € RVWo=DXNo be such that H, = {u € RN : Au < b,).

3: Sample Z, ~ N(0, X,) and solve V2 SUP gy, Ziu ~ L,, padding u by zeros if neces-
sary. Repeat step 3 to generate more samples.

Algorithm 4 summarizes the procedure for sampling from L,,.

We now establish the following generalization of Theorem 11

Theorem 18. In the setting of Corollary 5 and Assumption 2, if P(Z; 1y, = 0) =

P(Z71y, = 0) = 1 for all n sufficiently large and Z is not a point mass, then

lim sup [P(L, < 1|Y), Y, ..., Y,) = P(L,, <] =0,

n—oo >0

for almost every realization of Y7, >, ...

The proof of Theorem 18 depends on the following technical lemmas.

Lemma 13. H, treated as a subset of R, has empty interior if and only if y is a point

mass.

Proof. For any x, x" € spt(ii),
(=) B (x=x) = D Fo({Rhx - )22 (x - X)
zE€spt(fio)

= Z fo(z)(@"x — 27 )%,

zespt(fo)
so that (x — x")TX; (x — x") = 0 if and only if x = x’. To see this, observe that, for distinct
points x, X’ € spt(iip), one of ||x]|> — xTx’ or ||x’||> — xTx’ is nonzero as otherwise ||x||> =
|Ix’|[> = xTx” which holds if and only if x = x". Let C = 8 MmN, v espi(ae) (X — X)) T Eg, (X — x7),
x#X

then any function, A, on spt(iip) taking values in [a,a + C] for any a € R is such that

heH. O
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We proceed with the proof of Theorem 18 by setting some notation. For any ¢ € R

and any strictly positive vector b = (b;))i.je[ny] € RZS(NO_I) , let LP(c, b) denote the linear
i#)
program
sup  (c,u)
ueRNo

subjectto  u; —u; < b;;, Vi, j € [Nol,i # ],

No(No—

D
0 denote the set

v(c, b) denote the corresponding optimal value, and D = R™ x R
of all such pairs (c,b). Remark that if u satisfies the constraints of LP(c, b) then so
too does u + a for any a € R, As such, LP(c, b) is unbounded and, unless ¢T1 N =0,
v(c, b) = co. On the other hand, if ¢71y, = 0 we have that, for any feasible u, it = u—u;+a
achieves the same objective value as u for any fixed @ € R. Observe that ii; = a and
it; € [a — by;, by + a] for every i # 1. We thus consider the auxiliary problem LPs(c, b)
given by
sup  (c,u)

ueRNo
subjectto  u; —u; < b;;, Vi, j € [Nol,i # ],
up <0,—u; <0,
for any 6 > 0. For any strictly positive b, this problem is feasible and bounded hence

solvable and, if ¢T1y, = 0, its optimal value function vs(c, b) coincides with v(c, b).

It is useful to note that this orthogonality condition is satisfied if ¢ ~ N(0, X,), where

X, is the covariance matrix in (3.12) and p is a vector of probabilities.
Lemma 14. Fix a nonnegative vector p € R whose entries sum to 1. If Z ~ N(0, X)),

then Z7 1y, = 0 almost surely.

Proof. The k-th entry of the vector X, 1, is given by pi(1—pi)—2 jux pxpj = pe(1-1) = 0.
Conclude that Z71y, has mean and variance zero so that it takes the value O with

probability one. O
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By the previous discussion and the assumption that P(Z; 1y, # 0) = 0 for all
n sufficiently large, v(Z,,b,) = vs(Z,, b,) is almost surely finite for large n, where

b, = (bijn)i.jeing] 15 the vector with
i#)

bijn = 20IF7I = 171 + 82V = Xy, (X = 29,1, j € [Nol,i # J,

which is known to be positive once (i, is not a point mass (see Lemma 13), here
0 = xD —E, [X]fori=1,...,Ny. We define b by analogy with  in place of 1, and

remark that the same implications hold for LP(Z, b) with Z ~ N(0, X,).

We now establish some technical lemmas which will be useful in the sequel.

Lemma 15. Fix 6 > 0,c € RM and g8 € RZS(NO_I) satisfying §3;; € (,[_3,3) for some
0<B< B fori,j € [Ny],i # j. Then any dual solution, p*, to LPs(c,f) satisfies

Ip*ll < % and any primal solution u* satisfies |[u*|le < & + 3.

Proof. The dual problem to LPs(c, 8) is given by

inf ((B,9,0), p)

PpeRNo(No-1)+2

subject to ATp=c, p=0,

where A is the constraint matrix from the primal problem. By definition, p* satisfies

vo(e,B) = (B, 6,6), p*) = min(B, 6, 6)lIp*|ly so that [|p*|l < Z2c.

By the discussion at the beginning of this section, a solution to the primal problem,

u*, satisfies |uf| < 6 and u} € [-0 — 3,0 + B3] so that |[u*]|e < 6 +B. Conclude from

Holder’s inequality that vs(c, 8) < |lcll1(6 + B). o

Lemma 16. Fix § > 0,0 < 8 < B, and let D5 = {8 € R™0D - g€ (B,B),i, ) €

[Nol,i # j}. Then, if B, — B € D(ﬁﬁ), vs(-,Bn) = vs(-,B) uniformly on compact sets.
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Proof. Applying Theorem 5.2 in [99] along with Lemma 15, we have that the map
(c,B) € RV XDz 5  vs(c,B) is locally Lipschitz. As such, for any compact set K C RN,

there exists a constant Lg for which

vs(c, Bn) = vs(c, B)| < Lil|Bn = Bl

for every ¢ € K and n sufficiently large that 8, € D 5, proving the claim. O

Proof of Theorem 18. By assumption, we have that, conditionally on Yi,Y>,...,

and X, — X, deterministically given almost every

Eﬂo,n [X] - Eﬂo [X]’ Eﬂo,n - EﬂO’

realization of Y;,Y>,... so that b, — b and Z, ~ N(0,%,) i> Z ~ N(0,X7) condi-
tionally on the data. It follows from the proof of Lemma 13 that b € D, for some
0<b< b. By Lemma 16, v;(-, b,) — vs(-, b) uniformly on compact sets conditionally on
the data so that, applying the continuous mapping theorem, conditionally on Y;, Y5, ...,
vs(Z,, by) i) vs(Z, b) given almost every realization of Y1,Y,,... As Z71y, = 0 and
Z; 1y, = 0 with probability 1 for n sufficiently large, vs can be replaced by v so that,
conditionally on Y1, Y,,..., L, i> L,, given almost every realization of Y1, Y>,... The
first claim follows by applying Lemma 2.11 in [200], noting that the distribution function

of L,, is continuous as follows from Proposition 12.1 in [57].

Proof of Theorem 11. If py, = flo, and X, = X, , it follows from the law of large
numbers that, conditionally on Yy, Ya, ..., B, [X] — E, [X], Xz, — Xg,and X, — X,
given almost every realization of Yy, Y,,..., where m is the weight vector for yy. By
applying Lemma 14, the orthogonality condition for Z, and Z always hold. The remaining
assumptions regarding the structure of y,,g,, are verified in the proof of Corollary 5 save
for the fact that G,,,(h) = Z7u, for every h € H where Z ~ N(0,%,,), but this follows

directly from the fact that G, is a u-Brownian bridge process. O
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3.8.3 Proofs for Section 3.4

Throughout, we will assume that the following variant of the twist condition holds.

Assumption 3. uy € P(X,) is absolutely continuous with respect to the Lebesgue

measure and, for every i # jwith i, j € {1,..., N} and r € R, we have that

po (€9 = e 37) " ) = 0.

Specializing to cs(x,y) = —4{|x|]*|lyl> — 32xTAy from (3.8), the condition above is

related to X; and holds under the following primitive condition.

Lemma 17 (Necessary and sufficient condition on X;). Let yy € P(X,) be absolutely
continuous with respect to the Lebesgue measure. Then, Assumption 3 is satisfied with c5
at A € R%*41 if and only if X; is such that y® — y\ ¢ ker(A) foreveryi # j € {1,...,N}
with [[y@|| = [[y”]|. In particular, if [[y®|| # |ly"”|| for every i # j, then Assumption 3 holds

for any A € Réoxdi

Proof. Fixi # j € {1,...,N} and A € R% x R%. Then, ca(x,y?) — ca(x,y") =
—4xIPAy I = IIyP)?) = 32xTA(Y? — y) so that ca(x, y?) — ca(x, y) is constant as a
function of x on an open set U C R% if and only if —8x(|[y"”|]* — [y|]*) = 32A(H? — y»)
for every x € U. Observe that the prior equality holds on a nonnegligible set with respect
to the Lebesgue measure if and only y — y\ € ker(A) and ||y”|| = |[y"||. Given that wj
is absolutely continuous with respect to the Lebesgue measure Assumption 3 holds at A

if and only if y© -y ¢ ker(A) whenever |[y?|| = |[y"/|. m]

Lemma 17 provides a necessary and sufficient condition for Assumption 3 to hold at
every A € R%*4 simultaneously. This is crucial for our study of limit distributions of

the empirical semi-discrete GW distance to guarantee, e.g., uniqueness of OT plans for
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OTa (o, p21) uniformly in A. This uniqueness will lead to a substantial simplification for

the resulting limit, as compared to the discrete case (Theorem 10).

Under Assumption 3, solutions of OT 4 (uo, 1) admit the following characterization.

Lemma 18 (On solutions of OT 4 (uo, u41)). Fix A € R%*% and let z* be an optimal vector

for OT4 (1o, t1). Under Assumption 3, the OT plan is unique and is induced by the map

Ta:x€ Xy, where L(x) € argmin (ca(x,y”) - 1), (3.36)
1<i<N

which is uniquely defined py-a.e.

Proof. We first address uniqueness of the OT plan. For any z € RY, let ¢, : x €
Xy > minigey fea(ny®) -z} If x € Xo is such that ¢.(x) + ¢S07) = ca(x,y?)
and ¢,(x) + ¢5() = calx,y¥) for some i # j € [N], then ca(x,y) — ca(x,y?) =
(YY) — ¢<(»"). Assumption 3 guarantees that the previous equality occurs on a -
negligible set so that we can apply Theorem 5.30 in [208] whereby the OT plan for

OT (1o, p1) s unique and induced by a map.

We now derive the expression for the optimal map. Let z* be an optimal vector for
OTa (o, 1) and ¢y be the corresponding OT potential. For convenience, set {(y?) = z*

fori=1,...,N. By strong duality,

f @ (x) + £(y) — calx, y)dma(x,y) = 0.

As gog(x) + {(y) < calx,y) for every (x,y) € Xy X X; by definition, it follows that
O3 (X) + L(y) = calx,y) ma-a.e. As my is induced by a map Ty : Xo — Xi, p3(x) =
ca(x, Ta(x)) = {(TA(x)) po-ae. Since @i (x) = minyizy fea(x,y?) = L)}, it holds that
Ta(x) = y'@ (recalling that La(x) € argmin,_,_y {cA(x, Yy —¢ (y(i))}). Assumption 3

further guarantees that I.a(x) is a singleton for yy-a.e. x € Xp.

114



Theorem 12 is a direct consequence of Lemmas 17 and 18.

Proof of Theorem 13

In this section, the centering required to access the variational form of the GW distance
(3.8) will play a prominent role. Of note is that if (vy, v;) € P(Xp) X P(X;), we generally
do not have that spt(vy) or spt(¥;) are contained in X, and X respectively. In order to
compare OT potentials arising in the relevant variational forms, we thus extend them to

sets containing X, — E, [X] and X, — E,, [X].

Definition 6 (Extended OT potentials). For i = 0, 1, let X? be open balls centered at 0
with radius 7 > 2||X|.. Fix arbitrary (vo,v;) € P(Xy) X P(X;) and A € R*%1 et z* be
an optimal vector for OT4 (v, ¥1). Then, the extended OT potentials for OT A (v, v,) are
given by

gt x e Xy 1211<111v {CA()C, Y —E, [X]) - z?},
o iyeX; - inf {CA(X, y) — gof;‘(x)}.
xeXy
As ¢! is simply the ca-transform of @5, (¢, ¢?}) is still a pair of OT potentials for
OTa (¥, 71). The definitions of X and X7 are motivated by the fact that if v; € P(X)),
then |[E,,[X]ll < E, [IIX|] £ [IXillw for i € {0,1}, so that X; — E,,[X] C X? and thus
V; € p(X?)
We first establish some useful properties for the extended OT potentials.

Lemma 19 (Properties of extended OT potentials). Fix (v, v;) € P(Xy) X P(X;) and
A € Bp(M). Let z* be an optimal vector for OT, (vy, ¥1) and (¢}, ¢}) be the extended OT
potentials. Then,

1. %; and ¢? are Lipschitz continuous with a shared constant, L, depending only on
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M, |IXG o, 11X lloo-

2. the triple (z*, ¢}, ¢}") can be chosen such that ||lz* (e V [loflloxz V l@}leon: < K,
where K depends only on M, [|X{|leo, X5 [leo-

3. if int(spt(vy)) is connected with (Lebesgue) negligible boundary and v is absolutely
continuous with respect to the Lebesgue measure, then the pair (gog‘, ¢?) is unique up

to additive constants on spt(vy) X spt(vy).

Proof. For (1), fix x, x" € X and observe that

| (%) — @ ()] < max ’cA (.37 =B, [X]) - ea (¥.y” - B, [X])‘
= max |-4llx|Plly” - B, [X]I? - 3227 AG" = By, [X])
+HI Py — E,, [X]IP + 320 TAG® — By, [X])]
< 4> = 1P| max Iy — B, [X]|P
+ 320l — ¥/ |M max [y ~ E,, [X]]|
< Lollx = x|l
as [IlxI? — [P = 10+ 11Dl = 11D] < 201Xl llx — X]] due to the reverse triangle

inequality. Since [[y” — E,, [X]l| < [IX}ll«, Lo may be chosen independently of A, vg, v.

The same approach can be used to derive a Lipschitz constant for ¢?; the maximum of

the two Lipschitz constants serves as a shared Lipschitz constant for both OT potentials.

For (2), fix a solution (z*, ¢}, ¢*) for OT4 (¥, 71) and assume that spt(v;) = X; such
that
N
fQO(}Adﬁo + Zz?ﬁl({y(’)}) = f%Adﬁo + fsﬂ?dm = OTa(fo, f11)
i=1

A

which, coupled with the condition <p6A€B90‘? < ca, implies that 9036950’1‘ = cp m*-a.e. for any

choice of optimal coupling 7 for OT 4 (i, j1;) and similarly for (z*, gog‘). In particular, if
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spt(vi) = X there exists some x € spt(fip) for which g (x?) +z* = e, (x?, ) —E,, [X])

for every i € [N] and 93 (x) < ca(x, Y — E,,[X]) — z* for any other x € X{. Thus,
PO ~ B, [X]) = inf {ea(ry?” - By, [XD - gf (0} = 2}
0

with equality when x = x? ie. (@ - E, [X]) = z* for every i € [N]. Now, let
C = —max; gy z* and set (Z*, ¢, &) = (2*+C, ¢y —C, ' +C) such that max, ¢y Z* = 0.

With this normalization, for any (x,y) € Xj x X7,

~A . j ~A
~llealloxr: < @6(x) = min {ea(x,y? = By, [X]) = 2} < llcalloxguas-
07 1<i<N 07

ﬂmmwmﬂ?%msﬁw:gkmw—%m}
xeg ey

<A
< [lcallo,xaxxs — sup @y (x),

o
xeXj

50 that |24l V 11§25 leoxs V 1@ llex: < 2llcallox:xx: Where, by the previous arguments,
~A ~A 2 2 1
1Z2%le0 < lI&7 Moo xz - llcalloox5xaxe can be bounded as 4{| XI5 XIS + 32M Xl || X Il via

the Cauchy-Schwarz inequality, proving the claim.

If spt(v;) # X;, one may set z* = 0 if y ¢ spt(v;) and the previous arguments can
be applied to achieve the same bound, though the correspondence between @} and z*

will only hold on spt(v).

For (3), suppose that (@3, ﬁ‘) is another pair of extended OT potentials.By
Rademacher’s theorem, go‘o‘ and (08 are differentiable almost everywhere on X (in par-
ticular on int(spt(v))) so that Proposition 1.15 in [175] implies that Vo3 = V@) almost
everywhere on int(spt(vy)). As goOA and gb(;“‘ are Lipschitz continuous, Theorem 2.6 in [61]
implies that gog - gbg = a on int(spt(vy)) for some constant a € R. This equality extends

to spt(vp) again due to Lipschitz continuity.

As for ¢} and @}, it holds that 3 (x) + ¢ (y) = ca(x,y) m*-almost everywhere, where
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7 is any OT plan for OT 4 (v, V). (900 , @) satisfy the same equality so that

PR () + @M Y) = Pr(x) + a+ @y) = Pr(x) + Pr(y)

m*- almost everywhere i.e. @(y) = ¢}(y) + a vi-almost everywhere, proving the

claim. m|

To compute the relevant directional derivative, we fix vo ® vi € Py, X P, se

Wir = i +t(v; — ;) fori = 0,1 and ¢ € [0, 1], and decompose the limit as follows

. Do p1.0)* = Do, p11)?
im
110 t

m D(io s, fi1,)* — D(fo, 11)*

=1
t10 t

_ 5 Si(fHo, fi1,) — Si(Ho, i11) N So(fto, f1,) — Safto, i)
t10 1 t

as follows from the variational form. The following lemmas compute each limit sepa-

rately.

Throughout, all extended OT potentials are chosen as to satisfy the estimates from

Lemma 19.

Lemma 20. As ¢ | 0, we have that

Si (o, f11,0) — Si(fo, i11)
; —

2 f llx = X |I*do(x)d(vo — po)(x)
+ 2f Iy = ¥'II*dpi ()d(vi = u)O)
- 4f llx = B, [XTIPlly — By, [X1IPd(vo — to)(x)dp1 ()

—4f [l = By [XIPIly = By, [XTIPdpto(x)d (v = 1))

Proof. For any probability measure  on R% (i = 0, 1) with finite fourth moment,

f f llx = X' dij(x)di(x) = f Ilx = X' dn(x)dn(0),
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hence, fori =0, 1,

f f llx = ¥ II*dja; ()i (') = f f llx = ¥ lI* df(x)df(x')

=2t ff llx = ¥ IFdpi(0d(v; = u)(x) + 72 ff lIx = ¥II*d(v; = u)(X)d(vi = pi)(x').
(3.37)

On the other hand, letting f(#) = E,,[X] + (E,,[X] - E,,[X]) fori = 0,1 and £ € [0, 1],
N
= ff llx = foOIPNly = AP dpo () ()
= ff llxx = foOIPIly = AiOIPdpo(x)di ()
+ tf l1x = foIFlly = ADIPd(vo — po)(X)dpi ()
+ tf llx = oIl = fiOIPduo(x)d(vy — 1))
+ f llx = fo@IPlly = ADIPd(vo = po)(X)d(vi = p1)().

As llx = i) = llx = B, [X]II? - 26x — B, [X], E,,[X] - B, [X]) + I[E,[X] - E,[X]I

i

for i = 0, 1 and the term involving inner products integrates to O w.r.t. y;,

f f IR0, (O () = f PP (X ()
y f It = By XTIl = B (X100 = p) ()it )

+ tf [1x = By [XTIPIly = By, [X1IPdpto(0)d(vy = 1))
The above display and (3.37) prove the claim. O

Lemma 21. For any pairs (o, 1), (00, 01) € Puy X Puys 1IS1(V0, V1) = S1(Po, p1)l < Cllvo ®

Vi = po ® Pillw.se for some constant C > 0 which is independent of (vo, v1), (0o, o1)-
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Proof. Fori=0,1, we have that
f f llx — X'|I*dvi(x)dvi(x') = f llx — X'|I*dvi(x)dvi(x')
= f llx = X'I*d(vi = p)(x)dvi(x')
+ f Ix = X'|I*d(v; = p)(x)dpi(x)
+ f lIx = X' dpi(x)dpi(x'),

such that

1
Z f llx — X'|I*dvi(x)dvi(x') - f llx — X' II*dpi(x)dpi(x”)
i=0

1
:Z(Vi_Pi)( f I = Fdvi(x) + f II-—x'II4dpi(X’))-
i=0

Observe that & : x € Xo = [ Ilx — X'|[*dvo(x') + [ |lx — x'|I*dpo(x’) is smooth with
uniformly bounded derivatives of all orders so that there exists a positive constant
Cy which is independent of vy, py for which Coéy € F(. Similarly, & : x € X| —
f lx = x'|[*dv,(x) + f llx — x’||*dp; (x) is uniformly bounded so that there exists a positive

constant C; which is independent of vy, p; for which C,&; € ;. Conclude that

1
Z f llx — X'|I*dvi(x)dvi(x") — f llx — & I*dpi(x)dpi(x")
i=0

= |C5' 0 = PO Cofi) + C1' 01 = pr)(Ciée)|
< Gy 1070 = po)(Cobo)l + C1 v = p1)(Cié) (3.38)

< Cy" sup [(vo — po)(fo)l + C7! sup |(vi — p)(F)
Jo€Fo fieF

< (Cy"' + CHIvo ® vi = po ® pilleoses

where we have used the fact that 0 € ¥, so that

sup |(vo — po)(fo)l = sup |(vo — po)(fo) + (vi = p1)0)] < [[vo® Vi —po @ pilleese, (3.39)
foeFo JfoeFo

the same implications hold for SUP 7 (vi — p)(fD)l.
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As for the other term,
f||x||2d170(x) f IxPdvi(x) = fllx — B, [X]IPdvo(x) f llx = By, [X]IPdv (x)
= fllx — B, [X]IPd(vo = po)(x) f llx = By, [X]IPdv (x)
+ fllx — By, [X1IPPdpo(x) f |Ix = By, [XIIPd(vi = p1)(x)
+ fllx — B, [X]*dpo(x) f lIx = By, [X1IPdp1 (%),

where ) : x € Xop = |lx = E,, [X]|I> is smooth with uniformly bounded derivatives of
all orders so that there exists a positive constant C;, which is independent of vy, py for
which Cjfy € Fo. Similarly, {; : x € X; - f llx - E,, [X]||? is uniformly bounded so that
there exists a positive constant C which is independent of vy, p; for which C|{; € ;.

Conclude that

' f 1l2d70(x) f 27 () f ]2 () f Il (x)

M;>(vy) f llx — By, [X1IPd(vo — po)

+f||x - EVO[X]||2dPO(X)f||X — B, [X1IPd(vi — p1)(x)
< M) [(vo — po) (o)l + f”x — B, [X1IPdpo(x) [(vi — p1)())]
< (Mz(f/l)(cé)_l + f“x -E, [X]||2dpo(x)(c'1)_l) o ® vi — po ® pilleo.7o »

where the final inequality is due to (3.39). This final constant can be bounded indepen-

dently of py, o1, vo, v1 so that the above display and (3.38) yield the desired result. O

Lemma 22. If Assumption 3 holds at A € R%*4 and int(spt(fi)) is connected with
negligible boundary, then

. OT _,7_,)_OT _7_) -
lim AHo. t alfo.F1) _ f @+ 8Exy) - IYIPX]T()d(vo — o)

+ f@? + 8By~ [IIXIPYTT ()d(vi = ).
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Proof. Fix A € R%*% and consider the limit

- OTa (o, it1,1) — OT (o, fi1) oy (OTA(ﬂO,taﬂl,t) — OTa(fio s fi1,0)

li lim
t

110 t 110
+OTA(ﬁ0,tvﬂl,t) - OTA(ﬁOaﬁl))
t

where (fio,. fir,) = ((1d =By, [XD)shto,r» (Id E,,, [X)gut1.). We compute each limit on the

right hand side separately.

First, let (93, ¢}') and (¢}, },) be OT potentials for OTa(fo, fi1) and OT (fo,» fi1.1)
satisfying the bounds from Lemma 19 (though (&, i1 ;) are not centered versions of
measures in P(Xy) X P(X,), they are supported in P(X]) X P(X?) so that all relevant

results still hold for the OT potentials) and observe that

OT Ao fir) — OTa(Gion i) < f A dio, + f oA diin, - f oA diy - f o di
= t(f¢3td(v()—uo)+f¢‘ﬁtd(vl —,Ul)),

where, for a pair of functions (go, 1), (80, &1) = (go(- — Ey, [XD), &1 (- — By, [XD).

(3.40)

Now, fix an arbitrary sequence ¢, | 0 and a subsequence #,, | 0. By the Arzela-Ascoli
theorem, there is a further subsequence ¢,» | O along which (906A,t,,,,’ go"itn,,) converges
uniformly on X X X7 to a pair of continuous functions (0, ¢1)® and, as (o, fi1,)
converge weakly to (f, fi;), Proposition 5.20 in [208] and the dominated convergence

theorem imply that

f B, Ao, + f &, g, = f Podpo + f Grdu,

OTa(f0,,» f114,,) = OTa(fo, f11).

As both terms on the left are equal, conclude that f wodity + f eidiyy = OT (g, f11).

As the pointwise inequality gogt , ® ¢} < cuis preserved in the limit, conclude that

8 Indeed, these OT potentials extend uniquely to the closure of their domains whilst preserving the
uniform equicontinuity and equiboundedness properties.
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(¢o, ¢1) is optimal for OT (i, 1) and that (¢, ¢1) = (¢} + a, ¢} — a) for some a € R by

Lemma 19 . It follows that

lim [ &g, ,d(vo — o) + f‘fﬁﬁznnd(w —H1) = f@(}Ad(Vo — Ho) + f@?d(w - ),

tyr 10
as vy — 1o and v — uy have total mass zero. As this final limit is independent of the choice

of original subsequence, (3.40) reads

OT Aoy fir) — OT a (G0 ] ]
tim sup - AF0sF12) = OTa o, 1) Sf¢‘3d(vO—uo)+f¢‘?d(vl—m).

110 4
On the other hand,
OT (1o, fi1;) — OT (i, f1
A1)~ DTl f B d(vo — o) + f Grdvi—p). (341

which readily implies that

. OT (i ) [i _OT (i ’ L - 7
lim Ao, f1r) Ao, f11) _ f(pé‘d(vo — 1) + f‘P?d(Vl — ). (3.42)

tl0 t

As for the other limit, note that if 7 € Il(io,, f1,), then T;tﬁ' e (o, f1,), and
if # € (o, f1,), then T;ﬁ' € I(foy, fir,), where v = (7, 7)) = (Id+1(E,,[X] -
E, [X]),1d +1(E,, [X] - E,, [X])) for t € [-1, 1]. Hence, letting 7, and 7, be OT plans for

OTA(,aO,t’,al,t) and OTA(ﬁO,t, M1.), we have

OTa(fio s ft11) — OTa(floy, fir ) < fCA o 7" — cadhty,
(3.43)

OTa(fHor f1,0) — OT a0, fi1,) 2 fCA —ca 0 T'dn,
by expanding the expressions for the cost functions, we obtain
ca o 7'(x, ) = =4(Ix® + 2(x, 1By, [X] = By, [XD) + 2y, [X] = By, [XTIP)
X (lylP* + 2(p, t(By, [X] = B, [XD)) + £I[E,, [X] - Ey, [X]I")
= 32(x + 1(B, [X] - By [XD)TA(Q + 1(E,, [X] - E,, [X])
= ca(x,y) = 8Kx, By [X] = B, [XDIVIP = 81y, Ey, [X] = Ey, [XDIIxI®
— 32t (E,,[X] - B, [X])" Ay - 32xTA (B, [X] - E,, [X]) + O(#),

(3.44)
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such that

OT o, fir) — OT a(Gioy.
limlgup Ao 1) ; Ao i) < fS(x, E,,[X] - E, [XDIyII*
t

+ 8(y, By, [X] — B, [XDlIxlPdn® (x, y),

OT (G0, fi1,) — OT a(fio., fi
fim inf VA0 i) Ao ) > f 8(x, B,,[X] - E,, [XDIIylI*

t10 t

+ 8(y, E,, [X] — B, [XD)lIxl[Pdr* (x, y),

noting that 77, and 7, both converge weakly to the unique (under Assumption 3) OT plan
7 for OT s (fig, fi1) as follows from Theorem 5.20 in [208], Lemma 5.2.1 in [6], and the

fact that j1y and j1; are mean-zero. This result, along with (3.42), proves the claim. O

Lemma 23. Let A = argming ;) Pz, z)- If flo, 11 satisfy Assumption 3 at every A € A

and int(spt(ity)) is connected with negligible boundary,

d o ) _ _
d_tsz(llo,z,#l,t)h:o = 11161; {ngJrA + Sng(VO — o) + fgl,nA +@rd(v, - ,Ul)} )
where, for (x,y) € R x R,
80+(x) = 8By~ IYIPX]"x,

81.:(y) = 8E(X,Y)~7r[||x||2Y]Ty,
" = ¢*(-—E,,[X]) fori = 0, 1, and, for A € A, 7* is the unique OT plan for OT (i, 1),

and (cpé‘, ¢?) is any choice of corresponding OT potentials.

Proof. Let A* € A be arbitrary. From Lemma 22, we have that
Sa(fo.rs f1.0) = Salfo, f11)
< OTa (o, fi1.0) — OTax (o, 1)

= f(fgo,nA* + @ d(vo — o) + fgl,,,A* + @t don —/11)) + o(1),

such that
B So(fo s, fr,1) — Sa(fto, 1)
im sup
110 !

< ilg;f{ {ng,HA + @gd(Vo — Ho) + fgl,nA + @?d(Vl —/11)}-
(3.45)
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For the opposite limit, observe that the solutions of S, (i, fi1,) lie in Bg(M) for
every t € [0, 1] as follows from Theorem 8 and let A, be optimal for each corresponding

problem. By Lemma 19 and equations (3.40), (3.41), (3.43), and (3.44),

|OTafio.» f11.0) = OT a0, f11)| = O(1),

where the O(7) term can be chosen to be independent of A. Whence, A € Bg(M) —
IAIIZ + OT A (fto,, fi1,,) converges uniformly to A € Br(M) — ||AlZ + OT (i, i11) as 7 | 0.
Extending these functions by +co outside of Bg(M), we may apply Proposition 7.15 and
Theorem 7.33 from [168] to obtain that any cluster point of (A,),o is an element of A

keeping in mind that these functions are continuous on Bg(M) (see Theorem 8).

Now, let ¢, | O be arbitrary and fix a subsequence #,,. By the Bolzano-Weierstrass
theorem, there exists a further subsequence #,~ | 0 along which A, — A € A. From
equations (3.41) and (3.43),

So(ftos, > fi1r,,) — Safto, 1) s OTa, , (Ho, > f14,,) = OTa, , (Ho, 1)

tn// tn//

_A, _A:,
Zfsao” d(Vo—ﬂ0)+f¢1" d(vy — )

1 J=
" fCAlnH - CAlnH oT" dﬂ-tn”’

AY 7 AI ’” . - - — .
where (¢,"",¢, ") are OT potentials for OTj,, (i, i) and 7, is an OT plan for
OTa, , (ioy,,.» f1,,,). 1t remains to show that 7, converges weakly to ot weakly and
A 1 —A 1 - — .
that (g, , @, ") converges to (g + a, ! — a) uniformly on X, x X; along a further

subsequence and some choice of a € R to obtain that

Sa(fiou. fir,) — Salfio.
lir%nf 2(fo ,Ul,z)t 2(fo, fi1) S ng,ﬂ'A + G — 10) + fgl’”A + A — ),

recalling the expansion of the translated cost function from (3.44). The above display,

together with (3.45), yields the desired result.
Note that cs, , converges uniformly to ¢y on Xy X Xy and (f,,,, i1, ) converges
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weakly to (@, fi;) whereby 7w converges to 7* weakly along a further subsequence,

t, (see Theorem 5.20 in [208]).

"

At AI "
Applying the Arzela-Ascoli theorem, we may also assume that (¢,"", ¢, ") con-
verges uniformly to some pair of continuous functions (@, $;) on Xj X X7 (see also
Footnote 8). Applying the dominated convergence theorem and the weak convergence of

the couplings,

A o A o i} i}
f ®o " dido ., + f 0, "dpyy,, — f @odfly + f eidy,

OTA,}],/, (ljo,lnw ) ﬁ],l‘nm ) - OTA(ﬁO’ Ial )

As the two terms on the left hand side are equal, f wodity + f ¢rdjty = OTa(f1o, 11) and,
as the inequalities go(;A’”'” ® 4,0?’”"' < cy, ,, are preserved in the limit, (o, ¢;) is a pair of OT
potentials for OT 4 (i1, f1;) and hence coincide with (gog‘, (,0‘1‘) up to constants, concluding

the proof. O

Lemma 24. For any pairs (o, 1), (00, 01) € Puy X Puys 1S2(70, V1) — S2(po, p1)] < Cllvo ®

Vi — po ® Pi1llw. e for some constant C > 0 which is independent of (vy, v1), (0o, 01)-

Proof. Observe that

1S2(V0, V1) = S2(Po, p1)l £ sup  |OTa(vo, V1) — OTa(po, p1)l - (3.46)

A€Br(M)

Let (¢35 #1;) and (@5, ¢t ;) be extended OT potentials for OTa (7, 1) and OT 4 (o, 51)

respectively satisfying the estimates from Lemma 19. We have that
OTa (v, V1) — OT(po, p1) < st(SA,;d(Vo = Po) + fQD?,pd(f/l - p1)s

OTaG0. ) = OTatpp) > [ elydn=pu+ [ ey = po)
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Fix i € {0, 1} and observe that, for any L-Lipschitz function f; : X? — R,

fﬁd(‘_’i - pi) = ffi(' —E,[XDdv; - ffi(' — E,.[XDdp;
< ffi(' - E,[XDd(v; — pi) + LIE,,[X] — E,,[X]I],
fﬁd(‘_’i - pi) = ffi(' - E, [XDd(v; — p)) — LIE,,[X] — E, [X]]].

As the coordinate projections are smooth with uniformly bounded derivatives of all
orders, there exists a positive constant C; which is independent of vy, vy, pg, o1 such that
LB, [X] - B, [X]Il < LVd;max{, | [ x;d(vi — p)(x)| < Cillvi = pilleo, < Cillvo @ vy —
Po ® pille.7e, where the final inequality follows from the fact that both ¥, and #; contain

the zero function. As the extended OT potentials are L-Lipschitz (see Lemma 19),

|OTa (0, V1) — OTa(Po, p1)

< (‘fﬂﬁ‘&v(' — B, [XDd(vo — po) + fs0ﬁ9(~ — B, [XDd (v —pl)’

\/\ f @ = By [XDd (v = po) + f @ (- = B [XDd(y —m)])

+2C1|lvo ® vi — po @ pilleoge.

Observe that ¢} (- — Ej, [X])’%A,p(’ — E,,[X]) € Fo by construction and that gofl"/_)(~ -
E,, [X]), (p’iv(- — E,,[X]) are bounded on X{ and hence are elements of ¥; up to some
normalizing constant. It follows that the the term in brackets on the right hand side of the
display can be bounded as C||vo ® v — po ® pil|.7¢ for some positive constant C, which
is independent of A, vy, vy, 0o, p1. Applying these bounds in (3.46) proves the desired

Lipschitz continuity of S,. O

Proof of Theorem 13. By applying the variational form (3.8), the desired Gateaux dif-
ferentiability follows from Lemmas 20 and 23 whereas the Lipschitz continuity follows

from Lemmas 21 and 24. O
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3.8.4 Proof of Theorem 14

Given Theorem 13, the first assertion of Theorem 14 follows from the unified approach

(Proposition 16).

Specializing to the empirical measures, the result will follow upon showing that the
function classes Fy and 7, are, respectively, uo- and u;-Donsker. Indeed, by applying
the same argument as in the end of Theorem 10, Donskerness of each class and the
independence assumption on the samples imply that n(fo, — o) ® ({1, — p1) i) Guosu
in £*(7®) where Ge,, (fo ® f1) = G, (fo) + G, (f1) and G, G, are, respectively, tight

Uo- and u;-Brownian bridge processes in (%) and ¢*(57). We begin with F.

By Corollary 2.7.2 and the surrounding discussion in [201], the unit ball in C*(X,)
is universally Donsker provided that k = |d/2] + 1. As unions and pairwise sums of
Donsker classes are Donsker (see Example 2.10.7 in [201]), it suffices to show that G is

to-Donsker.

Let x,£,& € Xo, £, € R with L Il < 11X lle, 2,2 € RY with [lzllee, I lle < K,

and A, A’ € Bg(M) be arbitrary. Observe that

min {cA (x — &y - {) - Z,-} — min {CA’ (x — &y - f’) - Zf}

1<i<N 1<i<N

< max [-4flx — P17 - £ - 320 - OTAGY - ) -z

+llx = EPIYD = NP+ 32(x = EYTA GO =) + 2

By applying the reverse triangle inequality, we see that
lIIx = €1PIY® = 21P = llx = 1PV - 1P
<|ilx = &P = llx = 1P| 1y = 2P + [Iv® = 2P = Iy® = 1P| l1x = €17
< (I = €l + Ilx = €D = €MD = 2P + Ay = 2+ 1y? = ZIDIE = Zllllx = €112
Swoy IE=EN+ 1= 21,

128



whereas
(x=HTAG? - ) - (x = E)A OV - )|
<|x-HTA =AY - +]E -HTAG - D +1(x - €)A - Q)
Suxox: IA = Allg + 11 = €l + 117" = 211,

so that there exists a constant Cy x, x, < oo satisfying

I<i<N

min {cA (x —&,y9 - {) - Zi} - 1121;11\/ {CA’ (X —&,y - éw) - ZZ}'

< Cuxox; (1A = A'llg + 116" = &l + 118" = 21l + 1z = 2/lle)
whereby the function class G is Lipschitz with respect to the parameter (A, ¢,,2) €
Be(M) X Xo X Bga, 1y (IX1llo) X Bn i) (K) =0 Q, where Bga; iy ([IX1]l) is the closed
ball of radius ||X}||. in R% with respect to || - ||, and Bgn ) (K) is defined analogously.
LetT: (A6,4,2) € Qb (Ap1,Avas s Apa & ¢, 7) € RbDTdorditN “where A, is
the i-th column of A for i € [d,]; we endow this latter Euclidean space with the norm

(e, v, W, Dlleq = llull + VI + [Iw]] + |zllee Wwhere u € R%% |y € Ry e R% and z € RV.

By Theorem 2.7.11 in [201], N j(2€Chrx,.x,» G> L*(10)) < N(€,7Q, || - |l@)- It suffices,
therefore, to bound N(e, 7Q, || - |l-@). To this end, observe that TQ C By, ,(M + [|Xolle +
IX1]lee + K), the ball of radius M +||Xoco +[|X 1]l + K in R0 +do+di+N \yith respect to ||| q-.
Let S be an e-net for this ball with respect to || - ||, and note that U,cs, (x + 5Bq(1)) C
(M + | Xolleo + IX1llo + K + 5)Bq(1). As the sets on the left hand side of the previous

expression are disjoint,

€ dod)+do+d+N
S| (5) vol (Brg(1))
€ )d()d1+d()+d1 +N

< (M # 1Kol + 1K1l + K + 5 vol (Brg(1))

UM+IXolleo+HIX 1 lloo+K) + 1)d0d1+do+d1+N
- .

whereby |S | < (

dod+do+d1+N .
In sum, N(€,7Q.|| - llrg) < (ZAXd=ttlort /g 4 PP 50 that G s po-

Donsker provided that it admits a cover which is square integrable with respect to y (see
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Theorem 3.7.38 in [96]). This last condition is evidently satisfied, as cy(x — &,y — ) — z;
can be bounded by a constant independently of the choice of (A, &,,2) € Q, x € X,, and

i €[N].
As for 71, note that if f, g € ¥, then
N
1f = &l = D FOD) = OO WD < Iy = 24l
i=1

where z; = (fO'V), ..., fFOG™)) and z, is defined analogously. Thus, N(e, F1, L2 (1)) <
Nz €RY |zl £ KL+ [loo) < (%K \V 2+ 1)N, where the second inequality follows
from the first part of the proof. Conclude from Theorem 2.5.2 in [201] that #; is

ui-Donsker. m|

3.8.5 Proofs for Section 3.5
Proof of Theorem 9

We first show that the centered measures are 4-sub-Weibull with a particular constant and

establish a bound on the second moment of a 4-sub-Weibull distribution.

Lemma 25. Fix v € P, ,(R?). Then, ¥ € P4 ;R?) for 52 = 2;"01;’%2 802 and it holds that

M>(v), M»(v) < 20.

Proof. Asv € Py, (RY),
802
[ By X1t siEv X FIT2d ||4 siEv X |7 a2
exwldy = e 22 dy<e 27 ex2dy < e 27? o2 d

where the first inequality follows from the triangle inequality and the inequality (|a| +

b)) < 2P~ 1(Jal” + |b|P) for a,b € R and p > 1, the second is due to Jensen’s inequality,
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noting that 80 < %, and the final inequality follows from the 4-sub-Weibull assumption

and the fact that

i L4
2> | erravs f ”20”2 dv = My(v)/(207)

so that ||E,[X]||* < E,[|IX||*] < 402 by Jensen’s inequality. This proves the first claim.
For the second claim, we have by Jensen’s inequality that M2(v) < My(v) < 40 as above.

Conclude by noting that M,(¥) = M,(v) — ||E,[X]|]> < My (v). O

Consequently, we set M = o and analyze the regularity properties of EOT potentials

for OT4 +(vo, v1) for 4-sub-Weibull distributions with A € Bg(M).

Lemma 26 (Regularity of EOT potentials [223]). Fix o > 0. Then, for any choice of
(o, V1) € Pyr(R®) x Py (RY) and A € Bp(M), there exists a pair of EOT potentials
(goOA"S, 90?’8) for OT (v, v1) satisfying the Schrodinger system (3.6) on R% x R%. Fur-
thermore, this pair is unique up to additive constants on R% x R% and, for every k € N,

there exists a constant K depending only on k, dy, d;, o, and € for which
oM < KA+ [-1P), =@ < KA+]-1Y. 1D < KA+ -7,

for every nonzero multi-index a € Ng" with |a| < kand i € {0, 1}.

Proof. Lemma 4 in [223] asserts that there exists a pair of EOT potentials (<,00A’1 , ¢?’1) for
OTa.1(vo, v1) satisfying the Schrodinger system on R%® x R% and, for any fixed k € N,

there exists a constant K’ depending only on k, dy, d,, o for which
Gl <K AP~ < KA+, D < KA+ (3.47)

for every nonzero multi-index a € Ng" with || < kand i € {0, 1}. To extend this result
to the general case & > 0, observe that if (179, 7;) € P(R®) x P(R™) have finite fourth

moments and 7 € [1(ry, 77;) with 7 < 19 ® 171, then

f cadn + eDxy(nllno @ my) = 8( f cadn® + Dy (7|l ® UT)),
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where 7 = (¢7'/*1d,&"*Id)ynr and similarly for n5 and n°. The above display im-

plies that OTy .(170, 1) = €0Ta 1 (5, n7), that if 7, is optimal for OTx (170, 7:), then

. . dr, #0%¢1~CcA )
ns, is optimal for OTy (175, 777), and drm’;m = = where (¢, ;) are the associ-
ated EOT potentials whereas —2= = —Z=_ o (gl/4]d) = ¢ (o I@01e*N-ca o that

dngen; dno®n

e (go(e'"), p1(€'*)) is optimal for OT, (778, 175). We also point out that if 7o, 77, are
4-sub-Weibull with parameter o2, then 6.1 are 4-sub-Weibull with parameter o?/e.

The claimed estimates then follow readily from (3.47).

Finally, assume that (¢, ¢;) is another pair of EOT potentials for OT4 .(vo, v), then
(¢o, 1) coincides with (903’8, cp‘?’g) up to additive constants vy ® vi-a.s. Thus, there exists

some a € R for which

A ) Ae,
e g1ocats) £ TemeAl) _$p e
e s = |e ¢ dvi= | e E dvi=¢e =+

for every x € R% so that ¢, coincides with goOA’g +a on R%_ The same argument applies

to ¢1. O

To prove Theorem 15, we adopt a similar strategy to the semi-discrete case (Theo-
rem 13). Namely, for i € {0, 1}, we set y;; = w; + t(v; — ;) for t € [0, 1] and some
pair (vo,vy) € 7)4,0(Rd°) X P4,U(Rd1) and utilize the variational form D,(f, 1;)* =
Si(i, 1) + Sy.e(fio, i11) from (3.8). We make precise that, since o, u;, vo, vy are all
4-sub-Weibull with the same parameter o, so too are p, and y; , with the same parame-

ter.

Lemma 27. As ¢t | 0, we have that
S\ (o, fin,) — S1 (o
o fle) = Sillo- 1) f e = %I dpto (D00 — o))

t

+ Zf Iy = ¥'II*dpi )d (v = u)O)
—4f llx — B, [ X111y = By, [X1IPd(vo — o) ()i ()

- 4f [1x = By [XTIPIly = By, [XTIPdpto(x)d (v = 1))
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The proof of Lemma 27 follows the same lines as the proof of Lemma 20. The only
distinction is that boundedness of all relevant integrals is justified using the 4-sub-Weibull

assumption rather than compact support. The proof is thus ommitted for brevity.

Lemma 28' For any pairs (V()a V1)9 (p()’pl) € P/lo X p,ula |Sl(1_/0’ ‘_/l) - Sl(ﬁO»ﬁlN < C”VO ®

V1 — Po ® pillese for some constant C > 0 which is independent of (vo, v1), (00, 01)-

Proof. The same arguments from the proof of Lemma 21 apply in this setting with
the distinction that the relevant integrals can be bounded (uniformly in the choice of

Yo, V1, Lo, £1) by appealing to the 4-sub-Weibull assumption.

For completeness, we underscore that the functions
&:xeRY - fllx — X |I*dvo(x’) + fllx — X [I*dpo(x"),
&ixeR" b fllx — X|I*dvi(x') + fllx — X |I*dpi(x'),
fo: x € R |lx — By, [XTI1
LH:xeRY o |Ix - B, [XIIP,
are smooth and have derivatives (of all orders) which can be bounded as 1 + || - |[* up to a
multiplicative constant which is independent of vy, v, pg, p1. Conclude that &y, ¢y € Fo

and &1, € ¥ so that the remainder of the proof follows analogously to the proof of

Lemma 21. O

Lemma 29. If (ug, it1) € Py (R®) X Py (R¥) for some o > 0, then, for any A € Br(M),

OT w0 firy) — OT po(fios
i 2 A0 P00 2SO (g 8 v, e IVIEXTT 000 — o)

t10 t

+ f@?’g + 8E (x.v)-mr e [IXIPY]T ()d(v1 = ).

Proof. Fix A € Bg(M). Proceeding as in the semi-discrete case (Lemma 22), consider
im OTA,s(ﬁO,t’ /_ll,t) - OTA,s(ﬁO,l-_ll) T (OTA,s(ﬂO,n ﬁl,t) - OTA,a(ﬂO,z,/jl,t)

li lim
t

110 t 110
N OTa (fio s, ft1:) — OTa s(io, 1)
t
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where (i, fl1,) = ((Id —E,, [XDspro,, (Id =E,,, [X])ﬁ,ul,,). We compute each limit on the

right hand side separately.

First, let ((p(v" ", go(lv"’”)) be some choice of EOT potentials for OT, .(vo, v;) from

Lemma 26 for any choice of 4-sub-Weibull distributions (v, v;) and observe that

OTA,a(ﬁO,z, l-l 1 ,l) - OTA,a(ﬁO,t» ,al )

Sftpomﬂlt)dlu +f Or,ulz)d'u fwgﬂo,nﬂl,r)dﬂo,t

Forfi1p) _ Gio i) (3.48)

forfins) 71— Yo T ®p T A - _
—fso({’“ ’“’)dm+8fe : dilo; ® fi; — &
— tf(p(ﬂ()r#lt)d(v _Ml)

Go,pt,0 o o010 _

where we have used the fact that f ew G d,ao,, = 1 on R% (as the EOT

potentials solve the relevant Shrodinger systems) and we recall the notation (go, &) =

(&o(- — E, [XD), g1(- — E,, [X])). Similarly,
OT a(Gio irs) — OT o lioss i) > 1 f 3P d (- ),
OTas(fion 1) — OTa o0, fiy) < 1 f G d(v — o), (3.49)

OT 4o (o 1) — OTy o(fo, f11) = tf@ﬁf“’j”d(v() = Ho),

whereby

|OT A s(ft0. fir,1) — OT a o0, 1)

< t('f (IJOtlll)d(VO ,uO)+f Otlllt)d(v —/11)
V | f 8" d(vo — po) + f /e don —m))

It suffices, therefore to show that both terms in absolute values on the right hand side

(3.50)

converge to fg'og_'o’ﬁl)d(vo — o) + f(,?)(l’_“”ﬁ‘)d(vl —pup)ast ] O.

To this end, fix an arbitrary sequence #, | 0 and a subsequence 7, | 0. By the Arzela-

L1 t//) ~,l//a~ ,l//)
Ascoli theorem, there is a subsequence f,» | 0 along which (‘pgl O H ,cp(l”o wr By
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converges to (¥, ¥) uniformly on compact sets (in particular pointwise) where (Y, ;)
is a pair of continuous functions. Given that the EOT potentials satisfy the estimates
from Lemma 26 and that u, iy, vy, v; are 4-sub-Weibull, we may apply the dominated

convergence theorem to obtain that, for every (x,y) € R% x R%,

B0,1,,77 18,01 0.1,77 F11.1,71)

I ) AT GOy YAl _ %W
e c =]e s dity,, —> | e = digg=e ¢,

(@, 4y Fi1 sp) Bty P18 pr)
® n n 0 n n'’ " _

% » 0 cAGY) - Yo=cACY) _i»
e ‘ = e ‘ d#o,tn” - e ¢ d/lO =e °,

so that (i, ¥1) solve the Schrédinger system for OT (i, ii;) on R%® x R%. Conclude

from Lemma 26 that (, ) coincides with ((,ogjo"_‘ v, (,o(lﬂ‘)’p V) up to additive constants
whence [ cp(lﬂo’t"" ) gy, - m) = [ @ d(v) —uy). By an analogous argument it holds

_ (B0t 40r 1) —_ (f1o,t _ (@0t s 511) — (ot
that [ @, " d(vo-p0) — stgJO’#l)d(Vo—,uo),f% Mt d(vi—py) — fSD(fO’M)d(Vl—,Ul)
up to passing to a further subsequence #,». Conclude from equations (3.48) and (3.49)

that

. OTA,S(l]O,lnN/ s lal,tnm ) - OTA,S(/*_l(b ﬁl )
lim

n’’"’ —oo l’n,,,
- f & d(vo = po) + f G - ).
As the original choice of subsequence was arbitrary and the limit is independent of this

choice of subsequence, conclude that

I OTy (o f1.) — OTa (10, 1)
1o t B

beg_lo’ﬁl)d(Vo—/lo)‘Ff(’_p(lﬁo’ﬁl)d(vl_“l)' (3.51)

On the other hand, adopting the notation 7’ from the proof of Lemma 22 and letting

7., 7, be optimal for OTy o(fo,, f11,,) and OTa ({0, f11,) Tespectively, we have that

OTa c(fio s 1) — OTao(fHoy, fl1,) < fCA o7 — cadhty,
(3.52)
OTa (o f111) — OTa (o, 1) = fCA —cp o T'dny,

as Dk is translation invariant. Using the characterization of the Radon-Nikodym deriva-
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tive of the EOT plan (see Section 3.2.3), we have

ch o7 — cadh,
dn
= [ (ca o7 —ca)———djig; ® i
f( A A)dﬁo,z ®ﬁ1,t Hou S e
_t 20,:991,6—CA
= [ (tenom =)™ ) = BlXL,- = By [XDdpto, ® s
where (@, @1,,) is a pair of EOT potentials for OTy (o, fi1,). Arguing as in the first part

of the proof, if we fix a sequence ¢, | 0 and a subsequence ¢, | 0, there exists a further

subsequence t,» | 0 along which @y, , ® @1,,, — ¢o ® ¢ pointwise on R% x R where

‘;'0,?”// @Ql,tn// A Sp|—C
(0, 1) 1s a pair of EOT potentials for OTy .(fio, i) so that e s et
S| —c,
pointwise and we highlight that et = dl_i)’gﬁl fio ® ji;-a.e. where 4 is the EOT plan

for OT4 o(f19, f11). From (3.44), we have that

' (ca 0 T7(x,y) = ca(x, )
= 8(x, By [X] = By [XDIVIP + 8¢y, By, [X] - By, [XDlld?
+ 32 (B [X] - E,, [X])" Ay + 32x7A (E,, [X] - By, [X])

& JéBfa € .
pointwise and, from the potential estimates, ¢ (cy o 77(x,y) — ca(x,y)) e s

equiintegrable (in ¢ € [0, 1], A € Bg(M)) with respect to any product of 4-sub-Weibull
distributions. Letting & denote the limit in the above display, the dominated convergence

theorem yields

t f(cA oT " —cp)dit,, — f(h@%gﬂl) (- —E,[X],- — B, [XDduo ® i
= f hdn*
= f8<x, E,, [X] — By, [XDIIyII
+ 8(y, By, [X] - E, [XDlIxldr* (x, ),
as the marginals of 7 are mean-zero. Since the limit is independent of the choice of

original subsequence, 7! f (ca o 77" = cp)dit, converges to the same limit. The same
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arguments apply to f ca — ca o T'dn, so that

OTA,I(I:lO,t, ﬁl,t) - OTA,l(ﬂO,t»,al,z) N
t

f8<x, Eyo[X] = By [XDIIP

+ 8(y, E,, [X] — E,,, [XD)]IxlPdr* (x, y).
(3.53)

Combining (3.51) and (3.53) proves the claim. O

Lemma 30. If (up, ;) € Pysr(R?) X Py (RN) for some o > 0 and we set A=

argming_,n Oz, 1), then

. Soe(fioss flis) — Soe(fio, fin) . A
1 5 5 5 5 - f 7 —
im ; Inf fgo,nA + @od(vo — Ho)

+ fgl,nA +@rd(v, —,ul)},

gox = 8EnlIYIEX]T(),

where

81x = 8B lIXIPYTT(),
@ = ¢i(- —E,[X]) fori = 0,1, and, for A € A, 7* is the unique OT plan for OT (o, i11),

and (¢, ¢!') is any choice of EOT potentials from Lemma 26.

Proof. Let A* € A be arbitrary. By Lemma 29,

So.e(foss f1,0) — Sa.e(fos, 1)
< OTaxo(fHoy, fi1,) — OT ax £(fo, f11)
= fgo,nA* + @ d(vo — po) + fgLﬂA* + @Y d(vi — ) + o(t).

It follows that

S & [ s [ - S & [ s [ .
lim sup 2.0 f1,1) 2.£(fos 1) < inf {ngnA + @gd(Vo ~ 110)
ILO t AeA ?

+fgl,7rA + @ —,Ul)}-
(3.54)
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To prove the complementary inequality, let A, be optimal for S, (i, ft1,) for every
t € [0, 1]. By the estimates for the EOT potentials, equations (3.50) and (3.52), and the
4-sub-Weibull assumption, A € Bg(M) +— 32||A||§ + OTa <(f10,, i1 ;) converges uniformly
to A € Bg(M) — 32||A||12:+OTA’8(/10,/11) ast | 0. Proceeding as in the proof of Lemma 23

we obtain that any cluster point of (A,),o is an element of A.

Now, fix a sequence #, | 0 and an arbitrary subsequence 7,, | 0. By the Bolzano-

Weierstrass theorem, (A, ,),eiy admits a cluster point A* € A. Observe that

Soe(foy,, » s, ) — Sa.e(Ho, fi1)
ty
> OTA,n/ ,E(ljo,tn/ ) Ial,l‘n/ ) - OTAzn, ,E(ﬁO’ l'_ll)

> .
— A, (o,1) _ A, (o, 1) -1 N
Zf‘Po a’(vo—,uo)+f(,o1 dvi—)+t, ch,n,—cA,n, o™ ditw

due to (3.49) and (3.52). It remains to show that the term above converges to

_As, (Bo)  _Aq, (o, 1)

f 8oaxd(vo — o) + f 81 a+d(vy — ) and that (¢, . P, ) converges point-
wise to (g‘og “Eom) g‘o‘f*’("_“)’p V) (up to additive constants).

Given Lemma 26, the Arzela-Ascoli theorem implies that there exists a subsequence

. A//’_,//’_,//) A,/’_v,,,_y,,) . .
t,» along which (¢," Goayrfi, 0" Woaer L)y onverges to a pair (o, 1) of continu-
ous functions uniformly on compact sets (hence pointwise); similar implications hold for

the other pairs of EOT potentials. Given that ¢, ,, converges pointwise to ca+ and that

Mo, U1, Vo, vy are 4-sub-Weibull it follows from the dominated convergence theorem that

Aty ,(ﬁo,t”,/ *ﬁl,tnn) Aty '(ﬂo'tn" ’Hl"n")

gy “ g )
e € = e & dlll,tnu
prcax@) _ o™
—_ e £ dﬂl = e £ s
_ - Ay, A )
A ; . torr MOt 1.t
e € = e £ leO,lnu

PO —CpA* () _ _1
— e & d,u() =e R

so that (¢g, ;) is an optimal pair for OTa+(fio, f1;) and similarly for the other EOT
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wAt”” ARt pr Lt s )WA:n,, 010 L typ1)
1 At i POBP] —CA

potentials. Conclude that e s — e~ ¢  pointwise on

PP —cA
R% x R and we recall that e+ = ;él(gpl

o ® f1;-a.e. so that, arguing as in the proof

of Lemma 29,

! f Ca,, = Ca,, o TV dEM — f (8¢x. By, [X] = By, [X DIy
+8(y, By, [X] - B, [XDlIxd?) dr™” (x, ).

Conclude that

82,8(/10,1‘,,// s ﬂl,tn//) - S2,8(p09 pl)
tn//

. f@g*’(ﬂoﬁl)d(vo_u0)+f¢?*»@0’ﬂl)d(vl _lul)
‘ f 80x, By [XT = By [XDIVIP + 8¢y, By, [X] = By, [XDIIxIPdr™" (x, y),

> inf {fgo,nA + %‘d(m — Ho) + fgl,nA + @?(Vl —/11)}-

Given that this final lower bound is independent of the original choice of subsequence,

So.e(foss f1.0) — So.e(Hos 1)

lim inf
tl0 t
> inf {ng,ﬂA + @od(vo — o) + fgl,nA + @ (v —,Ul)}
AeA
which, in combination with (3.54) proves the claim. O

Lemma 31. For any pairs (vo, V1), (00,01) € Pasr(R?) X Py, (RY), we have that
|82,8(1_/0, 1_/1) - Sz’g(ﬁo,ﬁl)| < C”V() ® V1 — pPo ®p1||oo;7:@ for some constant C > 0 which is

independent of (vy, v1), (09, P1)-
Proof. Observe that

1S2,6(Vo, V1) — S2.6(Po, P1)| < sup |OTA,s(170, Vi) — OTA,g([_)o,f)l)|

AEBr(M)
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and
OTa £(V0, V1) = OTa (00, p1) = OTa (Y0, V1) — OTa (V0, £1)
+ OTa (¥, p1) — OTa «(Po, p1)
< f GO, - py) + f ¢p "7 d(70 — po)

OTas(¥0, 71) — OTa (B0, 1) 2 f oo TPV (70 — po) + f MA@, — ).

(3.55)

By a Taylor expansion, for any x € R,
o T =By, [XD = 0y 7 (0~ By, [XT)
d
+ D (B, [X] =By, [XD)dig} 7 (x = (1 = )y, [X] - B, [X]),
i=1

for some ¢ € (0, 1). It follows from the uniform bounds on the 4-th moments of 4-sub-
Weibull distributions established in Lemma 25 and the estimates on the derivatives on the

EOT potentials (see Lemma 26) that
[ 07 (= By [XD) — "™ (e — By [X])

d
= | Dol XT =B [XDidi0 " (x = (1 = OB, [X] = By, [X])
i=1

di
< > |B X1 = By, [XDi| Ki(1 + Ilx = (1 = )y, [X] — B, [X]IF)
i=1

)

< Co(1 + Il midx [(B,, [X] - By, [X]),

where K| is the constant from Lemma 26 corresponding to k = 1 and C; is a constant
depending only on o, dy, d;, and &. It is easy to see that, for i € [N], (B, [X] - E,,[X]); =

fxl-d(pl —v)(X) < |vo ® vi — po ® pillo.se given that x; € F; and that 0 € F.

In sum,

f MA@, - py) = f e~ B, [X]) - @7~ B, [X])dv,

<C1(1+M3(v))lvo®v1—po®p1 o 70

. f(p,lg,(vo,v])(_ - E, [X1)d(vi = p1).
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Analogous bounds hold for each of the integrals in (3.55) whereby

|OTA,8(170, V) — OTA,a(ﬁo,ﬁl)l

< (] f oMM~ B, [XDd(v, - p1) + f @ TP — B, [X1)d(vo — po)

\/ ' f @y "V = B, [XDd(vo - po) + f o "7 = By, [XDd(v1 - p1)

|

where C, depends only on o, dy, d;, €. As go‘g’(v‘)’p D — E, [X]) @ ¢?’(V°’v‘)(- - E,, [X]) and

+ Collvo ® vi — po ® pilleoges

%A,(vo,p (. - E, [X]) ® %A,(po,p (. - E,, [X]) are elements of #® up to scaling by a constant
that does not depend on vy, vy, po, p1, it follows that |OTA,8(170,171) - OTA,S(ﬁo,[)l)| <

Csllvo ® vi — po ® pilleo.7¢ for some C; which is independent of vy, vy, po, 01- O

Proof of Theorem 15. The claimed Géateaux differentiability follows from Lemmas 27
and 30 whereas Lipschitz continuity follows from Lemmas 28 and 31 by applying the

variational form (3.8). O

Proof of Theorem 16

Given Theorem 15, the proof of the first statement in Theorem 16 follows directly from
Proposition 16. Under the assumption that € > 16 \/m, Theorem 6 in [164]
asserts that @, 7, is strictly convex so that it admits at most one minimizer, A*. Recall
from the discussion following (3.9) that A is always non-empty so that A = {A*} and

the limit distribution simplifies to x uyeu, ((fo + o + g‘og*) S(fi+8i+ gb‘l“ )

As for the statement regarding the empirical measures, it will follow upon showing
that ¥y and ¥ are, respectively, uo- and u;-Donsker and that the empirical measures are 4-
sub-Weibull with some parameter with probability approaching one. As noted in the proof

of Theorem 10, Donskerness of the classes and the independence assumption imply that

141



\/ﬁ(ﬁo,n - #O) ® (ﬁl,n —,Lt]) i) G/J()@/l] in €M(¢®) where G,uo®/11 (.fO eafl) = Gpo(f()) + Gm (fl)

and G, G, are, respectively, tight uo- and u;-Brownian bridge processes in (%) and

=(F).

Donskerness of F, and 77 with respect to any 4-sub-Weibull distribution follows
from a direct adaptation of Lemma E.24 in [106] (see also Lemma 8 in [104]) and is thus

omitted.
Fixing i € {0, 1} and some & > o, the law of large numbers yields
i i a2
ex?dfl;, — er&Zdyi <27 <2
a.s. so that f1;,, is 4-sub-Weibull with parameter 6 with probability approaching 1.

The proof of bootstrap consistency follows the same lines as the proof of Theorem 7

in [106] and is thus omitted for brevity. O

3.8.6 Proofs for Section 3.6

Proof of Proposition 8

If D(uo, 1) = 0, there exists an isometry T : spt(uy) — spt(u;) for which Ty = p;. For

any i € [N], let T(—e;) = y and observe that, by construction,

1

— -1 _
(N - 1DN(N + 1) = po(T~({yh)) = (y),

al 1
(—e;) +
ij:177p0.;]( @ N+1

i

where

1 N &
my) = N-DNN <D ”Zzl o1, (V) + Nl ;5—e,—(y)-

i£j
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Note that ZQ’FI Mp1;(¥) < N(N — 1) with equality if and only if 7, .(y) = 1 for every
i#j

i, j € [N] withi < j. Thus, if y ¢ (—¢;)Y,, it holds that u;(y) < ﬁ with equality if and
only if

l=n,,0) = f]l{y}(—ei + tej)dp;i(1)
forevery i, j € [N],i < jie.y = —e; + se; for some s € [0, 00) and p;;({s}) = 1, evidently

this equality cannot hold simultaneously for all such i, j. Consequently, y € (—e)Y, so

that, for every i € [N], T(—e;) = —e,(; for some permutation o’ on N elements.

By extending the isometry to an isometric self-map on R", we have by the Mazur-
Ulam theorem that T'(x) = Ux + b for some orthogonal matrix U € R and b € R".
For any i € [N],

1= IT(=e)I? = |l = Ueill +2b™(U(=e) + |IbII* = lleill* + 2b™(T(=e;) = b) + |IblI*

=1—|blI* = 2b ey ).
As the above equality holds for every i € [N] and o’ is a permutation, it follows that
Ib||> = —2b; for everyi € [N]i.e. b= —%(1, ...,Dorb=(0,...,0). Letr € [0, 00) and

i # j € [N] be arbitrary and observe that
T(—e; + tej) =U(—e; + tej) +b= —€o(i) — (U(—ej) + b) +b= —€g(i) T l€g(j) T b.
Since Tyuo = pi, for any Borel set I C [0, 00),

i(Urerl—eo iy + tegrjy + bY) = (Uit T~ ({—epry + tepr(jy + bY))
= po(User{—e; + tej}).
Ifb= —%(1, e D), U {—ear(i) + teq(j) + b} has measure O with respect to iy whereas
Ho(Urer {—ei + tej}) # 0 for some set I (e.g. 0 € I). Conclude that b = 0 and, for every

measurable subset, /, of [0, c0) and every i, j € [N] with i < J,

po,i;(I) N 1
NN+DWN—-1) ' N+1

0o(l) = i (Uel—eoiy + te(j})

_ P1.o (o)) N 1
NN+1)(N-1) N+

150(1).
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It follows that po;; = p1,()0(j) @s measures on R or, equivalently, p1;; = po )0 Where

o is the inverse of o for every i, j € [N] with i # j

Conversely, if there exists a permutation o for which p; ;; = po o j) fOr every i, j €
[N] with i # j, consider the linear isometry T : (xi,...,xy) € RN 5 (Xov1), - - -, Xor) €

RY, where ¢~ is the inverse of o. For any Borel set A ¢ RY,

— 1 N -1 1 o -1
T ) = S TN =T) jZl Moo (T () + ;6_6,.@ (A)).
i#]

It is clear that 3N, 6_.(T7'(A)) = 2V, 6, ,(A), whereas
npo,ij(T_l(A)) = f]lr-l(A)(—ei + tej)dpoi(t) = fﬂA(—ea'(i) + teg(j))dpo,ij(1)
= fﬂA(—ea'(i) +1e0(j))dP1.o (o (j)(1)

= npl,u"(i)rr’( f) (A)’

the previous two displays imply that Tyuy = u; whereby D(ug, 1) = 0. O

Proof of Theorem 17

For a set A C RY, let F(A, L) denote the set of convex L-Lipschitz functions on A. For

an arbitrary f € F([-1, KV, 1)

1 S RN
H0iD) = N TS Zl nD+ g 210,

1#]
o WL R O PRI
— — —€; e —€i)s
(N=DNN+1) At n £ s N T4
i#j

whereas

1 N I
Wl = TN JZI [ s-ers tepdpnstn + P!

1#]
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thus

(/JO,n - /JO)(f)
1 N 1 n o
= N—DNN+ D) e [; kzz; f(_ei + Mij ’ €j) — ff(—e,- + tej)dpo,,-j(t)) (3 56)
i£j .
_ 1 NJ A
- (N=DNN + 1) i ._l(pO,ij,n _pO,ij) (f(—ei + ()e])) .
oy
In sum,
E{ sup  |(uon — po)(f )|l
SEF(-1.KIV,1)
1 N
E b — poi) (F(=es + (Ve
SN DN+ 1) ]ZI 5 Bossn = poa) (flei+ (0e) |l
it

Since t € [0, K] = f(—e; + te;) is 1-Lipschitz and convex’ the supremum on the right
hand side can be replaced by a supremum over ¥ ([0, K], 1), which admits an L™ metric
entropy scaling as N(F ([0, K], 1),€,L*) < € (see Theorem 1 in [112]). Evidently,
the same result if 1, — yo 1s replaced by u;, — ¢;. The remainder of the proof for the
expected rate of convergence follows by the same argument as the proof of Theorem 3

in [223] with only minor modifications.

The limit distribution results follow from the proofs of Theorem 9 and Corollary 5
upon characterizing the weak limit of v/n(uo,, — o); the arguments evidently also apply
to Vn(ui, — u1). We provide a general argument which applies to compactly supported
weight distributions and specialize to the finitely discrete case at the end, as the stability

results derived herein can only be applied in this case.

To this end, it was previously noted that N(¥ ([0, K], 1),€, L) < €7 50 that, by

Theorem 2.5.2 in [199], # ([0, K], 1) is po;-Donsker for every i, j € [N],i < j. As

Indeed, for any t,s € [0, K], |[f(—e; + tej) — f(—e; + sej)| < ||te; — sejl| = L|t — s| and, for 4 € [0, 1],
f(=e; + @A+ (1 = )s)e)) = f(A(—e; +tej) + (1 — A)(—e; + se;j)) < Af(—e; + tej) + (1 — ) f(—e; + se;).
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the samples from different edges are independent, Example 1.4.6 in [201] and Lemma

3.2.4 [73] imply that

. . d
V(Do - - - s Ponv-10) = 00,125 - - s PoNN-1)) = (G- > Gponny)  (3.57)

in ]"[f?’j:l 2(F ([0, K], 1)), where, for i, j € [N],i < j, G, 1S a po;;-Brownian bridge
i<j

process in £ (F ([0, K], 1)) and all processes are independent. Observe that the map

Y1V, €2 (F (0, K], 1) = £2(F (-1, K]V, 1/2)), defined via

ij=1
i<j

T (Mo, Ivev-1))

N
= | £ e FA-LKIN, 1/2) o > i (f=ei + (ej) + fl=ej + (Jep) |,
i,j=1
i<j

is continuous, so that, by (3.57), the representation of (1o, — o) furnished in (3.56), and

the continuous mapping theorem, we have that

1
Vit — o) > TN (G Gooniy) i EF (=1 KT, 1/2).

We highlight that, for any f € ¢~(F([-1, K]V, 1/2)),
Yot Var, (f(=ei + (Dej) + f(=ej + (Der)

i<j
T (Goue -+ Gnn) (N =N [0, (N — 12N2(N + 1)? (3.58)

in distribution since, for any f € ([0, K], 1), G, ;(f) = N(0, Var,, .(f)) in distribution

(i, j € [N],i < )).

In the case that each of the py;; are finitely discrete, we let (wgﬁ))fjl denote the set
of support points and let (pgf))f;jl be the corresponding probabilities pglj) = 0o, j(wl(.f)) for

k € [K;;] and any i, j € [N] with i < j. Then, for any bounded measurable function g on
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R, Vary, () is given by

(1) (1) M @) 1 (Kij)

TPy (L=py)  —pypy e TPy Py
g(w(l)) J J J J J J g(W(l))

ij _@ (M @1 — p@) @ (K ij

Di;j Pi; Pij Pij Pij Pi;
(Kij) (Kij)
8w ™) _ o Ki) (1) _(Kip) ) Kipep _ (K,-,->) gw; ™)

Pij  Dij v r; - py(=py

so that, if B;; denotes the above multinomial covariance matrix, the variance in (3.58)

can be written in terms of a block diagonal matrix

By,

1 o B3 y
(N = 1)2N?(N + 1)2f y /s (3.59)

frEzf =

Byw-1)

where f = (le’ ey fN(N—l)) , and

1 1 (Kij) (Kij)
fii= (f(—ei + ng)ej) + f(—e; + wl(.j)ei), cos f(—ei + Wi "ej) + f(—e; + Wi ! ei)),

for i, j € [N] with i < j. The limit theorem then follows from Theorem 10.

It remains to show that Assumption 2 holds in this setting. The expression for y,,(fo)
is given in (3.58) for f; € {([-1, K]V, 1/2), an analogous expression holds for x,, (fi) for
/i in the same space. Now, assume that g,(- — E,, [X]) € {([-1, KI¥,1/2) and let T be a
Gromov-Monge map between fiy and ji;. In particular, T = S (- + E,,[X]) — E,, [X] where
S corresponds to a permutation of axes according to some permutation o as follows
from Proposition 8. Then, letting o~ denote the inverse of o,

X/J](gl(' - Epl [X]))
Sy Vary, (g1(—e; + (De; — By [X]) + gi(—e; + (De; — By, [X])

i<j

= N|O,

(N — 1)’N?2(N + 1)* ’

Z,]szl Vary, ., (81(=€; + (e; — By [X]) + g1(—¢; + (e; — By, [X]))
i<j

= N|O,

(N —1)’N%(N + 1)?
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Forany t € R, —e; + te; — B, [X] = T(~ey) + to(j) — E, [X]) so that

Var,,, .. (gi1(—ei+()e;—E, [XD) +gi(—e;+ (e, —E, [X]))
= Vary, ., (81T (=exiy + (Ve — Eyp[XD) + g1(T(—eo(j) + (e — By [X1))),

and

/\//11(81(' - E/J] [X]))
Sy Vary,, (81(T(—e;+()e; =B, [XD) +g1(T(=e; + (-)e; — By, [X1)))

i<j

=N|0,
(N —1)’N%(N + 1)?

= Xuw((&1 0 T)(- = By [X])),

as desired.

Letting £, be the covariance matrix in (3.59), and X, be the same covariance matrix
with the edge distributions p;; replaced by empirical estimates thereof, it is easy to see
that, conditionally on Gy, ...,Go, and Gy, ...,G, B, [X] = E, [X],Z,,, — Z,[X],
and X, — X given almost every realization of the data. Moreover, it is easy to see that
¥;1y = X,1y = 0 with probability 1 so that the required orthogonality condition holds.
The fact that the proposed test is of asymptotic level a then follows form Theorem 18.
Under the alternative, it is easy to see that the test statistic diverges to +oo so that the test

is asymptotically consistent. O

3.9 Concluding Remarks

This work initiated the study of distributional limits for the GW problem, covering
both discrete and semi-discrete cases, as well as general 4-sub-Weibull distributions for
the entropically regularized GW distance. To this end, we characterized the stability

properties of the GW and entropic GW distances along perturbations of the marginal
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distributions, which may be of independent interest and offer utility beyond our statistical
exploration. As the derived limits are generally non-Gaussian, we prove the consistency of
a direct estimator of the limiting variable in the case of discrete distributions. Remarkably,
we can efficiently sample from the direct estimator using linear programming, in spite of
the fact that computing the empirical GW value is NP-complete in general. The developed
limit distribution theory was leveraged for an application to graph isomorphism testing.
To facilitate that, we proposed a framework for embedding distributions of random graphs
into P(RY), i.e., distributions over a Euclidean space. This allows casting the graph
isomorphism testing question as a test for equality of the embedded distributions under
the GW distance. We then leverage the derived limit laws to furnish an asymptotically
consistent test, and propose efficient procedures for (approximate) evaluation of the GW
test statistic. Numerical results validating the test performance on several random graph

models were provided, along with simulations of the derived limiting laws.

Future research directions stemming from this work are abundant. Firstly, although
we did not provide limit distributions for the empirical GW distance between compactly
supported distributions in low dimensions, the numerical experiments in Section 3.7.2
suggest that such a result may hold, at least under the null. Extending our current
proof technique to the compactly supported case would require, among other results,
proving that the OT potentials (¢;),, ') for OTa((- = By, [XDgtto,» (- = By, [XDgit1,) where
A € argminy gapx; Py ) cOnverge pointwise as ¢ | 0 to a pair of OT potentials for
OTa (19, f11) which maximizes Y : (Yo,¥;) — f&od(vo - Ho) + f&ld(vl — [p) over
all such OR potentials. While it is straightforward to show that the sequence of OT
potentials converges along a subsequence to a pair of OT potentials for OT 4 (i1, f11), the

main challenge lies in proving that this pair is maximal for Y.

Another promising direction pertains to isometry testing of heterogeneous datasets
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using the GW distance. Our approach to testing for graph isomorphisms, presented in
Section 3.6, relies on a particular embedding of random graph distributions into the
space of distributions on a Euclidean space. The key property of this construction is
that the embeddings are identified under the GW distance if and only if the distributions
on graphs are isomorphic. This embedding, provided in (3.15), consists of two terms:
the first compares the individual edge distributions, while the second ensures that the
embeddings can only be related by specific isometries. This hints at a broader strategy
for testing whether two datasets are generated from distributions that are related by
particular isometric transformations, but not others. We plan to explore this direction
further, aiming a general isometry testing methodology between heterogeneous datasets

via the GW distance.
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CHAPTER 4
ENTROPIC GROMOV-WASSERSTEIN DISTANCES: STABILITY AND
ALGORITHMS

This chapter is based on the paper “Entropic Gromov-Wasserstein Distances: Stability
and Algorithms” [164], published in the Journal of Machine Learning Research. This is

joint work with Ziv Goldfeld and Kengo Kato.
4.1 Introduction

The Gromov-Wasserstein (GW) distance compares probability distributions that are
supported on possibly distinct metric spaces by aligning them with one another. Given
two metric measure (mm) spaces (X, do, tto) and (X, dy, uy), the (p, g)-GW distance

between them is

D ,M1) = inf di(x, x') — di(y,y’
palbio, ) Qu)( | - | i = o)

where I1(uo, 1t1) is the set of couplings between p and y;. This approach, proposed

1

Pdn @ n(x, y, x’,y'))p , (4.1)

in [141], is an optimal transport (OT) based L”-relaxation of the classical Gromov-
Hausdorff distance between metric spaces. The GW distance defines a metric on the

space of all mm spaces modulo measure preserving isometries.!

From an applied
standpoint, a solution to the GW problem between two heterogeneous datasets yields
not only a quantification of discrepancy, but also an optimal alignment 7* between
them. As such, alignment methods inspired by the GW problem have been proposed for

many applications, encompassing single-cell genomics [23, 67], alignment of language

models [5, 108], shape matching [140, 125], graph matching [217, 216], heterogeneous

"Two mm spaces (Xo, do, tto) and (X1, d1, u;) are isomorphic if there exists an isometry T : spt(ug) —
spt(u;) for which oo T~! = u; as measures. The quotient space is then the one induced by this equivalence
relation.
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domain adaptation [219], and generative modeling [32].

Exact computation of the GW distance is a quadratic assignment problem, which
is known to be NP-complete [51]. To remedy this, various computationally tractable

reformulations of the distance have been proposed. We postpone full discussion of such

methods to Section 4.1.2 and focus here on the entropic GW (EGW) distance [160, 186]

"dr @ n(x,y,x',y") + eD(mllto ® p11),

S;,q(/‘l()’ lul) = inf )ff |dg(-x9 -x/) - d?(y’ y/)

mell(uo.p1

which is at the center of this work. Entropic regularization by means of the Kullback-
Leibler (KL) divergence above transforms the linear Kantorovich OT problem [120] into
a strictly convex one and enables directly solving it using Sinkhorn’s algorithm [53].
Although the EGW problem is, in general, not convex, [186] propose to solve it via
an iterative approach with Sinkhorn iterations. This method is known to converge to
a stationary point of a tight (albeit non-convex) relaxation of the EGW problem, but
this is an asymptotic statement and the overall computational complexity is unknown.
Similar limitations apply for the popular mirror descent-based approach from [160].
To the best of our knowledge, there is currently no known algorithm for computing
the EGW distance subject to non-asymptotic convergence rate bounds, let alone global
optimality guarantees. Further, these methods do not account for the error incurred by
using Sinkhorn iterations, nor do they address the behaviour of the solutions they obtain

in the limit of vanishing regularization.

The goal of this work is to close the aforementioned computational gaps, targeting
algorithms with non-asymptotic guarantees, accounting for inexactness in Sinkhorn’s
algorithm, characterizing convexity regimes of the EGW problem, and establishing
convergence of stationary points to the EGW problem to stationary points of the GW
problem as € | 0. All of these will be achieved as a consequence of a new stability

analysis of the EGW variational representation from [223].
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4.1.1 Contributions

Theorem 1 in [223] shows that the EGW distance with quadratic cost between the

Euclidean mm spaces (R%, || - ||, uo) and (R¥, || - ||, 1) can be written as:

S22o, 1) = Cpyyy + Inf {321|All7 + OT 4 ot 1))}, (4.2)
€Dy

where C,,, ,, is a constant that depends only on the moments of the marginals, D), c R%*%
is a compact rectangle, and OT 4 (i, ¢1) is an EOT problem with a particular cost
function that depends on the auxiliary variable A. This representation connects EGW
to the well-understood EOT problem, thereby unlocking powerful tools for analysis. To
exploit this connection for new computational advancements, we begin by analyzing
the stability of the objective in (4.2) in A and derive its first and second-order Fréchet
derivatives. This, in turn, enables us to derive its convexity and smoothness properties
and devise new algorithms for solving the EGW problem, subject to formal convergence

guarantees.

The Fréchet derivatives of the objective function from (4.2) in A reveal that this
problem falls under the paradigm of smooth constrained optimization. Indeed, the
derivatives imply, respectively, upper and lower bounds on the top and bottom eigenvalues
of the Hessian matrix of the objective; L-smoothness then follows from the mean value
inequality. By further requiring positive semidefiniteness of the Hessian we obtain a
sharp and primitive sufficient condition on € under which (4.2) becomes convex. These
regularity properties are used to lift the accelerated first-order methods for smooth
(non-convex) optimization [89] and convex programming with an inexact oracle [55] to
the EGW problem. This yields the first algorithms with non-asymptotic convergence
guarantees toward global or local EGW solutions, depending on whether the problem
is convex or not (e.g., under the aforementioned condition). Our algorithms compute

not only the EGW cost, but also provide an approximate optimizer—namely a coupling,
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which serves as the alignment scheme that achieves the said cost.

Specifically, our method iteratively solves the optimization problem in the space of
auxiliary matrices A € R®*%  with each iterate calling the Sinkhorn algorithm to obtain
an approximate solution (viz. the inexact oracle) to the corresponding EOT problem.
The time complexity of the Sinkhorn algorithm governs the overall runtime, which is
therefore O(N?), for uy and y; as distributions on N points. This presents a significant
speedup to the O(N?) runtime of popular iterative algorithms from [160, 186]. Under
certain low-rank assumptions on the cost matrix, [177] recently showed the mirror descent
approach from [160] can be sped up to run in O(N?) time, which is comparable to our
method. Nevertheless, our algorithms are coupled with formal convergence guarantees,
non-asymptotic error bounds, and global optimality claims under the said convexity

condition, while no such assurances are available for other methods.

As the derivative of the objective from (4.2) depends on the optimal coupling for a
particular EOT problem, we also account for the error incurred by solving this problem
numerically (e.g. via Sinkhorn iterations). In particular, we characterize how well the
output of a standard implementation of Sinkhorn’s algorithm approximates the true
EOT coupling. This effect was not analyzed before, as existing literature focused on
approximating the unregularized OT cost, while treating the KL divergence term as a

bias.

The EGW distance serves as a proxy to unregularized GW, which renders the van-
ishing regularization parameter regime, namely € | 0, of central importance. We show
that stationary points of the variational EGW problem converge (possibly along a subse-
quence) to a stationary point of the variational GW problem as € | 0. Only convergence to
a stationary point can be guaranteed in the limit since the underlying variational problem

may fail to be convex when ¢ is small. Nonetheless, this is the first result that provides
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stationarity guarantees for limiting solutions, which clarifies how the local solutions

obtained using our algorithm approximate local solutions to the unregularized problem.

4.1.2 Literature review

The computational intractability of the GW problem in (4.1) has inspired several refor-
mulations that aim to alleviate this issue. The sliced GW distance [206] attempts to
reduce the computational burden by considering the average of GW distances between
one-dimensional projections of the marginals. However, unlike OT in one dimension, the
GW problem does not have a known simple solution even in one dimension [14]. Another
approach is to relax the strict marginal constraints by optimizing over the weights of
one of the marginals as in semi-relaxed GW [209] or by using f-divergence penalties;
this leads to the unbalanced GW distance [180], which lends itself well for convex/conic
relaxations. A variant that directly optimizes over bi-directional Monge maps between
the mm spaces was considered in [224]. The fused GW distance [205] enables com-
paring both feature and structural properties of structured data. Although most of these
relaxations can be shown to converge to the GW distance (in terms of function values)
under certain regimes, they involve solving non-convex problems, which limits their
utility for numerical resolution of the GW problem. The recent work of [41] proposes a
semidefinite relaxation of the GW problem along with a certificate of optimality which,
upon obtaining a solution to the relaxed problem, establishes if it is optimal for the

original problem.

While these methods offer certain advantages, it is the approach based on entropic
regularization [160, 186] that is most frequently used in application. A low-rank variant

of the EGW problem was proposed in [177], where the distance distortion cost is only
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optimized over coupling admitting a certain low-rank structure. They arrive at a linear
time algorithm for this problem by adapting the mirror descent method of [160]. As an
intermediate step of their analysis, they show that if uy and w; are supported on N distinct
points, then the O(N?) complexity of mirror descent (see, e.g., Remark 1 in [160]) can
be reduced to O(N?) by assuming that the matrices of pairwise costs admit a low-rank
decomposition (without imposing any structure on the couplings). This decomposition
holds, for instance, when the cost is the squared Euclidean distance and the sample size
dominates the ambient dimension. Although mirror descent seems to solve the EGW
problem quite well in practice, formal guarantees concerning convergence rates or local

optimality are lacking.

Other related work explores structural properties of GW distances, on which some of
our findings also reflect. The existence of Monge maps for the GW problem was studied
in [75] and they show that optimal couplings are induced by a bimap (viz. two-way
map) under general conditions. [66] focused on the GW distance between Gaussian
distributions, deriving upper and lower bounds on the optimal cost. A closed-form
expression under the Gaussian setting was derived in [127] for the EGW distance with

inner product cost.

As we establish stability results for the EGW problem by utilizing its connection
to the EOT problem with a parametrized cost, we mention that different notions of
stability for EOT have been studied. For instance, [90] concerns stability of the EOT
cost for varying marginals, cost function, and regularization parameter. The related
works [38, 78, 157] concern stability of the EOT cost and related objects for weakly

convergent marginal distributions.
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4.1.3 Organization

This paper is organized as follows. In Section 4.2 we compile background material on
EOT and the EGW problems. In Section 4.3, we describe the smoothness and convexity
of the variational EGW problem. In Section 4.4, we analyze and test two algorithms for
solving the EGW problem. We compile the proofs for Sections 4.3 and 4.4 in Section 4.5.

Section 4.6 contains some concluding remarks.

4.1.4 Notation

Denote by P(R?) the collection of all Borel probability measures on R?, and by #,(R?)
the set of all 4 € P(R?) with finite p-th moment (p > 0). The pushforward of u € P(R%)
through a measurable map 7 : R% — R% is denoted by Tyu := u o T~'. The Frobenius
inner product on R%* is defined by (A, B)r = tr (A7 B); the associated norm is denoted
by || - |lz. For a nonemtpy set S ¢ R?, C(S) is the set of continuous functions on S. We

adopt the shorthands a A b = min{a, b} and a V b = max{a, b}.

4.2 Background and Preliminaries

We first establish notation and review standard definitions and results underpinning our

analysis of the EGW distance.
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4.2.1 Entropic Optimal Transport

Entropic regularization transforms the linear OT problem into a strictly convex one.
Given distributions u; € P(R%), i = 0, 1, and a Borel cost function ¢ : R% x R1 — R
that is bounded from below on spt(ug) X spt(u;), the primal EOT problem is obtained by

regularizing the standard OT problem via the Kullback-Leibler (KL) divergence,

OT.(ospir) = inf f ¢ dr + D (o ® 1),

mell(uo.u1)

where € > 0 is a regularization parameter and

[log (%) dpo, if po < py,

Dk (uollur) =
+00, otherwise.

Classical OT is obtained from the above by setting € = 0. When ¢ € L'(uy ® u;), EOT

admits the following dual formulation,

Yo®p1—C
OTe(uo, 1) = sup fwoduo+f901du1 —sfe S dueeu + e,
(1)

(0,p1)EL! (o)X L!
where ¢y ® ¢1(x,y) = @o(x) + ¢1(y). For € > 0, the set of solutions to the dual problem

coincides with the set of solutions to the so-called Schrodinger system,
oLl ()elx) 4
e © duy =1, pp-a.e. x € R,

po()+e1 ()—c(-y) d
e E dup =1, p-ae.yeRY,

for (¢o,¢1) € L' (up) X L'(uy). A pair (¢g, ¢1) € L'(19) X L' (1) solving (4.3) is known

4.3)

to be a.s. unique up to additive constants in the sense that any other solution (&, ;)
satisfies @g = @o +a pp-a.s. and p; = ¢ —a y,-a.s. for some a € R. Moreover, the unique

EOT coupling 7, is characterized by

drn, o)+ ()=clry)

(x,y)=e =, (4.4)
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and, under some additional conditions on the cost and marginals which hold throughout
this paper, (4.3) admits a pair of continuous solutions which is unique up to additive
constants and satisfies the system at all points (x, y) € R% x R%. We call such continuous
solutions EOT potentials. The reader is referred to [155] for a comprehensive overview

of EOT.

4.2.2 Entropic Gromov-Wasserstein Distance

This work studies stability and computational aspects of the entropically regularized
GW distance under the quadratic cost. By analogy to OT, EGW serves as a proxy of
the standard (p, g)-GW distance, which quantifies discrepancy between complete and

separable mm spaces (X, do, tto) and (X, dy, ;) as [141, 189]

D , = inf |I ,
p,q(/'tO lul) B T ” q”LP(n®7r)

where [,(x,y, x',y) = |dg(x, x") — d{(y,y")| is the distance distortion cost. This definition

is the LP-relaxation of the Gromov-HausdorfT distance between metric spaces,” and gives
rise to a metric on the collection of all isomorphism classes of mm spaces with finite

pg-size, i.e., such that fd(x, Xl du® u(x,x') < oo,

From here on out, we instantiate the mm spaces as the Euclidean spaces (R%, || - ||, 4:),

fori = 0, 1, and focus on the EGW distance for the quadratic cost.

>The Gromov-Hausdorff distance between (X, do) and (X, d;) is given by % infrerxo.X1) T 1 llzR)
where R(Xy, X) is the collection of all correspondence sets of Xy and X1, i.e., subsets R € Xy X X such
that the coordinate projection maps are surjective when restricted to R. The correspondence set can be
thought of as spt(rr) in the GW formulation.
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Quadratic Cost The quadratic EGW distance, which corresponds to the p = g = 2

case, is defined as

: / / 2 / 4

Se(uo, 1) = enlafﬂ )f|||x— X|P = lly = y'IP|” dn®n(x,y, x', ¥ )+eDy  (nllo®m). (4.5)
T 0-M1

One readily verifies that, like the standard GW distance, EGW is invariant to isometric

actions on the marginal spaces such as orthogonal rotations and translations. In addition,

note that S,(uo, 1) = €S1(us, 1%), where e = (¢7"/*1d)4u;. In general, (4.5) is a non-

convex quadratic program. Non-convexity can easily be discerned from the representation

(4.6).

When u, u, are centered, which we may assume without loss of generality, the EGW

distance decomposes?® as (cf. Section 5.3 in [223])

Se(uo, 1) = Sl(llo,,ul) + Sg(/lo’lll), (4.6)

where
Sl(,uo,m)=fllx—X’||4duo®ﬂo(x, X')+f||y—y'll4dﬂ1®,u1(y,y’)—4fIIXI|2IIy||2dMo®/11(x,y),

2
Sﬁ(ﬂo,lh):]r inf 1)f—4IIXI|2||y||2dﬂ(x,y)—8 Z (fxiyjdﬂ(x,Y)) +&Dx (llo®pr).-

ell(ug,
(Ho-u 1<i<dy
1<j<d;

Evidently, S' depends only on the moments of the marginal distributions o, 1, while S2
captures the dependence on the coupling. A key observation in [223] is that S? admits a

variational form that ties it to the well understood EOT problem.

Lemma 32 (EGW duality; Theorem 1 in [223]). Fix & > 0, (ug, 1) € P4(RD) x P4(RM),
and let M, ., = \Mx(to)M>(u1). Then, for any M > M,,, ,,,

S2(uo» 1) = ot 320|All7 + OT 4 o(o, 1), 4.7

3A similar decomposition holds for the inner product cost, obtained by replacing the squared Euclidean
distances in Equation (4.5) by inner products. As such, all results derived in this manuscript apply to the
inner product cost with minor modifications. See Section C.5 for additional details.
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where Dy = {A € R - ||A||p < M/2} and OT 4 (1o, 1) is the EOT problem with
the cost function c4 : (x,y) € R® x R4 +— —4||x|?|lyl> = 32xT Ay and regularization

parameter €. Moreover, the infimum is achieved at some A* € Z)MW1 .

An analogous result holds in the unregularized (¢ = 0) case, see Corollary 1 in [223].
The proof of Theorem 1 in [223] demonstrates that if u, and y; are centered and . 1s
optimal for the original EGW formulation, then A* = % f xyT dn,(x,y) is optimal for
(4.7) and 7, = ma+, Where 4« is the unique EOT coupling for OT 4+ (o, 11). It follows
from Jensen’s inequality and the Cauchy-Schwarz inequality that A* € D,,. Corollary 6
ahead expands on this connection by establishing a one-to-one correspondence between

solutions of S, and Si and shows that all solutions of (4.7) lie in Dy,.

Although (4.7) illustrates a connection between the EGW and EOT problems, the
outer minimization over D), necessitates studying EOT with a parametrized cost function

CA.

4.3 Stability of Entropic Gromov-Wasserstein Distances

We analyze the stability of the EGW problems with respect to (w.r.t.) the matrix A
appearing in the dual formulation (4.7). Specifically, we characterize the first and second
derivatives of the objective function whose optimization defines S2. These, in turn,
elucidates its smoothness and convexity properties. Our stability analysis is later used
to (i) gain insight into the structure of optimal couplings for the EGW problem; and
(i1) devise novel approaches for computing the EGW distance with formal convergence

guarantees.

Throughout this section, we restrict to compactly supported distributions, as some
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of the technical details do not directly translate to the unbounded setting (e.g., the proof
of Lemma 34). For a Fréchet differentiable map F : U — V between normed vector
spaces U and V,* we denote the derivative of F at the point u € U evaluated at v € V by

DF[u](V).

Fix compactly supported distributions (i, i;) € PR%®) x P(R%) and some & > 0.
Let
®: A € RO s 32)|A|l% + OT 4o (o, 1)

denote the objective in (4.7). We first characterize the derivatives of @ and then prove

that this map is weakly convex and L-smooth.’

Proposition 10 (First and second derivatives). The map @ : A € R — 32||A|2 +
OT 4 (10, tt1) is smooth, coercive, and has first and second-order Fréchet derivatives at

A € R%xdi gjven by
DO, (B) = 64tr(ATB) — 32 f X" Bydna(x,y),
D*®y4(B,C) = 64tr(BTC) + 32&™" f X" By (i €(x) + h"C(y) - 32x7Cy) dma(x, ),

where B, C € R%*4 g, is the unique EOT coupling for OT 4 (o, it1), and (5, k) is

the unique (up to additive constants) pair of functions in C(spt(u)) X C(spt(uy)) satisfying

«pA(»r)Jr«pf(y)fc (x.y)
f(hOA,C(x) + h;i,C(y) _ 32xTCy) e%d/—ll()’) =0, Vxesptup),
4.8)

G e e (xy)

f (mg €00 + hC0) = 32x7Cy) e+ duo(x) =0, Yy € sptiuy).

Here, (@3, %) is any pair of EOT potentials for OT 4 - (o, i1)-

Proposition 10 essentially follows from the implicit mapping theorem, which enables

us to compute the Fréchet derivative of the EOT potentials for OT,) .(1, ¢t1) using the

“Amap F : U — V is Fréchet differentiable at u € U if there exists a bounded linear operator
A : U — V for which F(u + h) = F(u) + Ah + o(h) as h — 0. If such an A exists, it is called the Fréchet
derivative to F at u.

SA function f : R — R is p-weakly convex if f + §|| -||? is convex; f is L-smooth if its gradient is
L-Lipschitz, i.e., [[Vf(x) = Vf)|| < Lllx - y|, for all x,y € R?.
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Schrodinger system (4.3). The derivative of OT.) .(1, 1t1), which is a simple function of
the EOT potentials, is then readily obtained. By differentiating the Frobenius norm, this

further yields the derivative of ®. See Section 4.5.1 for details.

The following remark clarifies that the first and second Fréchet derivatives of ®
can be identified with the gradient and Hessian of a function on R%% Recall that the
Frobenius inner product, (A, B)r = tr (ATB) = }1<i<d, AijBij, is simply the Euclidean

1<j<d;
inner product between the vectorized matrices A, B € R%*d,

Remark 20 (Interpreting derivatives as gradient/Hessian). The first derivative of @ from

Proposition 10 can be written as

DD 4(B) = <64A -32 fxyT dma(x, y),B> .

F

Recall that if f is a continuously differentiable function f on R, its directional derivative
at x along the direction y is Dfy(y) = (Vf(x),y), for x,y € R¢. By analogy, we may
think of D®4, as 64A — 32 f xyT dm4(x,y). This perspective is utilized in Section 4.4
when studying computational guarantees for the EGW distance, as it is simpler to view
iterates as matrices rather than abstract linear operators. By the same token, the second
derivative of ® at A € R%*4 is a bilinear form on R%* and hence can be identified with

a dyd, X dyd; matrix by analogy with the Hessian.

As a direct corollary to Proposition 10, we provide an (implicit) characterization
of the stationary points of ® and connect its minimizers to solutions of S,. Details are

provided in Section 4.5.2.

Corollary 6 (Stationary points and correspondence between S, and S2).

(i) A matrix A € R is a stationary point of @ if and only if A = 3 f xyTdma(x,y).
As @ is coercive, all minimizers of @ are stationary points and hence contained in

D,

Hoay
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(i1) If po and y, are centered, then a given matrix A minimizes @ if and only if 74 is

optimal for S, and satisfies 1 [xyTdm4(x,y) = A.

(iii) Suppose uo and u; are centered. If S, admits a unique optimal coupling 7, then
® admits a unique minimizer A* and n, = m4+. Conversely, if ® admits a unique

minimizer A*, then 74« is a unique optimal coupling for S,.

Although the second derivative of @ involves the implicitly defined functions

(hg’c, hf’c), its maximal and minimal eigenvalues admit the following explicit bounds.

Corollary 7 (Hessian eigenvalue bounds). The following hold for any A € R%>4:

(i) The minimal eigenvalue of D>®,4; satisfies
g [A]

Anin (D?a)) = 64+ 671 _inf f [ (€0 + W) 322(xTCy)2]dnA(x, v

IClF=1

> 64 —32%"! sup Var,, (XTCY),
ICllF=1

where the variance admits the uniform bound sup Var,, (XTCY) < \/Ma(uo)M4(uy).
ICllF=1

(i) The maximal eigenvalue of D*®4; satisfies Apax (Dzd)[A]) < 64.

Corollary 7 follows from Proposition 10 by considering the variational form of the
maximal and minimal eigenvalues; see Section 4.5.3 for details. We note that, in general,
the variance bound in Item (i) is sharp up to constants in arbitrary dimensions. For
example, it is attained up to a factor of 2 by py = 1 (6o + 6,) and p; = 1 (S + &) for

a € R% and b € R%: see Section C.1 for the full variance computation.

Armed with the eigenvalue bounds, we now state the main result of this section

addressing convexity and smoothness of ©.
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Theorem 19 (Convexity and L-smoothness). The map @ is weakly convex with parameter

at most 322" /M (o) M4(111)—64 and, if /My(uo)Mu(ur) < £, then it is strictly convex

and admits a unique minimizer. Moreover, for any M > 0, ®@ is L-smooth on D, with

L = max Ay (D*®pa7) V (= duin (D*@1a7)) < 64 V (32267 y/Ma(u0) (1) - 64).
AeDy

Theorem 19 shows that ® is amenable to optimization by accelerated gradient methods

with step size L and establishes sufficient conditions to guarantee convergence of these

algorithms to a global minimizer (i.e., convexity of @).

In general, optimal EGW couplings may not be unique. Theorem 19 provides
sufficient conditions for uniqueness of solutions to both (4.7) and the EGW problem
by the connection discussed in Corollary 6 when the marginals are centered. When the
optimal EGW coupling is unique, symmetries in the marginal spaces result in certain
structural properties for the optimal A* in (4.7). The following remark expands on these

connections.

Remark 21 (Symmetries and uniqueness of couplings). Fix € > 0 and a pair of centered
distributions (ug, i;) € P4(R%) x P4(R%). Assume that ® admits a unique minimizer
A* and let 74+ be the associated EOT/EGW coupling (e.g., under the conditions of
Theorem 19, given that u, 1, are compactly supported). If, for i = 0, 1, y; is invariant
under the action of the orthogonal transformation U; : R% — R% in the sense that
(Upgpi = pi it follows that (U, U;)yma~ 1s also an optimal EGW coupling, whence
(Uo, Uy)ymg» = ma~ by uniqueness. Thus, by Corollary 6, UjA*U; = A* where U; is
the matrix associated with U;, for i = 0,1. The previous equality holds for any pair
of orthogonal transformations leaving the marginals invariant, so the rows of A* are
left eigenvectors of U; with eigenvalue 1 and its columns are right eigenvectors of U

with eigenvalue 1 for every U; such that (U;)su; = p;. Thus, we see that symmetries of
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the marginals dictate the structure of A*. For example, if u; = (- Id)su;, we have that

A*¥=—-A* so A* =0.

4.4 Computational Guarantees

Building on the stability theory from Section 4.3, we now study computation of the
EGW problem. The goal is to compute the distance between two discrete distributions
o € PRP) and p; € PRY) supported on Ny and N; atoms (x("))?i’l and (y(j))?’:l],
respectively. In light of the decomposition (4.6), we focus on S?, which is given by a
smooth optimization problem whose convexity depends on the value of & (cf. Section 4.3).

Throughout, we adopt the perspective of Remark 20 and treat D@4, for A € R%*% ag

the matrix 64A — 32 [ xyT dra(x, ).

4.4.1 Inexact Oracle Methods

As these problems are already dyd;-dimensional and computing the second Fréchet
derivative of @ may be infeasible (in particular, it requires solving (4.8)), we focus
on first-order methods. Given the regularity of the S? optimization problem, standard
out-of-the-box numerical routines are likely to yield good results in practice. However,
to provide meaningful formal guarantees one must account for the fact that evaluation
of @ and its gradient, for A € Dy, requires computing the corresponding EOT plan,
which often entails an approximation. Indeed, an explicit characterizations of the EOT
plan between arbitrary distributions is unknown and algorithms typically rely on a fast
numerical proxy of the coupling. We model this under the scope of gradient methods

with inexact gradient oracles [55, 70, 76].
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For a fixed € > 0 and uy, ¢; as above, our goal is thus to solve
min 32||A[7 + OT 4 . (o, 1),
AEZ)M

where M > M, ,,, which guarantees that all the optimizers are within the optimization
domain (cf. Corollary 6). As we are in the discrete setting, the EOT coupling 74
for OT 4 (o, i11), A € Dy, is represented by 4 € RN>M  where H{j. = 74D,y
The inexact oracle paradigm assumes that, for any A € 9,,, we have access to a ¢-
oracle approximation IT* of IT* with ||lT* — ||, < &. Such oracles can be obtained,
for instance, by numerical resolution of the EOT problem. To this end, Sinkhorn’s

algorithm [184, 53] serves as the canonical approach.

Proposition 11 (Inexact oracle via Sinkhorn iterations). Fix 6 > 0. Then, Sinkhorn’s
algorithm (Algorithm 7) returns an (e° — 1)-oracle approximation 4 of M4 in at most k

iterations, where k depends only on o, i1, A, 8, and &, and is given explicitly in (C.4).

The proof of Proposition 11 follows by combining a number of known results.
Complete details can be found in Section C.2. To our knowledge, the majority of the
literature concerning the use of Sinkhorn’s algorithm for EOT focuses on approximating
unregularized OT and treats the KL divergence term as a bias. Here we quantify the

accuracy of estimating the true EOT plan, which may be of an independent interest.

With these preparations, we first discuss the case where @ is known to be convex on

Dy

4.4.2 Convex Case

Assume that @ is convex on Dy, e.g., under the setting of Theorem 19. As convexity

implies that the minimal eigenvalue of D?®\4 is positive for any A € D, Theorem 19

167



further yields that @ is 64-smooth. With that, we can the apply inexact oracle first-order
method from [55]. To describe the approach, assume that we are given a d-oracle M for
the EOT plan I for OT 4 .(uo, i), and define the corresponding gradient approximation
Dy =644 =32 > xO(GP)TIL, (4.9)

1<i<Ny

1<j<N;

We now present the algorithm and follow it with formal convergence guarantees.

Algorithm 5 Fast gradient method with inexact oracle

Fix L = 64 and let o = '%1, and 7, = Fzz

I: k<0

2: AO — Q

3: G() — D(I)[Ao]

4. WO — G,’()Go

5: while stopping condition is not met do
6: By min (1, ;o) (A - L7'Gy)
7: Cy < —min (1, —ZHL_IIMWI(”F) L'w,

8: Ay « QCk + (1 —71)By

90 Gy« DDy,

10: Wi — Wi+ @416y

11: k—k+1

12: return B;

The multiplication operations in Algorithm 5 are applied entrywise and it is under-
stood that min(1, M/0) = 1. Due to inexactness, stopping conditions based on insufficient
progress of functions values or setting a threshold on the norm of the gradient require

care. A condition based on the number of iterations is discussed in Remark 22.

We now provide formal convergence guarantees for Algorithm 5.

Theorem 20 (Fast convergence rates). Assume that ® is convex and L-smooth on Dy,
and that IT* is a 6-oracle for IT*. Then, the iterates By in Algorithm 5 with D®4,; given
by (4.9) satisty

2L||B*|I7

®(B,) — P(B*) < m

+ 36, (4.10)
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where B* is a global minimizer of ® and &' = 32M6 Y 1<i<n, ||x(i)|| ||y(j)||. Moreover, for
1<j<N;

any n > 3¢’, Algorithm 5 requires at most

k=

4.11)

3 1 8L||IB*|[2.
——+ 4|l +—| <
272 n—30

iterations to achieve an n-approximate solution.

{ 3] 128le
< +

The proof of Theorem 20, given in Section 4.5.5, follows from Theorem 2.2 in [55]
after casting our problem as an instance of their setting. Some implications of Theorem 20

are discussed in the following remark.

Remark 22 (Optimal rates and stopping conditions). First, consider the convergence rate
of the function values in (4.10). The first term on the right-hand side exhibits the optimal
complexity bound for smooth constrained optimization of O(1/k?) (cf., e.g., [150]).
The second term accounts for the underlying oracle error. Notably, the progress of the

optimization procedure and the oracle error are completely decoupled in this bound.

Next, we describe a stopping condition based on the number of iterations. Observe
that all terms involved in the upper bound in (4.11) are explicit as soon as a desired
precision 77 is chosen since the oracle error ¢ can be fixed according to Proposition 11.

Consequently, (4.11) can be used as an explicit stopping condition for Algorithm 5.

4.4.3 General Case

We now discuss an optimization procedure which does not require convexity of the
objective. This accounts for the fact that outside the sufficient conditions of Theorem 19,
convexity of @ is generally unknown. However, the same result shows that @ is L-

smooth with L = 64 V (322" \[M,(110)My(u1) — 64) and OT,,. is L'-smooth with L’ =
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32271 \/M4(uuo)M4(111). Hence, we adapt the smooth non-convex optimization routine
of [89] to account for our inexact oracle. Notably, their method adapts to the convexity

of @ as described in Theorem 21.

We now present the algorithm and describe its convergence rate.

Algorithm 6 Adaptive gradient method with inexact oracle

Given C € Dy, fix the step sequences S = ﬁ, Vi = ﬁ, and 7, = k%z

I: k1

2: A « Cy

3: G] — ECD[AI]
4: while stopping condition is not met do
- By —min(1, 52— ) (A — BiGy)
6: Ck — mm(l,m) (Ck—l —’)/ka)
7: Aps1 — Z/’{Ck+(1 — 1B,
8: Gk+1 — D(D[A,Hl]
0: k—k+1
10: return B

Unlike Algorithm 5, which can be initialized at any fixed A, the starting point in
Algorithm 6 should be chosen according to some selection rule that avoids initializing at
a stationary point (e.g., random initialization). Indeed, if A, is set to a stationary point of
®, then DP4,; = 0 and, consequently Ed)[ 4,1 ® 0 (given that the approximate gradient
is reasonably accurate), which may result in premature and undesirable termination.
Clearly, this is not a concern for Algorithm 5 since it assumes convexity of @, whereby

any stationary point is a global optimum.

The following result follows by adapting the proofs of Theorem 2 and Corollary 2
in [89]. For completeness, we provide a self-contained argument in Section C.3 along

with a discussion of how this problem fits in the framework of [89].

Theorem 21 (Adaptive convergence rate). Assume that @ is L-smooth on D), and that

M4 is a §-oracle for TI4. Then, the iterates A, By in Algorithm 6 with 5d)[ A, given by
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(4.9) satisfy

1. If @ is non-convex and OT ., (o, i1) is L’-smooth, then

5M?

9612
6|B*||1% + —) +8LY,

k(k+1)(k+2)

24LL
k

min “ﬁi—l(Bi—A,-)”i <

1<i<k

C)- B*|> +
1Co I T

where B* is a global minimizer of @, and &’ = 32M6 Y 1<i<n, ||x(i)|| ||y(j)||.

1<j<N,

2. If @ is convex, then

2
min ||,8i_l (B; - Al-)”2 < 6L

— = ||Cy- B*|]> +8L¢.
I<izk F = kk+ D)k + 2)” o= Bl

To better motivate this result, we show that when “,B,:‘ (B — Ak)” F is small, DO 4,

is approximately stationary.

Corollary 8 (Approximate stationarity). Let Ay, B, be iterates from Algorithm 6 and
assume that B, € int(D,,). Then,

IDDagllr <326 > IXOUYN + [|8c' (Bi - A,

1<i<Ny
1<j<N,

The proof of Corollary 8 follows from the -oracle assumption and the fact that when
B, is an interior point of Dy, we have B, = A; — 5;G;. See Section 4.5.6 for the full
details. When B; is not an interior point of 9,,, the interpretation of ||,8,;1(Bk — ADllr
is less straightforward. However, as all stationary points of ® are contained in Dy, ,
it is expected that Algorithm 6 will converge to an interior point when M > M, ,,. By

analogy with Remark 22, when all iterates are interior points Algorithm 6 yields a bound

on the total number of iterations required to achieve an approximate stationary point.

The following remark addresses the distinctions between the convex and non-convex

settings in Theorem 21.
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Remark 23 (Adaptivity of Algorithm 6). As in Theorem 20, the convergence rates
in Theorem 21 are decoupled into a term related to the progress of the optimization

procedure and a term related to the oracle error.

In the case where @ is non-convex, the dominant term in the optimization error is
O(1/k), which coincides with the best known rates for solving general unconstrained
nonlinear programs [89]. On the other hand, when @ is convex, the rate of convergence
improves to O(1/k*) which essentially matches the best known rates for the norm of the
gradient in the unconstrained accelerated gradient method applied to a convex L-smooth
function (see Theorem 6 in [183] and Theorem 3.1 in [44]%). This adaptivity is beneficial,

as @ may be convex beyond the conditions derived in Theorem 19.

An empirical comparison of Algorithms 5 and 6 in the convex setting is included
in Section 4.4.5. In particular, Algorithm 5 is seen to outperform Algorithm 6 in terms
of average runtime despite having the same per iteration complexity when the inexact

gradient is computed using standard Sinkhorn iterations.

Remark 24 (Computational complexity of Algorithms 5 and 6). As Sinkhorn’s algorithm
is known to have a complexity of O(NyN;) (cf. e.g. [177]), the gradient approximation
(4.9) can be computed in O(NyN;) time. It follows that Algorithms 5 and 6 admit a

computational complexity of O(NyN,).

4.4.4 Approximating Unregularized Gromov-Wasserstein Distances

The EGW distance can approximate unregularized GW to an arbitrary precision, with

error |S.(uo, (1) — So(uo, 1) = O (s log (%)) as € | 0 (see Proposition 1 in [223]). It is

®More precisely, [44] show that the iterates (yi)f.‘:l generated by the accelerated gradient method applied
to a convex L-smooth function f are such that ming<;< ||V f(y,~)||2 = o(1/k3).
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therefore natural to ask if the proposed algorithms can be used to approximate the unregu-
larized GW distance between finitely supported marginals. Note, however, that for € > 0
sufficiently small, @ may fail to be convex (see Theorem 19), whence Algorithm 6 may
only converge to an approximate stationary point of ®@. As such, it is not guaranteed that
itself S,(uo, u1) (i.e., the global minimum of the entropic problem) can be approximated
to within a desired accuracy. Nevertheless, we show that these approximate stationary
points can be used to capture a notion of local optimality for Sg(,uo, u1), keeping in mind
that the quadratic GW distance decomposes as So(uo, t1) = S'(uo, 1) + S§(uo, 1) for

centered distributions (see Corollary 1 in [223]).

As opposed to EOT, optimal solutions to unregularized OT may fail to be unique,
which entails that @, := 32| - ||129 + OT(y,0((0, 11) may be non-differentiable. Remarkably,

the following analogue of Corollary 6 on stationary points still holds.

Proposition 12 (Optimality conditions for @g). Let (1, it;) € PR%) x P(R%) be com-
pactly supported. If A is a local minimizer of @, then there exists a solution 7 to
OT 40(to. 1) with A = 1 [ xyTdi(x,y) € Dy for any M > M,,,,. If A is globally

optimal and py, ¢, are centered, then 7 solves Sy(ug, i1)-

The proof of Proposition 12, which will appear in Section 4.5.7, follows similar lines
to the proofs provided in the regularized case with the caveat that @, is merely locally

Lipschitz. To adapt these results, we characterize the Clarke subdifferential of @, [49].

Proposition 12 shows that any minimizer, A, € D), of @, satisfies an analogous
criterion to the stationary points, A, € Dy, of ®, = 32| - || + OT,).(uo, 1) for
&> 0 (namely, that A, = % f xyTdn(x,y) for some 7, solving OT z_o(uo, u1) for & > 0).
As noted previously, when ¢ is small, we can only guarantee that Algorithm 6 will

converge to an approximate stationary point, A} € Dy, satisfying [|[D(®)axllr =
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l64A% — 32 fxdeng*(x, Wl < 6, for some § > 0, where 7} solves OT 4x .(uo, it1). We
now show that the limit points of A}, as € | 0, are approximately stationary for ®.
Furthermore, if the matrices along the sequence are globally/locally optimal (in an

appropriate sense), we show that global/local optimality is inherited at the limit.

Theorem 22 (Convergence of approximate stationary points). Let (i, ;) € PR%) x
P(R¥) be compactly supported and fix § > 0. For & > 0, let A} € Dy, be such that

ID(®,)ax)llF < 6 and let A be a cluster point of (A})..o (as & | 0). Then,

1. 16445 =32 [ xyTdmy;llr < 6, where 7y is a solution of OT s o(uo. i1)-

2. if A% is a global minimizer of @, for all & > 0 sufficiently small, then A} minimizes

Dy.

3. if, up to a subsequence &, | 0 along which A} — Aj, A} minimizes ®@,, on a ball

of fixed radius r > O centred at A}, then A} is a local minimizer of @,.

Recall that D), is compact such that a cluster point A} always exists in Theorem 22.
In light of Proposition 12, these limit points can be thought of as approximate stationary
points for @y. This enables approximating local solutions to the unregularized variational
GW problem by stationary points obtained using Algorithm 6 for small €. The proof of
Theorem 22 uses the notion of I'-convergence (see e.g. [29]) to show that the solutions of
OT 4z (10, 1) converge to a solution of OT 4x (10, 1) up to a subsequence and that the
local/global minimizers of ®, admit local/global minimizers of @ as cluster points, see

Section 4.5.8 for details.
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4.4.5 Numerical Experiments

We conclude this section with some experiments that empirically validate the rates
obtained in Theorems 20 and 21 and the computational complexity discussed in Re-
mark 24. All experiments were performed on a desktop computer with 16 GB of RAM
and an Intel 15-10600k CPU using the Python programming language. Implementa-
tions of Algorithms 5 and 6 are available at https://github.com/gabrielrioux/
EntropicGromovWasserstein. The considered marginal distributions described be-

low, wo, 1y were randomly generated.

Convergence rates. Figure 4.1 (a) presents an example of applying Algorithm 5 to a
convex @, where the marginals are pyp = 0.40_;4 + 0.66;, and u; = 0.46_1; + 0.601 31,
with & chosen large enough to guarantee convexity. The theoretical rate of O(k~2) from
Theorem 20 on the optimality gap ®(B;)—®(B*) is seen to hold.” Figure 4.1 (b) illustrates
the progress of Algorithm 6 applied to a non-convex @, for o = % (893 +0_p5 + 0_05) and
Uy = % (660.1.0.6) + 0(-05.03) + 604.-0.3)), With € = 0.07 which makes ® non-convex. The
O(k™") rate for min; ;< ||,Bl.‘1(B,- - Al-)”i in the non-convex case from Theorem 21 is well
reflected in this example. Figure 4.1 (c) shows that Algorithm 6 can match the theoretical
rate of O(k™3) in the convex regime when initialized in a region of local convexity.
In this example, the generated marginals are py = é (0_0.1 +0_p2 + 0pn + 0_g3 + 0p3) and
Uy = % (002 +0_03 + 093 + 004 + 004) and &€ = 0.03. The stopping condition used in all
these example is ||Gy||r < 5 x 1078 and the approximate gradient (4.9) is computed using
the standard implementation of Sinkhorn’s algorithm from the Python Optimal Transport

package [82].

Time complexity. To study the time complexity of Algorithms 5 and 6, we first

"The plot shows the approximate gap ®(B;) — ®(B*), where B* is the iterate attaining the minimal
objective value.
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Figure 4.1: The top row compiles plots of @ for the different examples described in the
text. The bottom row consists of plots tracking the progress of the iterates. In (a), the gap
to optimality in terms of function value is tracked and is seen to converge to 0 faster than
k2. In (b) and (c), Algorithm 6 is initialized at Cy = (1,1) x 107 and Cy = 1 x 107,
respectively and, in both cases, the progress is tracked in terms of the squared norm of
the approximate gradient.

choose the dimension d € {1,16,64,128} and let up,u; € PR?) be supported on
N € {16,32,64,128,256, 512,1024,2048, 4096, 8192, 16384} samples of a mean-zero
normal distribution with standard deviation 0.05 for uy and 0.1 for ;. The weights are
chosen uniformly at random from [0, 1) and normalized so as to sum to 1. This procedure
is repeated to generate a collection of pairs of random distributions {(x;, Li)}ffl. In the
sequel, a single experiment refers to the process of timing the computation of S.(ug, 141,)
for some fixed d, N and all i = 1,...,50. For practical reasons, we choose to abort an
experiment before all 50 EGW distances have been computed if the total runtime for this
experiment exceeds 1 hour. The average runtime is then computed among all completed

calculations in a single experiment.
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Figure 4.2: The various plots compile the average runtime of Algorithms 5 and 6, and
two versions of the mirror descent algorithm in the convex regime for different values of

dand N.

The convex case: First, € is chosen as 1.05 X 16 \/M4(ug)M4(u;) so as to guarantee
convexity of @ for each instance by Theorem 19 and M is set to /M, (o) M () + 1075.

Figure 4.2 presents the average runtime of both algorithms in this setting with the

stopping condition |G|l < 107°. We compare the performance of our methods with
the two implementations of the O(N?) mirror descent algorithm provided in [177].8 The
first implementation includes certain algorithmic tweaks when d*> < N, whereas the
second only requires d < N to achieve the quadratic complexity. Our implementation
of the mirror descent algorithm is based on the code provided in [177] with some

small modifications (e.g., EOT couplings are computed using Sinkhorn’s algorithm from

8We do not compare with the original implementation of mirror descent [160] or the iterative algorithm
from [186] due to their much slower O(N?>) runtime.
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Figure 4.3: The various plots compile the average runtime of Algorithm 6 with the
two methods for choosing L, and two versions of the mirror descent algorithm in the
non-convex regime for different values of d and N.

the Python Optimal Transport package [82] and some extraneous logging features are
removed) the algorithm is run until the generated couplings differ by less than 1076
under the Frobenius norm. We note that the first version of the mirror descent algorithm

encounters “out of memory” errors for N = 16384.

The plots show that the four algorithms perform similarly on the considered examples,
and empirically validate the O(N?) computational complexity from Remark 24. To verify
that the algorithms all converge to solutions with similar objective values, we evaluate

the relative error’ between all pairs of algorithms for each d, N. The largest relative error

*Relative error is measured by maxiecia.n S (to.i, 111.0) = S22 (o1, 111.0)|/(SA (o is 111.6) A SE2(ptoi 111.0)),
where Sg“ (t0.i> 11,7) and S‘é‘z (to.i, t11,7) denote the objective values achieved by the first and second algorithm
of the pair, and C(d, N) is the collection of completed runs from a given experiment.
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we observe is 3.3 X 107 for d = 1 and, for the other choices of d, is at most 7.9 x 10713,

We conclude that the values obtained are in good agreement.

The non-convex case: To evaluate the performance of Algorithm 6 when convexity is

unknown, we set € to violate the condition of Theorem 19, but still be large enough so as
to avoid numerical errors. If errors in running Algorithm 6 or the mirror descent methods
occur, we double ¢ until all algorithms converge without errors. The initial point C, for
Algorithm 6 is taken as the matrix of all ones scaled by min{M, 1} x 107>. We consider
two ways of choosing the smoothness parameter L, which effectively dictates the rate of
convergence. The first is to set L equals to the theoretical upper bound from Theorem 19,
ie,L=064V (3228‘1 My(o) My(uy) - 64). As this choice may be too conservative in
practice, we also consider setting L via a line search. Namely, we fix a value for L (e.g.,
the theoretical upper bound or an arbitrary value) and check if the algorithm converges
for a given choice of d, N, 11, (1. If so, we multiply L by 0.99 and repeat this procedure
until the algorithm no longer converges. For each d and N, we choose the value of L
that attains the fastest convergence, and repeat this procedure for 5 pairs of distributions.
For Algorithm 6 with the choice of L that comes from the theoretical bound and the two
versions of mirror descent we follow the same methodology as in the convex case, i.e.,
averaging over 50 pairs and stopping an experiment after 1 hour. The average runtimes of
all methods are reported in Figure 4.3. The restriction to 5 runs in the line search case is
only out of convenience and we note that all algorithms yield similar results if we restrict

to 5 runs throughout.

The plots again validate the O(N?) time complexity for all four approaches. However,
we see that choosing L in Algorithm 6 according to the theoretical upper bound may
indeed be too conservative, as it results in a 10X or larger slowdown compared to the

other methods. By setting L via the line search, on the other hand, Algorithm 6 and mirror
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descent exhibit similar performance. This suggests that the longer runtime of Algorithm
6 with the theoretical L value can be attributed to this being an overly conservative choice
as opposed to a fundamental limitation of this method. Optimization routines that update
L at each iteration have been proposed in [195, 13, 151], but require solving an additional
EOT problem at each step for our application. As such, these approaches may reduce the
number of iterations required for convergence, at the cost of increasing the per iteration

complexity.

Real-world data. We next assess the performance of our algorithms on real-world data
from the Fashion-MNIST dataset [215]. Since the ground truth EGW value is unknown,
we test the performance of the algorithm in capturing the invariance of the EGW distance
to isometries. As the EGW distance generally does not nullify between isomorphic mm
spaces,'? we consider a centered/debiased version, inspired by debiased EOT (also known
as Sinkhorn divergence, [81, 88]). Define the debiased quadratic EGW distance between

(o, 1) € PRD) X P(RM) as

_ 1
Se(o, 1) = Sepo, 1) — E(Ss(ﬂo,ﬂo) + Sa(ui, 1))

The recentering guarantees that S, nullifies whenever (R%, || - ||, to) and (R®, || - ||, 1) are

isomorphic, as desired.

Having that, our experiment consists of comparing a fixed image from the Fashion
MNIST dataset to rotated versions of itself and other images from the dataset, by com-
puting the debiased EGW distance between them. By doing so, we empirically validate
that computation of S, using Algorithm 6 is invariant to isometric transformations on

a real-world dataset. Precisely, we pad the 28 x 28 pixel images from the dataset with

10Indeed, Dy (mlluo ® u1) > O with equality if and only if 7 = o ® u; whereas the integral of the distance
distortion cost vanishes if and only if the coupling is induced by some isometry 7 : R% — R%. By
Corollary 6, an optimal coupling 7* for S.(u, 1) is equivalent to o ® y; (in the sense that 7% << oy ® y;
and py ® u; < ™), so * cannot be induced by an isometry unless y, u; are supported on one point.
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zeros on all sides such that the effective image size is 40 X 40 pixels (this guarantees that
no nonzero pixels are lost upon rotation) and treat these padded images as probability
distributions on a 40 x 40 grid of points in R? with weights proportional to the pixel
intensity value. We then compare these distributions using S, upon removing the points
with zero mass from each distribution, the values thus obtained are included in Figure 4.4.
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Figure 4.4: We compare the image on the left to the images on the right using debiased
EGW with & = 0.1 as a figure of merit. The corresponding value of S, is included on
top of the corresponding images. The images are presented in groups of three, where
the leftmost image in the group is the original image, the middle image is obtained via a
random rotation of the original image, and the rightmost image is a rotation by a multiple
of 90°. Distance values smaller than 5 x 1073 are in red.

We note that rotating an image by an angle which is not a multiple of 90° does not
correspond to an isometric action on R?, as it requires interpolating the pixel back onto
the 40 x 40 grid of points. Nevertheless, we see from Figure 4.4, that the images subject
to random rotations and the unrotated images achieve similar values of S, relative to
the fixed reference image. The discrepancy between these two values can be thought of

as a quantification of the distortion to the image structure caused by the interpolation
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procedure. When the rotation is a multiple of 90°, we see that the values obtained are

identical, as no interpolation is performed on the image.

Figure 4.4 marks in red values corresponding to images that are closest to the reference
image in the debiased EGW distance. These images have a notable structural similarity
to the reference in their overall shape and/or features (e.g., pleats on the dress). We also
observe that quite naturally the images with largest discrepancy are those of shoes, which
have a distinct structure, and the plaid shirt which has a different pattern. Interestingly,
between these two extremes, there are images which have comparable values, but are
structurally dissimilar (for instance the images in the center column except for the plaid
shirt and the sandal). This behaviour demonstrates that the debiased EGW distance does
not simply compare the shapes of the images, but rather takes into account the intricate

interplay between the intensity values of the images.

4.5 Proofs

4.5.1 Proof of Proposition 10

We first fix some notation. Let S; = spt(u;) for i = 0, 1 and define the Banach spaces

€= {(anfl) €C(So) xC(S): ffod/lo = 0},
g = {(f()afl) €C(So) xC(S): ffod/lo = ffldm}-

Consider the map Y : R9*4 x € — C(S) X C(S ) given by

@o()+e1()—c4q () eo()+p1()—cyq(x,)
T:(A,<po,g01)|—>(feo e 4 dyl(y)—l,feo : d,uo(x)—l).
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For fixed A € R%*% | the solution to the equation Y(A,-,-) = 0 is the unique pair of
EOT potentials (¢, ¢f) for po, u with the cost c4 satisfying the normalization from €.

Observe that, by compactness of S and S, the potentials are bounded.

The following lemmas verify the conditions to apply the implicit mapping theorem to
T in order to obtain the Fréchet derivative of the map A € R*% - (g, ¢#). Given that
OTas(to. 1) = [ftduo + [ ¢du,, the derivative of the map A — OT4.(uo, 11) and

that of @ itself will readily follow.

Lemma 33. The map Y is smooth with first derivative at (A, ¢g, ¢;) € R4 x € given
by,

@o()+e1 ()—c4q ()

DY (4. p0.01 (B, ho, 1) = 8‘1( f(ho(-) +hi(y) +320)"By)e” = dm(y),

Po(0)+p1()—cq(x,)

f (ho(x) + () +32xTB())e = duo(x) |,

where (B, hy, hy) € RO x .

The proof of this result is straightforward, but included in Section C.4.1 for com-
pleteness. Now, define &4 = D A’%A’wf](O, -,-) and let m4 be the EOT coupling for
OT 4 (10, tt1). Note that for any (hg, hy) € €, we have £4(ho, 1) € §, which follows by

. dn e et -cq (ry) .
recalling that d#ogﬂl (x,y)=e s and observing

f(fA(ho,hl))ldﬂo=fhodﬂ0+fh1d7TA =fh0d,uo+fh1dﬂl
f(é:A(hO’hl))zd,ul :fhodﬂ'A+fh1d,Ll1 :f]’lod/lo-l-fh]dlul.

We next prove that &4 is an isomorphism between € and §F by following the proof of

Proposition 3.1 in [38].

Lemma 34. The map &, is an isomorphism between € and .
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Proof. Observe that &, extends naturally to a map on L>(uy) X L*(u;) and admits the

representation

Ea: (fo 1) € L(uo) X L2(u1) = (fo, i) + L(fo, i) € L2 (o) X L),

where

e O+ ()c g () e et O—cq )

umﬁr{fﬁweawwmfﬁmeswmm.

Lemma 73 in Appendix C.4.2 demonstrates that £ is a compact linear self-map of

L*(uo) x L*(uy).

{(fo- 1) € L*(uo) X L2(uy) = [ foduo =
0. Multiplying (£4(fo, fi))1 by fo and

We first show that &4 is injective on E :
0}. Suppose that (fy, f)) satisfies &4(fo, 1)
(€a(fo. fi))2 by fi, we have

S Orefl m-caty

I%Oaﬂm@ﬁwfrwwha

e e (O—cq ()

‘f@umo+ﬁoﬁsmmmza

and summing these equations gives f (fo + fi)*dns = 0. As m4 is equivalent to o ® i1,
we have fy + fi = 0 uy ® u;-a.e., which further implies that (fy, f;) = (a, —a) po ® u;-a.e.

for some a € R. Consequently, ker(£4) is 1-dimensional and &, is injective on E.

Next, we show that &4 is onto F := {(fy, fi) € L*(uo) X L*(14y) : ffoduo = ffld,ul}.

As in the lead-up to this lemma, £4(E) C F. By the Fredholm alternative (cf. Theorem
6.6 in [30]), (Id +.£)(L*(up) X L*(u;)) has codimension 1 and, as F has codimension 1,

we must have &4 (FE) = F.

As such, for any (g, g1) € & C F, there exists (hy, h) € E for which

Eaho, hy) = (ho, hy) + L(ho, h1) = (g0, 81)-

184



As L(hg, ) € C(So) X C(S1), (ho,h1) = (80,81) — L(ho, 1) € C(So) X C(S1) with
f hoduy = 0, and thus (hg, hy) € €. This implies that £4(€) D § and from before we have
E4(€) C &, yielding £4(€) = §. We have shown that €4 : € — § is a continuous linear
bijection and hence an isomorphism by the open mapping theorem (cf. Corollary 2.7

in [30]). O

We now apply the implicit mapping theorem to obtain the Fréchet derivative of
(@5, ).

Lemma 35. The map A € R i (pft, o) € € is smooth with Fréchet derivative
O 0 __(pAB LAB
D(¢.¢),,, B) = = (g " 1),

AB 1AB .
where (ho’ Jhi ) € € satisfies
e e m-cq (v

f(th(x) n hzlélB(y) _ 32x'rBy) E%dﬂl(y) =0, Vxe Spt(,u()),
4.12)

e e m-cq vy

f(h(f)"B(x) + hf’B(y) - 32xTBy) e ¢ du(x)=0, Vyesptu),

with (g5, ¢¢') being any pair of EOT potentials for (1, 1) with the cost c4.

Proof. Fix A € R%*4 with corresponding EOT potentials (goOA, (p‘l“). For notational conve-
nience, define the shorthands DT 4 = DT[A,wg,¢f1(', 0,0) and D, Y4 = DT[A’SOQ,QD?](O, )
(cf. Lemma 33). By Lemma 34, D, 4 is an isomorphism and we may invoke the implicit
mapping theorem (cf. Theorem 5.14 in [27]). This implies that there exists an open
neighborhood U C R%*4 of A and a smooth map g : U — € for which Y (B, g(B)) = 0
for every B € U and

Dgia(B) = —=(DyY )™ (D1 T4(B)),

1.e., =Dga1(B) solves (4.12). By construction, g(B) = (gaOB,gof) and by repeating
this process at any A € R%*4  differentiability of the potentials is extended to the

entire space R, O
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Given the dual form of the EOT cost, Lemma 35 suffices to prove Proposition 10.

Proof of Proposition 10. As OT 4 ¢(uo, (1) = f @i dpo + f @?duy, Lemma 35 implies that

OT).(to, 11) is smooth with first derivative at A € R%*% given by

D(OT(),SWO’#I))[A](B) = _thA’Bd#O_fhf,Bd/j],

where B € R%*4 Integrating the first equation in (4.12) w.r.t. uo while using ﬂ‘;g; -(x,y) =
R .
e s , yields
f (hg o) + P () dra(x.y) = f ha-Bdug + f nBdu, =32 f xTBydma(x,y),
(4.13)
whence

D(OT .t 1)), 1 (B) = 32 f X" Bydrs(x.y).

As ||A||% = tr(ATA), we have D(32|| - ||12:)[A](B) = 64tr(A7B), which together with the

display above yields
DD 4(B) = 64tr(A™B) - 32fxTBy dms(x,y),
as desired.

¢ e )-cq (2

(x,y) = e ¢

drg

For the second-order derivative, recall from (4.4) that Toomm

As in the proof of Lemma 33, as the map
A € RV 5 ((x,y) € So X St - ¢ (1) + @1 () = calx.y)) € C(Sp X S )
is differentiable at A € R%*% with derivative
C e RN 5 ((x,y) € Sox 1 0 = () + h“(y) - 32x7Cy)) € C(Sg X S1),

the expansion

dn

—2(x,y) + Re(x, y),
Q® i

dn dr
AC 4 (xa Y) = _8_1ZA,C(X,)’)
dio

(x,y) - ——
duy ® Y dpo ®
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holds uniformly over (x,y) € S¢XS |, where R¢(x,y) = o(C) as ||C||r — 0and z4 ¢(x,y) =
h{)"c(x) + h?’c(y) — 32x7Cy. Thus,

sup |fxTByd7TA+c(X,)’) — [x"Bydma(x,y) — & fxTByZA,C(X,y)dﬂA(x’y)|
u
IBlF=1 ICll

= sup |fxTByIIC||;1Rc(x,y)dﬂo ®,ul(x,y)'
1Bllr=1

< sup IIXIIIIyII‘[‘IICII%1 IRc(x, )l dpto ® pi (x, y).

(X,)ES 1XS2

As Re(x,y) = o(C), this final term converges to 0 as ||C||r — 0, so

DX(OTos(tto, 1)) 4 (B, €) = 327! f X" By (g () + 1 () = 3207Cy) dma(x. ).

As D(32| - |2),4,(B) = 64tr(ATB), D*(32|| - |[2)4,(B. C) = 64tr(CTB). Altogether,
D*®4(B,C) = 64tr(B™C) + 32&”" f xTBy (hg’c(x) +h ) - 32xTCy) dra(x, ).

Coercivity of @ is due to nonnegativity of the KL divergence along with the Cauchy-

Schwarz inequality,
OT as(o. 1) = _ inf { f —4|IxPlIyll* = 32x7 Ay dr(x, y) + eDy (rllto ®ﬂ1)},

mell(uo.p1)

> —4 My (o) Ma(ur) = 3201 Allr N Ma(uo) Mo (i),

> inf {f—4||96||2||y||2 = 32||AllrlIxlllylldm(x, Y)}
such that ®(A) = 32||A||12P + OT 4 (o, 1) = +oo0 as ||A|[p — oo. O

4.5.2 Proof of Corollary 6

Item (i). The expression for the stationary points follows immediately from Proposi-

tion 10. To see that all stationary points are elements of D), , , observe thatif A is a
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stationary point, then

1 1 1
Il = 5 H f . dﬂA(x,y)” <3 f eyl e, ) < 5 VMG MaGan)

where the first inequality is due to Jensen’s inequality, and the second is due to the

Cauchy-Schwarz inequality.

Item (ii). As discussed in Section 4.2.2, if 7, is optimal for S, then % f xyTdm,(x,y)
minimizes ®. On the other hand, if A minimizes @, then we have A = % f xyTdm, and

hence

2
—4 f I PlylPdra(x, y)
F

S =8| [ 207 dmacen
1
_32<§fxdenA,fxde7rA> + eDr(mallpo ® p1)
F

= _4f||x”2”y”2d7rA(x,y) —Si'fxyT dm(x,y)

2
+ Dk (allo ® ).
F

By (4.6),

Se(uo, 1) = Se(uo, 1) + Si(.uo,ﬂl)

/ / 2 / / 4 /
_ f = X1~ lly = YIPF + 2llx = X Plly = ¥ IPdrea ® 7a(x.y. ¥'¥)

—4f||x||2||y||2dﬂ0 ®,u1(x,y)—4IIIXI|2||y||2dﬂA(x,y)
2

+ Dk (mallto ® ).
F

-8 ”fxyT dma(x,y)
(4.14)

As llx = X1Plly = y'IP = (I1xl? = 227 + [¥1P) (IylIP = 257y + [ly'IIP). we have
fllx = X|Plly =Y IPdrms @ ma(x,y, ¥, )
=2 f IXIPIVIPdpto ® pr(x, y) + 2 f Xl dra(x, y)
+ 4 fxTx'yTy' drny @ma(x,y, x',Y),
which, together with (4.14) yields

/ ’ 2 4 ’
Sg(,uo,,u1)=f|l|x—XI|2—||y—y||2| drg @ ma(x,y, x',y") + eDL(malluo ® p1),
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proving optimality of 7 4.

Item (iii). Suppose S, admits a unique optimal coupling. If two matrices A and B
minimize @, then 74 = mp by uniqueness, so A = %fxyT drms(x,y) = %fxyT dng(x,y) =

B. Conversely, suppose @ admits a unique minimizer A*. If & is optimal for S, then 7

solves the EOT problem OT 4« (10, (1), SO T = mq+. O

4.5.3 Proof of Corollary 7

We first prove Item (i). The minimal eigenvalue of D2d)[ A 18 given in variational form as

o, D *®14)(C, C)

= inf {64||C||§ + 3267 f xTCy (hyC(x) + hC(y) = 32x7Cy) dra(x, y)}

> 64 + 3257 inf_ { f xTCy (g C(x) + hC(y) = 32x7Cy) dma(x, y)} :

using the formula for D?®4; from Proposition 10. Recall that (hg’c, hf’c) satisfy

o (X)w{‘ ()—cq(xy)
[ (00w hr€0 - 3200€) T ) = 0. e spi

e e -cq (xy)
f (G +hi o) =3207Cy) e T dpo(x) = 0. Yy € spt(u),

such that, multiplying the top equation by hg’c and integrating w.r.t. iy and performing

the same operations on the lower equation with hf’c and y, respectively,

f [(hg‘f(x))2 + RN COhC(x) = 32xTCyhl € (x) | dra(x, y) = 0,

[ [recont<or + (<) - s20eom )] dmat = o

Summing these equations gives

32 f xTCy (g () + ) dma(x,y) = f (h €0 + W) drate, ),
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such that
32 f xTCy (g C(x) + b (y) = 32x7Cy) dma(x, y)
2
= [+ <o) dratey - 32 [y dratey,

which proves the first part of Item (i). It remains to show that

f (hg € + hf’c(y))z dra(x,y) — 322 f (XTCy)?dma(x,y) > —32*Var,, [XTCY].

By Jensen’s inequality, we have

2
f () + ) draey) 2 ( f hy €(x) + H ) alx, y))

2
=327 (fxTCydnA(x,y)) )

where the equality follows from (4.13), proving the desired inequality.

To prove the uniform bound on the variance in Item (i), observe that

sup Var,, [XTCY] < sup E,,A[(XTCY)Z]
[ICllF=1 [ICllF=1

< sup IICII%fllxllzllyllzdm(x,y),
lICllF=1

< N My(uo)Ma(uay)

where the final two inequalities follow from the Cauchy-Schwarz inequality.

We now prove the upper bound on the maximum eigenvalue of D*®4; from Item (ii)

again using its variational characterization,

Amax (D*@14)) = sup D0y (C,C) = 64+ s (D*OT().elto, t)iar) -
ICllF=1

Observe that OT 4 (10, 1) = infreriq ) §(A, 7, to, 11, €), Where g depends on A only
through the term 32tr(A™ f xyT dn(x,y)) which is linear in A. It follows from, e.g., Propo-
sition 2.1.2 in [115] that OT,) -(uo, i) is concave. As such, Amax (DZOT(.),S(yO,yI)[A]) <0,

SO Amax (DZCD[A]) <64.0
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4.5.4 Proof of Theorem 19

We first discuss the convexity properties of ®. By Corollary 7, Apin (D2®[ Nhs gllAII%) >
64 — 322671 \[M4(119)M4(u1) + p for any A € R%*4 and p > 0. When this lower bound is
nonnegative, ® is p-weakly convex on R%*% by definition; recall Footnote 5. It follows

that @ is always p-weakly convex for p = 32%2&7! \/My (o) M4(ut;) — 64. Moreover, if

VMy(uo)My(uy) < £, then A (D2<D[A]) > 0 such that @ is strictly convex.

L-smoothness of @ follows from the mean value inequality (see e.g. Example 2 p.
356 in [8])
||D(D[A] - D(D[B]”F < sup sup |D2(D[C] (A - B, E)I ,
Ce[A,B] | EllF=1

< Sup, (‘/lmm (DZ(D[C])' v ‘/lmax (DZq)[C])‘) A - B,

for any A, B € R%*% where [A, B] denotes the line segment connecting A and B. The
claimed result then follows by noting that, for any A, B € Dy, [A, B] C D), by convexity
and the supremum over 9, is achieved by compactness and the fact that the objective is
continuous. Indeed, the maps Apax(+), Amin(-) are continuous on the space of symmetric

matrices, and D*®y is continuous as ® is smooth. m]

4.5.5 Proof of Theorem 20

In this section, we show that Theorem 2.2 in [55] on the convergence rate of Algorithm 5
is applicable in our setting. We particularize their result to a fixed prox-function d = %II |12

which is smooth and 1-strongly convex.

First, we justify the expressions for the iterates By, Cy in Algorithm 5, which are
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defined in [55] as the proximal operators

L
B, = argmin {tr (G,IV) + -V - Ak||12v} ;
VeDy 2

L
Ci = argmin {ur (W[ V) + = VI }.

VEZ)M

Rearranging terms, both problems can be written, equivalently, as
argmin {IIV - Ull%} , (4.15)
VeDu
for U = Ay — L'Gy and U = —L™'W, for the B; and C} iterations respectively. The
solution of (4.15)is givenby V =U if V = U € Dy, and %U/llUllF otherwise.

Next, we show that our notion of ¢-oracle yields a ¢’-approximate gradient in the

sense of Equation (2.3) in [55]. Precisely, we prove that
r (D4 — DOL) (B - )| <5, (4.16)
for any A, B, C € Dy;. By the Cauchy-Schwarz inequality,
[ (D) — D))" (B = O)| < MDDy — DD, -

Recall that

B(D[A] - D(I)[A] =32 Z X(i) (y(j))T (ﬁ3 - Hf;) s
R

where ”ﬁA - HAH < ¢ uniformly in A € Dy, by the J-oracle assumption such that

[D®y - DO, < 32|t -4 S [ (0)] <328 3 WY

1<i<Ny 1<i<Ny
1<j<N; 1<j<N,

(4.17)

Combining the displayed equations yields

‘tr((ﬁq)[A] - DCD[A])T (B - C))‘ < 32M§ Z 1] [y]| = &

1<i<Ny
1<j<N,

192



proving (4.16).

With these preparations Theorem 20 follows from Theorem 2.2 in [55] and the

ko i+l _ (k+D)(k+2)
=

discussion following its proof, noting that }>;_, =~ O

4.5.6 Proof of Corollary 8

As Ay, By be iterates from Algorithm 6 with B € int(D),) such that B; = A; — ﬁk5®[ Al

by definition. By the triangle inequality,
IDDg,5llF < |1DDp4,; — B(D[Ak]”F + ||5(D[Ak]||F
= |D®(4,) — DDOyayllr + 1c" (B — A |Ir.

(4.17) further yields

ID®a = Dagll <326 Y [1x?ly 2]l

1<i<Ny
1<j<Ny

proving the claim. O

4.5.7 Proof of Proposition 12

Let §; = spt(y;) for i = 0, 1. Recall that S, S| are compact by assumption. The proof
of Proposition 12 follows by verifying optimality conditions for minimizing locally
Lipschitz functions using the Clarke subdifferential [50]. To this end, we first verify that
the objective @, is locally Lipschitz and prove several auxiliary results to characterize the
Clarke subdifferential 0®y, recalling that the Clarke subdifferential of a locally Lipschitz

function f : R%*4 — R at a point A € R%*4 is given by (cf. e.g. Theorem 2.5.1 in [50])
f(A) = conv ({hm Dfa,: U3 A, — A}), 4.18)
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where conv(A) denotes the convex hull of the set A, U ¢ R%* denotes a set of full mea-
sure on which f is differentiable, the existence of which is guaranteed by Rademacher’s

theorem, and we tacitly restrict this definition to convergent sequences of derivatives.

Lemma 36. The function A € R%*4  ®y(A) is locally Lipschitz continuous and

coercive.

Proof. We start by proving that @, is locally Lipschitz. Fix a compact set K ¢ Réxd

and observe that, for any A, A" € K,
|||A||§ - IIA’||§| = lAllr = IA"llz] (1Allr + |A")lF) < 2sup]l - [IFlA — A'|lF,
K

due to the reverse triangle inequality. This shows that || - || is locally Lipschitz. As for

OT.0(to, 1), let w4, m4- be solutions of OT 4 o(uo, (1), OT 4 o(10, 1) respectively, then

OTA,()(ﬂ(),/J])—OTA',()(/I(),/ll)ZfCAdﬂA—fCArdﬂ'A:—32<A—A’,fxde7TA(x,y)> s
F

(4.19)
and similarly OT 4 o(uo, 1) — OT 47 0(t0, pt1) < —32(A — A’, fxdenA,(x, y))r. Thus,

|OT 4.0(tt0, 1) = OT wro(pto, p1)| < 16MIIA — A’

recalling that, for any m € IT(uo, u1), f xyTdrn € D). This proves that @y is locally

Lipschitz. Coercivity follows by adapting the proof of Proposition 10. O

By Lemma 36 and Rademacher’s theorem, @ is differentiable almost everywhere
on R®*41 ~ Ag the squared Frobenius norm is smooth, we study differentiability of

OTa0(o, 1). To simplify notation, let H/’;’O denote the set of optimal solutions to

OTA,O(HO,M)~

Lemma 37. The function A € R%*4 — —OT 4 o(uo, i) is convex; its subdifferential'! at

A contains {32fxde7r ‘mE H;’O}.

'The subdifferential of a convex function f : R%®*% — R at A consists of all & € R%*% for which
f(A") = f(A) > (A’ — A, E)p forevery A’ € R%x41
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Proof. As OT,0(uo, (1) is the infimum of a family of affine functions, it is concave (see

Theorem 5.5 in [167]). The second claim follows directly from (4.19). O

With Lemma 37, it is easy to classify the points at which OT . o(uo, u;) is differen-

tiable.

Lemma 38. —OT, o(10, i) is differentiable at A with derivative —D(OT ., o(to, 11))[a] =
32 f xyTdn(x,y) for any m € IT} ; if and only if all couplings in IT7} ; admit the same

cross-correlation matrix.

Proof. We recall that a convex function is differentiable at A precisely when its subd-
ifferential at A is a singleton, see Theorem 25.1 in [167]. If the proposed condition on
the cross-correlation matrices fails, Lemma 38 implies that the subdifferential is not a

singleton, so differentiability fails.

To prove the other direction, assume that all couplings in IT} ; admit the same cross-

correlation matrix. Fix a sequence H,, € R%>d1\{0} with ||H,||r | 0. From (4.19), we

*

have, for any m4.pg, € HA+H”

*
0 and 4 € HA,O,

WHL - OT s, 0(ito, 1) — OT 40(uo, 1) + 32 <Hn, nyTdﬂA(X, y)>

F

S32” f xyTdmg,m, (X,y) — f xyTdma(x,y)

As c4.m, converges uniformly to ¢4 on S X S, for any subsequence n’ of n there exists

’
F

a further subsequence n” along which m4,p,, Sre H;’O by Theorem 5.20 in [208].
Since (x,y) € S¢ X S + x;y;is continuous and bounded forany 1 <i < d, 1 < j<d|,

|f 7 dracn, (x.y) = [xyrdn(x.y)|, = ||[ 2y dracn, (x.y) = [xyTdra(x.y)|, — 0.
As this limit is independent of the choice of subsequence by assumption, it holds along

the original sequence H, such that D (OT, o(uo, 141 ))[ 4 =32 f xyTdma(x,y). O

Those auxiliary results lead to finding the Clarke subdifferential 0®y, as given below.
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Lemma 39. The Clarke subdifferential of @, at A € R%*% ig given by

ODy(A) = {64A ~-32 f xyTdn(x,y) :m € HX,O}-

Proof. We first characterize the Clarke subdifferential of OT ., o(uo, u1) at A. By Proposi-
tions 2.2.7 and 2.3.1 in [50] along with Lemma 37,

9 (OT(y0(uo, 1)) (A) D {—32 fxdeJT(x, y):me Hz,o} . (4.20)

As Lemma 38 establishes the set U € R%*% on which @y is differentiable, we study
the Clarke subdifferential of @, through the lens of (4.18). Observe thatif U 2 A, — A
andmy, € Iy ), thenmy, Sas € IT}  as in the proof of Lemma 38 (up to a subsequence).

Moreover,

}LIEOD(OT(.),OOJO,Ml))[An] = }I_)Ig =32 fxdeﬂAn(x, y) =-32 fxdenA(x, y)

along this subsequence. Thus, if A/ ¢ U converges to A and lim,,_,., D (OT.) o(uo, M) m
exists, then the limit is given by —32 f xyTdn(x,y) for some 7 € IT} . It is easy to see

that H:’O is convex, so (4.20) and (4.18) together imply that

0(OT (0o, 11)) (A) = {—32 fxden(x, y):me Hz,o}-

Conclude by applying the subdifferential sum rule (Corollary 1 on p. 39 of [50]). O

Proof of Proposition 12. By Proposition 2.3.2 in [50], if @ attains a local minimum at
A*, then 0 € dDy(A*), i.e., there exists € H;*’O for which A* = %fxdeﬂ(x, y) by
Lemma 39. The second result on optimality for the original GW problem follows directly

from the proof of Corollary 6. O

196



4.5.8 Proof of Theorem 22

Throughout, let X; € R% be a closed ball with finite radius r > 0 for which spt(u;) C X;
fori = 0, 1. By the Bolzano-Weierstrass theorem, A admits a limit point A(’)‘ ase | 0.

Let & | 0 be a sequence along which A7 — AJ and define

fCA;kdﬂ + &Dr(mllo ® p),  if 7w € (o, p1),
Fy: JTEP(X()XXI) —

+00, otherwise,

fCAgdﬂ', if m € (uo, 1),
F:meP(Xyx X))

+00, otherwise.

Throughout, we endow P (X, X X) with the topology induced by the weak convergence
of probability measures which is metrized by the 2-Wasserstein distance, W,, for instance;

(P(X(y x X1), W) is notably a separable metric space, see Theorem 6.18 in [208].

We first show that F; I'-converges to F' according to Definition 2.3 in [29]. To this
end, we show that

F(r) < likm inf Fy(my), for every my 5 (4.21)

and exhibit a sequence S satisfying

F(m) > limsup F(my). (4.22)

k—o0

To prove (4.21), first assume that & € I1(uo, u1). Then, if 7, N T, Fy(my) > ch;kdﬂk,

by nonnegativity of the KL divergence. As ¢ Az, CONVErges to cx uniformly on Xy X X

fCAgdﬂ—fCAadﬂ'k

and ¢ A2 1s continuous and bounded,

’fCA;kdﬂ'k—fCAadﬂ' < ’chgk —CAgdﬂ'k

This shows that, if 7 € TI(ug, i), then

+ - 0. (4.23)

liin inf Fr(m) > ,}im f CA:kdﬂk = F(m).
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If m ¢ 1(uo, (1), then o & (o, py) for all k sufficiently large as I1(uo, 1) 1s compact
for the weak convergence on (X, X X) (cf. e.g. the proof of Theorem 1.4 in [175]) so

the bound holds vacuously, proving (4.21).

As for (4.22), if 7 ¢ I1(uo,u1), then there is nothing to show. For m € TT(uo, iy),
we consider a block approximation; cf. [37, 87]. First, for i = 0, 1, partition R4 by

hypercubes of length £ > 0,

{Hi’qf = [klg’ (ql + 1)5) XX [Qdif’ (qdi + 1)6) q= (ql’ LR ’qdi) € Zdi}’

and define the block approximation, 7r;, of 7 by

7[5 = E ﬂ-ElHO,q,[XHLq',[’

(g.9))€Z%xZ4
m(Hoge X Hi g )

Mo ® py(Hoge X Hy g 0)

ﬂleO,q,fXHlﬁq’,{’ = (/'10|H(),q,f ®l~ll|H1,q/’f)’

for every (¢,q') € Z% x Z*' with the convention § = 0. Here, ols,,,(A) = p1o(A N Hog¢)
and similarly for the other restrictions. Of note is that 7, << ©o®u; and that 7, € 1w, ;)

(see the discussion surrounding Definition 1 in [87]).

Lemma 40. The block approximation 7, of 7 converges weakly to r as £ | 0.

Proof. Let Q = {(q.4') € Z% X Z : n(Hoge X Higr) > O} and y = 3, o 1(Hoge X

MHo g oxty g o Tl gty g )

Hiy¢)y.y Where y,, is any coupling of the measures (ﬂ(HO’NleW), AT

with support in Hy,, X Hy 4 (the closure of Hy e X Hi 4 ¢). As me(Hoge X Hy g ) =

m(Hoq¢ X Hy 4 ¢) by construction, it is readily seen that y € Il(x, 7). Thus,

Wi (m, ) < f b= yIPdy(x,y) = > w(Hoge X Higr) f Ix = ¥IPdyq.q (x,y)
(9.9")€Q

< (do + dy)0?,

noting that diam(Ho ;¢ X Hy 4 ¢) = Vdo + d,{ is the diameter of a hypercube in R+ of

length ¢. Conclude that W, (rr, 7,) — 0 as ¢ | O such that 7, 5o O

198



Setting {; = &, Lemma 40 yields

lim cA;kdﬂgk = f CAadT(,

k— o0
by a simple adaption of (4.23). It remains to show that limy_, &Dk (7, |lo ® p1) = 0
such that

;im Fy(m.,) — F(m).

Lemma 41. The block approximation rr; of & satisfies &, Dk (7., |lto ® 1) — 0 as k — oo.

Proof. As n(Hog¢ X Hygp) <1,

HOqt’ X H g 5)
Pl = f Anelmy , exm,
(a4 )EZZ‘J;)XZ“'I Mo ® puy(Hoge X Hi g 0) 0.q.0xH1q ¢

< Z f —log(uo(Ho q.0)) — log(ui (Hi g 0))drelby , oxry

(g:¢")eZ%xZN

= Z (— log(uo(Hoge)) — log(ui (H l,q’,f))) m(Hoge X Hy g 0)

(g.q)ez0xz!
=- Z log(uo(Ho g.0))tt0(Hog0) — Z log(uy(Hy g0 (Hy g ¢).
qeZ% q'€zh

(4.24)

Observe that

- Z log(o(Ho,q,e))ito(Ho.g.0)

qeZ%

Ho(Hog.c) Mo )
_ f 1g(€_ﬂ)f_ﬂ - dd - dylog(D)

where A denotes the Lebesgue measure. The first term on the last line is the dif-
ferential entropy of a probability distribution supported on Xo, = U,eHo ¢, Where
I = {q €Z : HyyeNXo # (Z)}. This quantity is maximized among all probability distri-
butions supported on Xy, which are absolutely continuous w.r.t. the Lebesgue measure
by the uniform distribution on X, with value dj log(4(X)). With this and (4.24), we

obtain

AKX AX
D (|0 ® p11) < dy log( (;"))) +d log( (f“’)).
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Conclude that

Ex Ek

AXo. AX .
0 < & Dy (7, llto ® 1)) < & (do IOg( (Xo, k)) +d lOg( (X, k))) -0,

as A(Xi’gk) > /l(X,) >0fori=0,1. O

With this, we have shown that F I'-converges to F. Now, let 7, minimize Fj. As
(w0, p1) is compact, 7., admits a cluster point 7y which minimizes F by Theorem 2.1

in [29]. Thus, 7, is an optimal solution of OT Az (o, (1) and, along the subsequence where

w
g, — T,

<.

F

“64A6‘ —32fxde7rg

64A; — 32fxde7r8k

= lim
F k—o0
This concludes the proof of the first result.

For the results pertaining to local/global optimality, let &, | O be arbitrary and define

D, ifAeDy, Oy, ifA €Dy,
Gy : A € Rl ., G:AeRWxd
+o00, otherwise, +o00, otherwise.

We now show that G I'-converges to G. Observe that, for any Ay — A € Dy,
D, (Ar) = 320 AllF + OT a0, (o, 1) = 321 Agll7 + OT g, 0(t0, 1),

where the inequality is due to nonnegativity of the KL divergence. As c4, — c4 uniformly,
32/ Axll7 +OT 4, 0(kos 1) — 32IIAll7+OT 4 0(o, 1) = Po(A). If A ¢ Dy, then Ay ¢ Dy

for every k sufficiently large, so the lim inf condition (4.21) holds.

For the lim sup condition (4.22), if A ¢ Dy, then the bound is vacuous. If A € Dy,
then let 4 be an optimal solution of OT 4 (1, 11) and 7., be the block approximation of

m4 with € = &;. Then,
0 < OT 46 (o, 1) — OT 4 0(1t0, 1) < fCAdﬂak + &x D (g, llto ® 1) — fCAdﬂA-
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We have shown previously that the rightmost term converges to 0 as k — oo, so @, (A) —
®y(A), such that G, I'-converges to G. By Theorem 2.1 in [29], any cluster point of a

sequence of minizers of G; minimizes G, proving the claim.

Finally, consider the case where (A, )ren satisfies the conditions of part 3 of Theo-
rem 22, i.e., A, - A* and A, minimizes ®,, on a closed ball of fixed radius r > 0
centred at A*, say B*. A simple adaptation of the previous arguments yields that Gy
restricted to B> I'-converges to G restricted to B). As such, A* minimizes ®, over B

and is thus locally minimal for @j.

4.6 Concluding Remarks

This work studied efficient computation of the quadratic EGW alignment problem be-
tween Euclidean spaces subject to non-asymptotic convergence guarantees. Despite the
availability of various heuristic methods for computing EGW, formal guarantees beyond
asymptotic convergence to a stationary point were absent until now. To develop our
algorithms, we leveraged the variational form of the EGW distance that ties it to the
well-understood EOT problem with a certain parametrized cost function. By analyzing
the stability of the variational problem, its convexity and smoothness properties were
established, which led to two new efficient algorithms for computing the EGW distance.
The complexity of our algorithms agree with the best known complexity of O(N?) for
computing the quadratic EGW distance directly, but unlike previous approaches, our
methods are subject to non-asymptotic convergence rate guarantees to global/local solu-
tions in the convex/non-convex regime. As the first derivative of the objective function
depends on the solution to an EOT problem which must be solved numerically, we

quantify both the error incurred by Sinkhorn’s algorithm and the resulting effect on the
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convergence of both algorithms. Moreover, we establish a suitable notion of convergence
of solutions to the variational EGW problem to those of the variational GW problem in
the limit of vanishing regularization. Below, we discuss possible extensions and future

research direction stemming from this work.

Algorithmic improvements. The stability analysis of the variational problem lays the
groundwork for solving the EGW problem via smooth optimization methods. Con-
sequently, improvements or alternatives to the proposed accelerated gradient methods
are of great practical interest. For instance, marked improvements can be attained by
analyzing the tradeoff between the per iteration cost associated with updating the step size
parameter and the resulting decrease in the number of iterations required for convergence.
Similarly, establishing sharper bounds on the eigenvalues of the Hessian would improve

our characterization of the smoothness and convexity properties of the objective.

Expanding duality theory. To the best of our knowledge, the current duality theory
for the EGW problem is limited to the quadratic and inner product costs over Euclidean
spaces. As the present work makes heavy use of this duality theory, we anticipate that
these results could be extended to the EGW problem with other costs and/or spaces
once an adequate duality theory has been established. Non-Euclidean spaces are not
only of theoretical, but also of practical interest under the GW paradigm as they allow

comparing/aligning important examples such as manifold or graph data.
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CHAPTER 5
CONCLUSION

This thesis presented several contributions to the study of statistics and computation
for optimal transport-based distances. It introduced a general framework for deriving
limit theorems for quantities of interest in optimal transport which was applied to both
regularized optimal transport distances and later extended to the Gromov-Wasserstein
distance. Beyond the statistical analysis of the Gromov-Wasserstein distance, new
algorithms were proposed for its entropically regularized variant, achieving the same
per-iteration complexity as existing methods whilst benefiting from first-of-their kind

convergence rate guarantees for this problem.

Although the primary focus of this thesis is of a theoretical nature, optimal transport
and Gromov-Wasserstein distances have found applications across a range fields. For
example, this work explored the use of the Gromov-Wasserstein distance in testing for
isomorphisms of distributions on graphs. As computation is still an important bottleneck,
improving algorithms for solving the Gromov-Wasserstein problem is expected to make

it more accessible to practitioners and hence broaden applications.

Finally, this work identified many promising directions for future research. A key
open question in the study of Gromov-Wasserstein distances is the development of a
suitable duality theory for arbitrary metric measure spaces. Notably, the variational
formulation used herein applies only to the (2, 2)-Gromov-Wassertein distance when
the metrics are induced by inner products and hence cannot be readily extended to the
general setting. Resolving this issue would not only advance the theoretical foundations
of the distance, but would also enable proving general statistical results and developing

new algorithms for Gromov-Wasserstein problems.
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APPENDIX A
SUPPLEMENT TO CHAPTER 2

A.1 Proofs for Sections 2.2 and 2.3

A.1.1 Proof of Lemma 2

The lemma follows from Proposition 2.1 in [79]. We include its proof for completeness.
Pick any h € Dy, 1, — 0,h, — h in D such that 6 + t,h, € ®. For any subsequence n’
of n, there exists a further subsequence n” such that (i) t,» > 0 for all n”” or (i1) #,» < 0
for all n”. If (i) holds, then (¢(0 + t,,-h,») — $(0))/t,» — ¢'(h), while if (ii) holds, then
(GO + by hy) = BO) /1 = ~( SO+ (1)) = $(O))/ (1) — —¢(~h) = ¢'(h). Since

the limit does not depend on the choice of subsequence, we have the result. O

A.1.2 Proof of Proposition 1

LetPoe =1{v € Py : lv—pillg < €}. Since Py is convex, U 1(FPo.c—) = U 1(FPo—1),
and u, € Py with inner probability approaching one, it suffices to prove the proposition
with P, replaced by Py, i.e., we may assume without loss of generality thaté : Py — €

is globally Lipschitz w.r.t. || - |[co.7,
l6(v) = 0(Nlle < Clly = Vllwgs Y,V € Py

for some constant C < co. We apply the extended functional delta method, Lemma 1, by
identifying P as a subset of £{(F). Consider the map 7 : Py 3 v = (f — f fdv)ser €
{°(F). Define the map 6 : TPy C £*(F) — € by 6(7v) = §(v) for v € Py. The map 6 is
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well-defined since, whenever v = v/, we have [[6(v) — 6(V')|l¢ < Clltv — V|l = 0,

i.e., 6(v) = 6(+'). In what follows, we identify & with 6.

Under such identification, we apply Lemma 1 with © = £°(F),0 = $y,0 = p,
and ¢(v) = o6(v) for v € Py. We will verity that v — 6(v) is Hadamard directionally
differentiable at v = u with derivative coinciding with &, on Py — u. This (essentially)
follows from the fact that ¢ is Lipschitz continuous together with the fact that it is Gateaux
directionally differentiable at v = u with derivative ¢/ ; cf. [181], p. 483-484. However, in
our application, the Gateaux derivative is a priori defined only on $y — u, and to extend 6,
to the tangent cone 7 p,(u), we require € to be complete. For completeness, we provide

its full proof.
Extend 6}, to U #(FPo — p) as
6, (t(v — ) =t6,(v—p), t > 0,v € Po.

This extension is well-defined. Indeed, suppose that t(v — u) = ¥ (v' — u) (as elements of

{°(F)) for some ¢’ > 0 and v’ € Py; then

O + st'(V' — ) — 6(u)

ro,(vV —w=r lsilrgl

st/

iy S+ SO — ) ~ 6(0)
= lim

sl0 S
i S 10— ) = ()
= lim

s10 S
o S sty —p) 8@
= tlslf(r)l - = téﬂ(v ).

Pick any m,, € | ;oo t(Po—p) with m, — min £*(F)and ¢, | 0. Also, pick any € > 0 and

m’ € ;50 t(Po—p) such that ||m—m’||# < €. For sufficiently large n, t,m,, t,m" € Py—p

205



(as Py is convex), so that

16 + tumy) = 6(u) = 1,6, (m"le < 6w + tam,) — 6 + t,m")l

+16(u + t,m’) = 6(u) — 1,6, (m")lle

=o(tn)

< Ctn”mn - m/”oo,‘?— + O(In)
< C€'t, + o(ty),

which implies that

5(/1 + tnmn) B 6(/1) _ 6(/1 + tn’mn’) B 6(/1)
t, Ly

< 2C€.
I

lim sup

n,n’ —oo

Since € > 0 is arbitrary, 7, "6(u + t,m,) — 6(u)] is Cauchy, and since € is a Banach space,

the limit
6(# t,m,

n—oo t,

exists in €. Thus, we have proved that the map v — 6(v) from P, into € is Hadamard
directionally differentiable at v = u. The conclusion of the proposition then follows
from the functional delta method. We note that the second claim that G, € 7, (1) with

probability one follows from the portmanteau theorem. O

A.1.3 Proof of Corollary 1

By Lemma 3.1 in [202], spt(G,,) is the closure in £(F) of the reproducing kernel Hilbert

space for G, and thus a vector subspace of £*(F). The second claim follows by Lemma

2. O
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A.1.4 Proof of Proposition 2

By direct calculation, for a given h € 7')0,;4, the submodel {u, : 0 < t < €} with
u; = (1 + th)u for sufficiently small € > 0 is differentiable in quadratic mean at ¢t = 0

with score function £, i.e.,

2

dp,” —au'? 1
fl%—ihdy”z 50, t10.

Thus, ?')0,,1 is the tangent space at u corresponding to all such submodels.

By assumption, we see that, for the above submodel y;,

o) — o(u) ,
— — 5#(h,u).

Observe that the L*(u) closure of Py, is L3(u) = {h € L*(u) : u(h) = 0}. Since F is
u-pre-Gaussian, the variance function f + Var,(f) is bounded (cf. Section 1.5 in [201]),

so the Cauchy-Schwarz inequality implies that the mapping

he (f = u(fh)

is continuous from Li(u) into £*(¥). Thus, the mapping i — 6, (hy) is a continuous
linear functional on Lé(,u), and the functional ¢ : Py — R is differentiable at u in the
sense of [200, p. 363] relative to ¢’0,ﬂ with derivative h — &, (hu). By Theorem 25.20 and
Lemma 25.19 in [200], the semiparametric efficiency bound for estimating ¢ at u is given

by
(&, (hp))?
sup ————.
heL2(u),h#0 ||h||22
oh L2(w)
We will show that (A.1) coincides with Var(6,(G ).

(A.1)

Let C,(¥) be the space of uniformly continuous functions on ¥ w.r.t. the pseudo-

metric d,(f,g) = 4/Var,(f — g). Then ¥ is totally bounded w.r.t. d, and G, € C,(F)
with probability one (cf. Example 1.5.10 in [201]). The completion ¥ of F w.r.t. d, is
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compact and denote the (unique) extension of G, to F by the same symbol. Also the
restriction of ¢;, to C,(#) uniquely extends to C(F) (the space of continuous functions on
), which we denote by the same symbol 6,- Then, by the Riesz representation theorem,

there exists a signed Borel measure m on ¥ such that

5,(2) = L APdm(f),  zeC).

Since ¥ is compact, for any k = 1,2, ..., one can find disjoint sets By ;, j = 1,..., Ny in
F with radius at most 1/k such that U?’:kl B.; = . Approximate m by 272 (B ),
where each f; ; is an arbitrary point in By ;. Then,

< sup  Jo(f) — 2l x m(F),

du(f.9)<1/k

Ni

5@ = > m(Biafi))
=1

where |m| is the total variation of m. For any 4 € L(Z)(y),

lu(fg) — u(gh)l < [1hll2gndu(f, 8)s

so that, uniformly in & € L§(u) such that |||z, = 1,
Ni
> (B feh) = 6 (p).
=1
The left-hand side can be written as (A, Zj;l‘ L M(By ) fij — (k. )))) 12> the supremum of

which w.r.t. i € Lg(,u) such that [|Al| 2, = 1is

2w

Ni
” Z m(Bk,j)(fk,j - ,U(fk,j))
j=1
Thus,
CAUD)E
up er— = swp Gr=( s sm)

2
nerdgonzo Wllp2y ner2qoni,zg, =1 heL3(u)lhl 2, =1

2

Ny
= I}l—g}o H Z m(Bk,j)(fk,j - #(f}(,])) Lz(/l).
=1
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On the other hand,
Ny N
5(Gy) = lim > m(B)Gy(fi) = lim Gy Y m(Be,)fi,)
j=1 j=1

a.s., where the second equality follows from the fact that G, is a u-Brownian bridge. This

implies that

Ni
Var(6,(G,)) = lim Var(G#( > mB ,))

J=1
2

2w

Ny
= lim || > m(Be) (s - i)
=1
Conclude that (A.1) coincides with Var(6,(G,)). O

Remark 25 (Relation with Theorem 3.1 in [198]). Consider the assumption of Proposi-
tion 1 with € = R and assume that the function class ¥ is u-Donsker and the derivative
67, 18 linear on any subspace of 7, (u). If, in addition, (1 + th)u € P for sufficiently small
t>0forany h € 750#, then the fact that Var(dl’l(Gﬂ)) (with G, being a u-Brownian bridge)
agrees with the semiparametric efficiency bound for estimating ¢ at u can be deduced
from Theorem 3.1 in [198]. Indeed, recall the map 7 : Py > v = (f = v(f)) € £7(F)
and 6 : 7Py, — R defined by 6(rv) = 6(v). Then, the map 7 is differentiable at u
relative to 750,;1 with derivative 7, : L*(u) — >(F) given by T, (h) = (f = u(fh)),
and the empirical distribution &, = n~' Y7, 6y, is asymptotically efficient for estimat-
ing 7 at u tangentially to ¢’0,ﬂ; see Section 3.11 in [201] for the result and its precise
meaning. Theorem 3.1 in [198] shows that, if ¢ is Hadamard differentiable at Tu tangen-
tially to WM( ), then 6(i1,) = (6 o T)({,) is asymptotically efficient, implying that
Var((_S’m(G#)) agrees with the semiparametric efficiency bound. Identifying ¢ with ¢ and
u with Tu as in the proof of Proposition 1, we have Var(c_S;ﬂ(Gﬂ)) = Var(6,,(Gy)). In our
notation, Tﬂ(ﬂ)#) ={hu:he Sbo,ﬂ}, and from the assumption that (1 + th)u € P for suffi-
ciently small ¢ > O for any h € Py, we see that 7,(Py ) C Tp,(1), and as Tp, (1) is closed

. . . . /g eF) e e, . g %
in £*(F), it contains 7,(Po ) . Finally, as the derivative 0/, is linear on 7,,(% )
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by assumption, ¢ is Hadamard differentiable at Tu tangentially to 7, (?o,#) by Lemma

2.

A.1.5 Proof of Corollary 2

Fix he&h, € S'Do,,,ﬂﬂ"o,y. Observe that the submodel {y,®v, : 0 <t < €'} with u, = (1+th))u
and v, = (1 + thy)v for sufficiently small € > 0 is differentiable in quadratic mean at r = 0

with score function iy @ h; (note: (1 + th(x))(1 + thy(y)) = 1 + t(h1(x) + hy(y)) + o(2)).

Further, iy ® hy = &, () + 6,(hyv) is a continuous linear functional on (730# <
Pos I - | [2(usv))> and thus the semiparametric efficiency bound is given by

(0, () + 8, (hav))?
sup

2
h1@h2€¢0#®7‘)0,y,h16}hz¢0 ”hl ® h2||L2(/1®V)

The rest of the proof is analogous to Proposition 2, upon observing that # is totally

bounded w.r.t. d,,(f,8) = \/Varﬂ( f—g+ \/Varv( f —g) (if aset T is totally bounded
for two pseudometrics d; and d,, then 7 is totally bounded for d = d; + d), and G,
and G, have d,,-uniformly continuous paths, combined with the fact that, for (f, g) €

L*(u) x L*(v) and (hy, hy) € Po, X P, we have

p(hif) +v(hag) = (u@v)((h & )(f & 8)),

and the supremum of the right-hand side w.r.t. (hy,hy) € 7’0,,1 X 7')0” such that ||h; &

hzlliz(#@w) = 1is /Vare,(f @ g) = /Var,(f) + Var,(g). O
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A.2 Proofs for Section 2.4

A.2.1 Proofs of Theorems 1 and 2 and Lemma 3
Preliminary results

The section presents preliminary results needed for the derivation of Theorem 1, followed

by their proofs. In what follows, we fix 1 < p < co.

Lemma 42 (OT potentials). The following hold.

(i) Suppose u, v € P(RY) are supported in B(0, M) for some M > 0 (i.e, spt(u), spt(v) C
B(0, M)). Then, there exists an OT potential ¢ from u to v for W), such that |p(x) —
e(x)| < Cpumllx — x'|| for all x,x” € B(0, M), where C,, )y < oo is a constant that

depends only on p, M.

(i) If o, i1, v € PRY) are supported in B(0, M) for some M > 0, then

(WP (1, v) = WP (o, v)| < Cp s Wi (o, t1).

Proof. Part (i). Since spt(w), spt(v) C B(0, M), there exists an OT potential ¢ such that

= i —y|IP = &€
@(x) yeé{}fm[llx YIP = “(»], x € B0, M).

Indeed, regard u and v as probability measures on B(0, M), and pick any OT potential
¢y from u to v as probability measures on B(0, M). This ¢y, is defined only on B(0, M)

so extend it to R? by setting ¢(x) = @y (x) if x € B(0, M) and ¢(x) = —o0 if x ¢ B(0, M).
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Observe that
¢“(y) = inf [|lx = ylI” — o(x)]
xeRd

— 1 _ P _
xe};{}fm[”x YIP = @(x)]

_ . _ P _ — C
= nf Tl =517 = en(0] = 9 ().

Thus, whenever x € B(0, M),
@(x) = pu(x) = @y (x)
= inf [llx = ylI” — ¢}, ()]

yeB(0,M)
= yeligr(lofM)[llx =P =" W1
Now, for x, x" € B(0, M),
lp(x) — (X < sup llx =y = [IX" = yIIP| < p2r~ M7 x = X,

yeB(0,M)

Part (ii). Let ¢; denote an OT potential from y; to v. Observe that

Wi > [ guda + [ iy
= f¢odﬂo+f§06d"+f¢od(ﬂ1 - Ho)
= Wﬁ(ﬂoﬂ)"‘f‘ﬁod(ﬂl — Ho)-
Likewise, we have
WZ(Nl,V)=f901dM1+f¢de
:f‘;old/l()"‘f%@id""‘f%d(ﬂl — Ho)
< Wi (ko, v) + f‘ﬁld(ﬂl — Ho).

The conclusion follows from the fact that ¢;,i = 1,2 are C, y-Lipschitz on B(0, M) and
any Lipschitz function on B(0, M) can be extended to R without changing the Lipschitz

constant (cf. [72], Theorem 6.1.1), followed by the Kantorovich-Rubinstein duality. O
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Part (i1) of the preceding lemma implies the following corollary.

Corollary 9. If o, u;, v € P(R?) are supported in B(0, M) for some M > 0, then

WP (1, v) — WP (o, V)‘ \/ 'WZ(,U] V) = Wlp)(/lo, V)| < CptWi (o, 1)

Proof. This follows from Part (ii) of the preceding lemma, the definitions of W and Wp,

and the fact that pg,uo, pg,ul , pgv are supported in [-M, M]. O

Lemma 43 (Regularity of sliced OT potential). Let y, v € P,(R?) and assume that y is
absolutely continuous with convex support. Set X = int(spt(u)). For each 6 € S¥°!, let ¢’
be an OT potential from pgy to pgv for W,,. Pick and fix any x; € X. Then the following
hold.

(i) The map X x $97! 3 (x,0) — ¢’(07x) — ¢’(07x,) is measurable in x and continuous

in 6, and thus jointly measurable in (x, ).

(ii) The map XxS% ! 3 (x,0) — ¢’(67x)—¢?(07 x) is unique, in the sense that if, for each
6 € S, % is another OT potential from pg,u to pgv for W, then ¢?(97x) — ¢%(07 x) =

@(07x) — F(67 x) for all (x,0) € X x S,

(ii1) If, in addition, spt(u) and spt(v) are contained in B(0, M) for some M > 0, then
(07 x) — "0 x0)| < C, 5 for all (x,0) € X X S*!, where C, is given in Lemma
42. In particular, for any finite sighed Borel measure p on RY with total mass 0, the

map S“ ! 36 f ©?(67 x)dp(x) is continuous.

Proof. Part (i). Measurability of the map x — ¢?(07x) follows by measurability of
the map ¢ — ¢°(r) and continuity of x — 67x. We shall prove continuity of the map
0 — ¢?(07x) — (07 xy). By convexity of the support and absolute continuity of u, we
have u(X) = 1, as the boundary of any convex set has Lebesgue measure zero. Let

Xy =1{07x : x € X}. Then X, is an open interval and its closure coincides with spt(pgy);
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see Lemma 44 below. Pick any x € X and let §, — 6 in S¢~!. Then, for all large n, 6] x
lies in a compact neighborhood of 87x contained in Xj. Since pg’”y 5 pg,u, by Theorem
3.41in [61], ¢ — ¢ (07xy) — ¢ — ¢?(67 xy) uniformly on each compact subset of Xj.
This implies that ¢% (6] x) — % (6] x9) = ¢?(@7x) — ¢?(67 x;). The last claim follows from,

e.g., Lemma 4.51 in [3].
Part (ii). This follows from Corollary 2.7 in [61].

Part (iii). The first claim follows from Lemma 42 Part (i) (note: spt(pg,u) and spt(p‘;v)
are contained in [—M, M]) together with the uniqueness result from Part (ii) of this lemma.
The second claim follows from the fact that f (07 x)dp(x) = f (07 x) — (07 x0)1dp(x)

and the dominated convergence theorem. O

We shall prove the following technical result used in the preceding proof.

Lemma 44 (Support of projected distribution). Let u € P(R?) be absolutely continuous
with convex support and let A € R”™* be of rank m (thus m < d). Set X = int(spt(u)).
Define v € P(R™) by v(B) = u({x : Ax € B}). Then AX = {Ax : x € X} ¢ R" is open

and convex, and its closure coincides with spt(v).

Proof. Since the mapping x — Ax is open, the set AX is open. Convexity of AX is
trivial. Pick any x € X and any open neighborhood N, of y = Ax. Then, since A™'N,
is open and contains x, v(N,) = ,u(A‘lNy) > (0, which implies that AX C spt(v). Since

clearly v(AX) = 1, the closure of AX coincides with spt(v). O

Lemma 45 (Gateaux derivatives of Wp and Wp). Suppose that ug, i1, v € PRY) are
compactly supported, that y is absolutely continuous, and that the support of ug is

convex and and its interior has yp-probability one, i.e., y; (int(spt(up))) = 1. For every

214



6 € S9!, let ¢f) be an OT potential from pg,uo to pgv for W,,. Let p = p1 — pto. Then we

have
d P oot
=W +ipv)| = | | @ 0dp(x)do @), (A2)
d —
d?Wi(/.lo + 1p, V)‘t—o = HSlip fgog(ng)dp(X) (A3)
= €S,y

The right-hand sides of (A.2) and (A.3) are well-defined and finite.

Proof. We first prove (A.2). Let ¢! denote an OT potential from pg,u, to pgv with u, =
Ho + tp. We may assume without loss of generality that ¢?(67x) = 0, where x, is an

arbitrary (fixed) interior point of spt(u). Then,

W) 2 f f 00(07 x) du,(x) dor(6) + f f (0107 y) dv(y) do(6)
§d-1 qd-1
= Wr(uo,v) +1 f @00 x)dp(x)do(6), and
fesd-1

W) < Wio ) +1 [ [ lm dpta) o)

feSd-1
The first inequality implies that

wp(/"lt’ V) - Wp(/lo’ V)
lim inf ==~ b > f f @00 x)dp(x)do(6).

10 t

To prove the upper bound, we note that ¢/(67-) is uniformly bounded on spt(u) by
Lemma 43 Part (iii), and by Theorem 3.4 in [61], ¢/(67x) — ¢§(7x) as ¢ | O for each

x € int(spt(ip)) and @ € SY~!. Thus, by the dominated convergence theorem, we have

. w5(/’lt, V) _W§(ﬂﬂav) 0
lim sup ; < f f @o(0Tx)dp(x)do(6).
ti() §d-1

Next we prove (A.3). To save space, we write f PO x)du,(x) = f du, etc. Observe
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that for € (0, 1),
1 —=p —p
(WGt v) = Wi (o )|
[SUP ( f @, duy + f ]CdV)— sup ( f @) duo + f [sog]cdv)]
feSd-1 feSd-1
1
sup {f¢fdp+ —(fsagdﬂwf[«)glcdv)}
fese-1 t
1
— = sup (fsogduwf[(pg]CdV).
I pesd-1
d-1 . \NMP (0 0 w”
LetS, ={0e S Wp(pﬁ,uo, Dﬁv) > Wp(,uo,v) — €}. Then, for6 ¢ S,
0 1 0 0c
f @y dp+;( f ®o dpo + f [¢0] dV)
_ l 9 ¢ 0, €
sup (| @odpo+ | [gpl°dv)< | ¢rdp——,
t ﬁESd‘] t

which tends to —co uniformly over 8 as ¢ | 0. Hence, for every € > 0, we have

IA

1 —
lim sup — [Wi(yt, V) —WZ(/,LO,V)] < lim sup supfgofdp.

tl0 tl0 6eS ¢

Taking € | 0 above, since the right-hand side is decreasing in €, we have

lim sup — [W (s, v) — W (,uo,v)] < 11m11msup supfgofdp.

tl0 tl0 6eS

We will show that [ ¢f do — [ ¢} dp uniformly over @ € S~ as ¢ | 0. To this end,
by compactness of $?~! and continuity of f ¢% dp in 6, it suffices to show that for any

sequences ¢, | 0 and 6, — 6, f <ij dp — f gog dp.! Since, for any bounded continuous

IThis can be verified as follows. Suppose on the contrary that ¢ := lim inf,jo sup, | f (¢) - <pg)dp| > 0.
Then there exist sequences , | 0 and 6, € S~! such that | f (gafn” - cpg”)dpl — ¢. Since S is compact,

there exists a subsequence of 6, converging to some 6 € S¢~!. Thus, along with the subsequence, we have
| [ ¢rdp — [ ¢dpl = c, a contradiction.
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function g on R,
[ st = [ s@rodu,
= f 2(OF )duo(x) + t, f g(6; x)dp(x)
= f g(0™x)duo(x) + o(1) (as g is bounded and continuous)

= f gd(vijuo) + o(1),

we have p;)",u,n 5 pg,uo. Thus, by Theorem 3.4 in [61], ¢," — (,08 uniformly on each
compact subset of int(spt(p;’uo)), which implies that gof @7 x) — gog(QTx) for each x €
int(spt(uo)). Since ¢? is bounded on int(spt(ug)) uniformly in (z,1), we conclude from

the dominated convergence theorem that f (pf: dp — f gpg dp. This yields that

) I (—» —p . f 0
limsup — |W_(u,,v) — W , < lims dp.
1 woup p [ (e, V) »(Ho V)] ot 92912 Po ap

To prove the reverse inequality, we note that

W) - W] = -

1 .
sup ( f o duy + f [wg]‘dv)
! feSd-1
— sup ( f @) duo + f [sag]cdv)].
feSd-1
For6 e S.,

( f @b du, + f [wg]"dV) — sup ( f @b duto + f [cpgl”dV) >t f ¢hdp — €.
fesd-1

Choosing € = € = 1%, we have

1 _ J—
lim sup — [Wp(yt, v) — W (o, V)] > lim Squ‘Pg dp.
110 t €l0 0es .

Since S9! is compact and f gog dp is continuous in #, we further have

lim sup f @5 dp = sup f 908 dp.

€l0 ges, 0,

This completes the proof. O
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Corollary 9 shows that the mapping u — wp(,u, v)and u - Wp(,u, v) are Lipschitz
continuous w.r.t. W;. By the Kantorovich-Rubinstein duality, W, can be represented as
Wi, ) = It = Vllor With F = {p o p? : 6 € S*1, ¢ € Lip, ((R)}. It is not difficult to
show that F is u-Donsker if u is compactly supported. For a later purpose, we allow u to

be unbounded in the following lemma.

Lemma 46 (Bracketing entropy bound for projected Lipschitz functions). Let ¥ =

{pop’:0e ST ¢elip(R)). Forany u € P, (R?) for some € > 0, we have
log Niy(t, F, L*(u)) < CYer™ 129 1 dlog(2C/1), 1€ (0,1) (A4)

up to a constant that depends only on €, where C = f Ix|**¢du(x). In particular, F is

u-Donsker provided that u € Py, (R?) for some € > 0.

In what follows, N(e, 7, d) denotes the e-covering number of a function class F w.r.t.
a pseudometric d, and Ny (e, ¥, d) is the corresponding bracketing number. The proof of

this lemma relies on the following two auxiliary lemmas.
Lemma 47 (Uniform entropy for 1-Lipschitz functions). For any K > 0,

log N(t, Lip, o([-K, K, || - llo) < [K/t1210g2, t € (0, 1), (A.S)
where Lip; o([-K, K]) denotes the class of 1-Lipschitz functions f on [-K, K] with

f(0) =0.

Proof of Lemma 47. Let N = [K/t]. Partition [0, K] into N subintervals with length at
most . Enumerate the endpoints of these subintervals and label them as 0 = xp < --- <

xy = K. For each vector j = (j_y, ..., j-1, jis---,jn) € {—=1,1}*" indexed from —N to N
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excluding 0, define the function

0 ifx=0

ZL Jixk —x)  ifx=x,1<k<N
Ji) = . (A.6)

Zlle j_l(xk - xk—l) if x= — Xk, 1<k<N

piecewise linear otherwise.

These form a z-net of Lip, ,([-K, K]) w.r.t. || - [|. |

The following result is standard and thus we omit the proof.

Lemma 48 (Covering number for S¢=!). For any ¢ € (0, 1), N(¢, S“ L, || - |) < (5/1)“.

Proof of Lemma 46. Pick any t € (0, 1) and choose M > 0 such that

\/E[||X||21{||X|\>M}] <t/4

for X ~ u. Consider a minimal #/8-net fi,..., f,, of Lip, o([-M, M]) w.r.t. || - ||o, and a
minimal ¢/(8 M)-net 6, . ..,6, of S“~! w.r.t. ||-]|. Consider the following function brackets

fori=1,...,mand j=1,...,n:

[(fi o p% — t/ M) Lyeany — X Loy, (i © P9 + /8 Ljpagenny + ||X||1|||x||>M}]-

It is not difficult to verify that these brackets cover F. The L*(u) width of the brackets is

bounded above by 7. By Lemmas 47 and 48,

8M
logmn =logm + logn < (8M/t + 1)2log2 + logd + (d — 1)log3 + (d — l)log(T).
We are left to determine M. Observe that

E[IX|**<] _ C

ElIXIP L] < Me M

Hence M = (4C'/?/£)*/€ is a feasible choice. This leads to the first claim.
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For the second claim, by Theorem 2.5.6 in [201], it is enough to show that

f N F L L2 di < oo.
0

Provided that u has finite (4 + €)th moment for some € > 0, \/N[](t, ¥, L*(u)) is integrable
near 0. Since ¥ has envelope function F(x) = ||x|| which is also in L*(u) under the given

moment condition, ¥ is u-Donsker. O

Proof of Theorem 1

Part (i). We shall apply Proposition 1 with Py = {p € P(R?) : p(X) = 1}, X = int(spt(u)),
F ={pop’:0e S e lip R)}, F(x) = Ix|l, and 5(p) = W (p,v). It is not difficult
to verify that $, is convex and contains [, with probability one. Further, by Lemma 46,
F is u-Donsker, Vn(it, — ) 4 G, in {*(F). Combined with Corollary 9 (recall that
W, (0, 1) = |1 = pollo.# by the Kantorovich-Rubinstein duality) and Lemma 45, we

have verified all conditions in Proposition 1 with &, (o — u) = fsd—l (0 — (¢’ o p")do ().

Let M > 0 such that X c B(0, M). Each gpgl[_M,M] is c-Lipshitz for some constant
¢ < oo independent of # by Lemma 42. Extend ¢’||_j to R without changing the
Lipschitz constant and redefine ¢? by this extension. In view of Lemma 43 Part (iii) and

noting that (p — u)(¢” o p — a) = (p — (¢’ o %), &), extends to Tp, (1) as
6, (m) = f c-m(g” o p’)do(6) (A7)
§d-1
with ¢ = (¢’ — ¢(0))/c. Conclude that

VW o) = W) 5 56 = [ 0+ Gyl o )o@

§d-1
SetG,(0) = c- G#(gb‘) o p?). The process (G (6))gesa1 1s centered Gaussian with covariance
function Cov(G,(6), G,()) = Cov,(¢’ o p%,¢” o p”). Further, since § — & o p’ is
continuous relative to the pseudometric d,(f, g) = /Var,(f — g) (cf. Lemma 43(i)) and
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G, has uniformly continuous paths relative to d,,, we see that G, has continuous paths.
By Riemann approximation, we see that fS +1 Gudo is centered Gaussian with variance

Jrr Joar COV(CL(O), Cu()dor(O)der (D) = v

Second, we show that vi, coincides with the semiparametric efficiency bound by
invoking Proposition 2. We have shown that the function class ¥ is u-Donsker, which
implies u-pre-Gaussianity. Also, for any bounded p-mean zero function A, spt((1+th)u) =
spt(u) for sufficiently small ¢ > 0, so that (1 + th)u € P,. It remains to show that the
derivative ¢, in (A.2) suitably extends to a continuous linear functional on £*(¥). Let
C.(F) denote the space of uniformly continuous functions on ¥ relative to d,. As ¥ is
u-pre-Gaussian,  is totally bounded for d,,. Since 8 — ¢’ o p’ is continuous relative to
d,, the expression (A.7) makes sense for any m € C,(¥), and the map ¢, is continuous
and linear on (C,(%), || - ll«.#). Extend ¢, from C,(¥) to a continuous linear functional
on £~ (F) by the Hahn-Banach theorem. For this extension, since hu € C,(¥) for any
bounded y-mean zero function &, we have 7' (6,((1 + th)u) — 6(u)) — &/(hu) as ¢ | 0.
Applying Proposition 2, we see that the semiparametric efficiency bound is given by

Var(6,,(G,)), which coincides with vf, from the computation above.

Finally, we show the bootstrap consistency. Since the derivative ¢, in (A.2) is linear,
p — 6(p) is Hadamard differentiable (w.r.t. || - || #) at p = u tangentially to spt(G,) by

Corollary 1. Thus the bootstrap consistency follows from Theorem 23.9 in [200].

Part (ii). To account for the two-sample case, we consider the following setting.
Set Py = {p1 ®pr € PRI xRY) : (p ® po)(X x Y) = 1} with X = int(spt(u)) and
Y = int(spt(n), F = {/i®fz : fi € Fo,i = 1,2} with F = {pop” : 6 € §4', ¢ € Lip, o(R)},
and 6(o; ® p2) = WP(p1,p2). Observe that, for fi, fo € Fo, p1 ® p2, 0} ® pj € Po, and

t € [0, 1], we have
(161 ® p2) + (1 = 10} ® P)(fi ® f5) = (101 + (1 = 1)p}) ® (102 + (1 = DY) )(fi © o).
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Thus
o1 ® p2) + (1 = 1)(p) ® P3) = (tp1 + (1 = 1)p}) ® (12 + (1 — 1)p})

as elements of £°(%), so that P is covex as a subset of £*(F). It is not difficult to see

from Corollary 9 that

16(tt0 ® vo) — 5(us ® Vi)l < Wi (o, 1) + W, (v, v1)
< 2||(to ® vo) — (1 @ Vi)lloo 7
Also, for y;, = (1 — Hu + tp, and v, = (1 — £)v + tp, with p; ® p, € Py, arguing as in the

proof of Lemma 45 and using the fact that [¢?] = ¢, we have

[ W ®v) = 5u®Y)
t10 t

= f [(m — 1)(¢? 0 p9) + (02 — V)([T¢ 0 pﬁ)] do(0)

gd-1

= f f @ o p) @ ([¢"1° 0 p)d(p1 ® p2 — 1 ® v)do(6).
Sd—l

Here recall that u, ® v, can be identified with (1 — )(u ® v) + #(p; ® p,) as elements of
°(F). Let yf = [¢?]°. Again, choose versions of ¢’ and ¢ such that, for some constant
¢ independent of 8, ¢ = (¢’ —¢?(0))/c, ¥’ = (¥’ —¢°(0))/c € Lip, ((R) for every 6 € S".

Then, the derivative ¢’

v €Xtends to Tp (4 ® v) as

1) = f c-m((@ o ') ® (@ 0 v"))do(0).
Sd—l

We shall verify that the process vVn(l, ® 9, — u ® v) converges weakly to a tight
Gaussian process in £*(¥). Since ¥ is Donsker w.r.t. u and v, and X;’s and Y;’s are
independent, by Example 1.4.6 in [201] (combined with Lemma 3.2.4 in [73] concerning

measurable covers), we see that
(Vn(@, — p), Vn(, —v)) 5 (G, G,)) in £7(Fo) X £7(Fo)s (A.8)

where G, and G/, are independent and the weak limits of vn(f, — p) and Vn(¥, — v) in

£=(F0), respectively. Since the map £%(F0) X £%(Fo) 3 (21, 22) = (21(fD) +22(2)) fiaper €
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{°(F) is continuous, we have
d L
\/ﬁ(ﬁtn®f/n—/1®v)—>Gﬂ®,, in £(F)

where G5, (f1 © f2) = G,(f1) + G,(f>) for f = fi & f> € ¥. Applying Proposition 1 (see

also Remark 2), we conclude that

VA ®9) = 5 v) > | [oGu@ o ¥") +0- Gl 0 )] der(6)

gd-1

=f Gﬂd0'+f G do.
qd-1 qd-1

where G, is given before and G/, is defined as G/,(¢) = ¢ - G (Y’ o p?%). Arguing as in Part

(i), the right-hand side is Gaussian with mean zero and variance v’ + w?.

Second, the fact that v?, + w?, coincides with the semiparametric efficiency bound
follows from Corollary 2. The argument is similar to the one-sample case and omitted

for brevity.

Finally, we show the bootstrap consistency. The argument is analogous to the
one-sample case above. To apply Theorem 23.9 in [200], we need to verify that,
as maps into {*(F), the sequence Vn(a? ® 9% — fi, ® 9,) is asymptotically mea-
surable and converges conditionally in distribution to (G,(f1) + G,(f2)) feper given
(X1, Y1), (X5, Y2),.... Since Fy is Donsker w.r.t. u and v, each of vn(i? — i) and
Vn(#2 - 9,) is asymptotically measurable and converges conditionally in distribu-
tion (cf. Chapter 3.6 in [201]). By Lemma 1.4.4 and Example 1.4.6 in [201], as

maps into (%) X £2(F), the sequence (Vn(a? — ), Vn(¥% - 9,)) is asymptotically

’

.). Since the map

measurable and converges conditionally in distribution to (G,,G
>(Fo) X £2(Fo) 2 (21,22) = (21(f1) + 22(f2) froper € €7(F) 1s continuous, we see that,
as maps into *(F), Vn(@? ® 9 — fi, ® 9,) is asymptotically measurable and converges

conditionally in distribution to (G,(f1) + G,(f2)) feper, as desired. The rest follows from

Corollary 1 and Theorem 23.9 in [200]. O
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Proof of Theorem 2

Given the Gateaux derivative result for Wp (cf. Lemma 45), the proof is analogous to

Theorem 1. We omit the details for brevity. O

Proof of Lemma 3

We follow the notation used in the proof of Theorem 1(ii). Let S5 = \/ﬁ(WZ(ﬁB P8y —

mn® ¥ m,n

Wi(ﬁ,,, 7,)) and S be a random variable following the limit law in (2.6). By Theorem

3.6.2 combined with Example 1.4.6 in [201], we have
A A A A~ d : (o) (o]
(Nm(fy,, = )y Ny, = 92) = (G, Gy) - in £(F0) X £2(F0)
given almost every sequence X, X5, ..., Y1, Ya, ... Since E[|| Vm(@, — t)los, V|| V(i —
Wllor] = O(ym/n) = o(1) by Theorem 2.14.1 in [201] and the assumption that
m = o(n), we have || Vm(@, — llos, V || VMm@, — wllews, — 0 in probability. Pick any

—
subsequence n’ of n and choose a further subsequence n” such that Vm”" (W (&, V) —

Wz(,u, v)) = 0a.s. (cf. Theorem 2(ii)) and || V" (&, — oy VIl VI P = )]0, = O

a.s. with m"” = m,,». Arguing as in the proof of Theorem 1(ii), we have
A A d . 00
\/n_/l(ﬂﬁ//’nu ® Vﬁ//,n/r - /l ® V) i G,u®y mn f (T)

given almost every sequence X, X», ..., Yy, Y»,... By directional Hadamard differentia-

bility of 6(p; ® p2) = Wi(pl,pz) atp; ® p» = u ® v, we have

— d
m”(é‘(ﬂg//’nu ® 95//’,1//) - 5(# ® V)) — 6/’1®V(G/~4®V) g S

7 \nP o~ N kvvid
= m/,(Wp(ﬂﬁ//ﬂ//vVZ//’n//)_Wp(/J,V))

. . =D, . A
given almost every sequence X;,X,,...,Y1,Ys,... Since \/m”(Wp(/J,,u,vnu) -

Wi(u, v)) — 0 a.s. by construction, we conclude that
SB — 7 Wp ~B ~B WP N N d S
o= Nm''( oW s Vi o) = W ({5 V) —
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given almost every sequence X, X5,..., Y, Y, ..., thatis

sup [EP[g(SE)] - Elg(S)]| = 0
g€BLI(R)

a.s. This completes the proof. O

A.2.2 Proof of Theorem 3

Preliminaries

Lemma 49 (CLT in L' space). Let (S,S,u) be a o-finite measure space with S be-
ing countably generated, and let Z;,2,,... be i.i.d. L'(u)-valued random variables.
If P(IZillLi > 1) = o(t™*) as t — oo and fS E[Z2(x)] du(x) < oo, then there ex-
ists a centered jointly measurable Gaussian process G with paths in L'(u) such that

w2 705 Gin L.

Proof. See [129], Theorem 10.10. |

Lemma 50 (Directional derivative of L' norm). Let (S, S, u) be a measure space. Then,
forany f,g € L'(u) and 1, | 0, we have
N+ gl = 11 g .
fim w2200 — [isigntgdu+ [ lelda
n—oo n (=0}

Proof of Lemma 50. Let S* = {f > 0}and S~ = {f < 0}, and set h =

|§_|]1{f¢0} and

dy = |fldu. Observe that

51 + tagllo gy = 1)

:t,jlf (|1+t,,h|—1)dy+t;1f (|—1+t,,h|—l)dy+f lg| du.
S+ S- {f=0}

We next show that the first and second terms converge to f{ £>0} gdu and f{ f<0}(—g)dp,

respectively. The arguments are analogous, so we only prove the former.
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By normalization, we may assume without loss of generality that y(S ™) = 1. Consider
the set A, = {t,|h| < 1}. Since h € L'(y), by Markov’s inequality we have y(ASNS*) — 0.

Consequently

f 1 + t,h|ldy — f 1+ t,,h]lAnIdy‘ < t,,f |h|Lscdy = o(t,).
S+ S+ S+

Since 1 + 1,hl4, > 0, we have

(11 + tuhly | - Ddy = 1, f hlady =t, f hdy + o(t,).

S+ S S

As f L hdy = f{ £50) gdu, we obtain the desired result. m|

Lemma 51 (Directional derivative of supremum functional). Let S be a nonempty set.
Consider the functional ¢ : £*(S) — R defined by ¢(f) = sup,¢ f(x). Suppose that there
exists a pseudometric d on S such that (S, d) is totally bounded, and let C,(S, d) denote
the set of all uniformly d-continuous functions on S. Then ¢ is Hadamard directionally
differentiable at f € C,(S, d) with derivative
$g)= sup  g(r). geC(S.d).
xeS:f(0)=¢(f)
where S is the completion of § with respect to d [note that every f € C,(S,d) has the

unique continuous extension to S, which we denote by the same symbol f].

Proof. See [35], Corollary 2.5. O

Proof of Theorem 3

Part (i). Recall the expression W, (i1, 1) = ||[F5, — Foll1aee)- We divide the proof into

two steps.

Step 1. We will first show that there exists a centered, jointly measurable Gaussian

process G, = (Gu(t,0)),, gepxse-t With paths in L'(1® o) and covariance function (2.9)
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such that

d .
VI(F;, (1 0) = Fu(t; 0)goerxset — G, in L'(A® o).

We will apply the CLT in the L' space (Lemma 49) to prove this claim. Let
Zi(1,0) = LW(07X; < 1) — F(t;60). Then vn(F;,(t;0) — F(t;0)) = n” 23" | Zi(1,0).
Since ((z,0), w) = Zi(t,6, w) = 1(0"X;(w) < t) — F,(t;0) is (jointly) measurable, Z; can
be regarded an an L!(1 ® o)-valued random variable as long as ||Z;| Lier) < %0 a.s. [33],

which will be verified below.

Observe that ||Z]|;11er can be evaluated as

f f|]l(9TX,~ <t)-PO™X; < 1) dtdo(0)
sd-1 JR

0
:f (f 11(67X; < 1)~ P(O7X; < 1) d
§d-1 —oo

+ f‘x’ |L(OTX; > 1) — P(O7X; > 1) dl‘)dO'(@)
0
0
< f [(—QTXi v 0)+ f PO™X; < t)dt
§d-1 —00
+ (07X V0) + f POTX, > 1) dt]dcr(@)
0

< IXill + ELIX:[[].
This implies that Z; € L'(1 ® o). Further, for ¢ > 2E[||X;||],

PU1Zll1 ey > ) < PAXI + E[IXill] > 1)

< PIXill > 7/2)

2+€ 112+€
_ 2ZBIXIP

-2
_T—O(I )
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as t — oo. Finally, letting K = supycqi E[167 X;[**€] < oo, we have

f f\/E[Z,-(t,Q)Q]dtdO'(Q)
sd-1 IR

) fsdl I‘” VEL(6:0)(1 = F(1;6)) dt do(6)

(o0

0 00
sf (f \Fu(t; 0)dt +f 1—F,1(t;0)dt)do'(0)
§4-1 \J -0 0
sf (2 foo VP(07X;| > 1) dt)da(e)
Sd-1 0
S2[1+f00‘/ f dt
1 =
VK

<2+4—— < o0.
€

(A9)

Thus, by Lemma 49, we have n™'/2 Y, Z,; 4 G,in L'1® o).

Step 2. We will apply the extended functional delta method to derive the limit

distribution for vVa(W, (@, v) — W, (4, v)). Let ¢ : L'(A® o) — R be defined by

¢(f) = Ifllsery f €L (A®0).

By Lemma 50 and the fact that ¢ is trivially Lipshitz in || - [|.11ee), ¢ is Hadamard

directionally differentialble at f € L!(1 ® o) with derivative

50 = [ IsienNeda 0 ) + f{f | lddae o)

Thus, by the extended functional delta method, we have

W(W](ﬁm V) _wl(ﬂ,v)) = \/ﬁ((ﬁ(Fp -F, + Fﬂn - F,u) - ¢(F/1 - Fv))

d
S A (ch)

The right-hand side coincides with the limit distribution in (2.10).

Part (ii). Observe that W, (1,, V) = [|Fj, — F,|l11(1g0)- From the proof of Part (i), we
have \/r_z(Fﬁn -F;, —F,+F,) 4 G, -G, in L'(A® o). The rest of the proof is analogous

to Step 2 in the proof of Part (i).
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Part (iii). Observe that W, (1, v) = sup (1t — v)(f) by the Kantorovich-Rubinstein
duality. By Lemma 46, the function class ¥ is y-Donsker under the given moment

condition, V(i — 1) — G, in £<(F).

Then, we apply the functional delta method to the supremum functional, Lemma 51.
Since, relative to the standard deviation metric, f +— f fdu —v) = u(f —v(f)) is
uniformly continuous, ¥ is totally bounded, G, has uniformly continuous paths (cf.

Example 1.5.10 in [201]), we obtain the desired result.

Part (iv). The proof is analogous to Part (iii) and thus omitted. O

A.2.3 Proof of Corollary 3

The limit distribution results directly follow from Theorem 3. Under the setting of
Corollary 3, inspection of the proof of Theorem 3 shows that the map f + || fll.11g1) 1S

Hadamard differentiable at f = F, — F, with derivative

Or,-r,(8) = f [sign(F, — F,)lgd(A1®0), g € L'(A® o).

Combined with the equivalence between the CLT and the bootstrap consistency for i.i.d.
random variables with values in a separable Banach space (cf. Remark 2.5 in [97]), the
bootstrap consistency result for W, (like that in Theorem 1) follows via Theorem 23.9

in [200].

Regarding semiparametric efficiency, for any bounded measurable function 4 on R?
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with y-mean zero,

1
;(”F(1+sh)/1 - Fv”L‘(xl@U) - ”Fp - Fv”L‘(xl@(T))
— f [sign(F, — F,)(t;0)] {fh(x)]l(xTQ < t)d,u(x)} dtdo(0) (s ] 0)
RxS4-1
~ [ isien, - Fo) { | eonta, 9)d,u(x)} didr(0)
RxSd-1
= <h f [sign(F, — F,)(t; 0)1a(-, 1, H)dtd0(9)> ,
RxSd-1 L2(4)
where g(x,7,60) = 1(x70 < t) — 1(¢ > 0) and the second equality follows as A has y-mean
zero. Hence, the semiparametric efficiency bound for estimating p — W, (p,v) atp = u

is given by the p-variance of

f [sign(F, — F,)(#; 0)]a(-, 1, 0)dtdo(0),
RxS4-1

which agrees with vf above. Likewise, in the two-sample case, it is shown that the

semiparametric efficiency bound agrees with v + w?; see the proof of Corollary 2. O

A.3 Proofs for Section 2.5

A.3.1 Proof of Proposition 3

Lemma 5.2 of [175] establishes that convolution acts as a contraction for W, Wg <W,.

For any p € P(R?), the coupling 7 := y,(x — y)dA(x)dp(y) € I(p, p * ) satisfies

f llx = yllIPdn(x, y) = Upf izl x1(2)dA(2)du(y) = By, LIXII,
RIxRY

Rd Jrd
s0 W, (i, it * 7,) < (E[|IX,,,II”D'/? by Lemma 7.1.10 in [6]. Conclude by applying the

triangle inequality, W, < W9 + 2(E,, [IIX|"])"/7. o
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A.3.2 Proof of Proposition 5

Lemma 52. For o > 0, the characteristic function ¢, of 7, is zero on a set of negligible

(Lebesgue) measure.

Proof. The Fourier-Laplace transform of y, is defined by

Yo :1€Cls f ) ey (x)dx.
R

By Theorem 7.1.14 in [118], ), is complex-analytic, so ¢, = x,|z«(—) is real analytic.
The conclusion follows since the set of zeros of any real analytic function on R that is

not identically zero has zero Lebesgue measure [80, p.240]. O

Lemma 53. For p > 1, 0 > 0, (u)kew € Pp(RY) and p € Pp(RY), i # g —> 1 * 15 A8

k — oo if and only if py g,uask—>oo.

Proof. First, if 5 s Pusny = Pu @y = PuPy, = Dusy, POINLWISE, SO LU * 1), 5 U T
To prove the opposite direction, if py * 7]0141 * 1], arguing as above yields ¢, — ¢,
pointwise almost everywhere, as ¢, = 0 on a set of negligible (Lebesgue) measure by
Lemma 52. It is not difficult to show that pointwise almost everywhere convergence of

characteristic functions implies pointwise convergence thereof and hence that 5 u. O

Proof of Proposition 5. The fact that W is a metric follows essentially from the proof
of Proposition 1 in [152], with a slight modification using Lemma 52 and the fact that
characteristic functions are uniformly continuous. Similarly, the fact that W and W,
induce the same topology on P,(R¢) follows from the proof of Proposition 1 in [152]

along with Lemma 53. O
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A.3.3 Proof of Theorem 4

We only prove the one-sample result, as the two-sample result follows from essentially
the same reasoning coupled with the fact that ¢° is the unique OT potential from v = 7, to
u * 1, for W, up to additive constants under the assumption that v has connected support;
see also the proof of Theorem 1 Part (ii). In what follows, we fix o > 0 and 1 < p < 0.
Recall that B denotes the unit ball in L2(X,,). We first prove the weak convergence of
the smoothed empirical process vVn({l, — ) * 1, and the associated bootstrap process in

{=(B).

Lemma 54. For any u € P(X), we have vn(ii, — p) * 1, 4 Gy in £*(B), where
G, = (Gﬂ( f))feB is a tight centered Gaussian process in ¢*(B) with the covariance
function Cov(G,(f), G,(g)) = Cov,(f * x> & * Xo)- Further, conditionally on X;, X, ...,

Vn@g — fin) * 1o 4 Gy in €7 (B) for almost every realization of X;, X, ...

Proof. We will show weak convergence of n(f, — u) * 1, in (L*(X,))’, the topological
dual of L*(X,). Observe that, for every f € L*(X,) and x € spt(u),

I(f # x)ON < Ml o (x = 2, < Clifllex,) (A.10)

where C = ||yl VA(B(0,0)) < o0.

Set Z; := 6y, * 1, for i € N. The inequality (A.10) implies that |Z;| ;2x,)y < C. Itis
not difficult to see that the Borel o-field on (L?(X,,))’ agrees with the smallest o-field for
which the projections z — z(f), f € L*(X,) are measurable. Thus, Z; can be thought as
i.i.d. random variables with values in (L?(X,,))’ with (Bochner) expectation E[Z;] = 1,
(cf. Lemma 5.1.1 in [188] for Bochner integrals). Since (L*(X,)) is a separable Hilbert
space, by Example 1.8.5 in [201], we have vn(@, —u) 1, = n='2 Y (Z;—E[Z]) 4 G°,

’

where G; is a centered Gaussian random variable in (Lz(X U))
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In addition, let Z® = 6ys  n, fori = 1,...,n. Then, ZP, ..., ZP are an i.i.d. sample
from the empirical distribution n~! >, 6z, so that by Remark 2.5 in [97], we have that,

» o e — 4 . :
conditionally on X, Xa, ..., Va(@? — f,) xn, =n'? 31 (Z8 - Z,) > G, in (L2(X(,))

for almost every realization of X;, X5, ..., where Z,=n" 1 Zi

The conclusion of the lemma follows by noting that the map (L*(X,)) >z z|g €
£ (B) is an isometry. O
Second, we shall establish Lipschitz continuity of V; (V) wrt. || - #1040 8-

Lemma 55. For every uo, u; € P(X),

Vo (i, v) = Vi (o, vl < VAX) diam(X o)1 = po) * N lloo, -

Proof. Recall Vg(,u,-, v) = [W,(u; * 115, v % n,)]7. Let ¢; be an OT potential from y; * 1,
to v * n, for W, satisfying 0 < ¢; < diam(X,)” on X, fori = 0,1 as in Remark 1.13
of [207]. Then, by duality,

Vo (1, v) = Vi (o, v) < f e1d((1r = o) * 1)
Xo
< lletllzax (et = po) * Nelleo 8-

Likewise,
Vo (1, v) = Vo (o, v) 2 =lleollzx I — o) * 1o lleo.5,

so that

IV (1, v) = V7 (o, VI < (leollzzx,y V l@illzae, I = o) * Nl 5-

The conclusion of the lemma follows by noting that

llollr2x,y V lleillzx,) < VAX,) diam(X,)?

by construction. O
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The following lemma concerns the Gateaux directional derivative of V;’, G, v).

Lemma 56. Let uy, u; € P(X) be such that int(spt(uy)) is connected with negligible
boundary and spt(u;) C spt(ug). Then,

. Vo (uo + 1y — po), v) = Vi (1o, v)
i t
t

= ((11 — po) * o) (o),

where ¢, is an OT potential from u * 1, to v * 1, for W,

The proof of Lemma 56 relies on the following technical lemma concerning the

support of u * 1,

Lemma 57. For any y € P(X), int(spt(u * 1,)) has negligible boundary. Further,

int(spt(u * 1,-)) is connected provided spt(u) is connected.

Proof of Lemma 57. By [136, p. 106],

Spt(:u * 770') = SPt(,U) + B(O’ O-) = UxESpt(ﬂ)B(-xa O-)’

where the second equality is due to the fact that a union of closed balls with centers in a

closed set is closed.

Let I = {z € R? : dist(z, spt(n)) = o} and A = U,eqpqB(x, o). Observe that,
since spt(u) is closed, dist(z, spt(u)) = ||z — x|| for some x € spt(u). It is clear that
I' € dA. On the other hand, if z ¢ T' U A, then dist(z, spt(x)) > o in which case
7 € R\ Upeqpug B(x, 0). Since U,eqpiq B(x, o) is closed, we have z ¢ A and T’ = dA.
The same argument implies that Uxespt(u)m C I' U A and the other inclusion is trivial,

S0 U espiu)B(x, o) C int(spt(u * 17,)) and the closure of both sets coincide with spt(u * 17,).

Example 1 in [171] implies that A has a (locally) Lipschitz boundary, which is
negligible by Section 4.9 and Section 4.11 of [1]. As such, int(spt(u * 1,-)) has negligible

boundary.
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Assume that A is not connected, then there exist nonempty sets A, B C spt(u) such
that A U B = spt(u), and U,e4B(x, 0) and U,epB(y, o) are disjoint, which contradicts
the assumption that spt(u) is connected. Hence int(spt(u * 7)) is connected, as I’ C

int(spt(u * n,)) C r= spt(u * 1,). |

Proof of Lemma 56. Set u, = u + t(1; — o), and let ¢; be OT potentials from y, * 1, to
v * 1, for W, satisfying 0 < ¢; < diam(X,)” on X,; cf. Remark 1.13 in [207]. For any
fixed xp € int(spt(uo * 1)), @ 1= @; — @;(xp) 1s again an OT potential from y, * 1, to

v * 1, for W), satisfying ¢,(xo) = 0 and |¢,| < diam(X,-)” on X,.

Observe that, by duality,
Vo (i v) =V (o, v) = Wy (s # 10, v 5 )17 = [W (s # 10, v % )17

< f ed(u; * 1) — f eid(1o * 1)
X Xo
<t f @d((11 = o) * 1),
Xs

so that

V7 (u;, v) — V9 (ug, v)
lim sup —= G plto < lim sup f @d((p1 = po) * 7o)
10 t o Jx,

Since int(spt(uo * 1,)) is connected with negligible boundary by Lemma 57, and y,, *
n(,g,u*n(, for any sequence ¢, | 0, Theorem 3.4 in [61] implies that ¢, —a, — ¢ pointwise
on int(spt(uo *1,)) for some sequence of constants a,. Since ¢, (x9) = ¢(xp) = 0, we must
have that a, — 0, so in fact ¢, — ¢ pointwise on int(spt(uo * 17,-)). Since int(spt(uo * 17,))
has negligible boundary by Lemma 57 and spt(u;) C spt(uo), applying the dominated

convergence theorem yields

f (Pt,,d((lll — Mo) * 770) - f ‘POd((ﬂl — Mo) * 770')-
X, Xo

Since ¢, | 0 is arbitrary, we have

' V7 (s, v) — V9 (o, v)
lim sup —£ : ? < f‘,ood((,ul = Ho) * To)-

110 1
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For the reverse inequality, observe that
Vi ViG> [ edgu o= [ eodgannn)
= tfx @od (11 = Ho) * 7o) »
so that

V7 (u,, v) — V2 (up, v)
lim inf ~2 4 pHo
t10 t

ZL wod (11 — Ho) * 1) -

Conclude that lim, t‘l(V;’, (ks> v) = V) (1o, v)) = ((u1 — po) * N )(@o). The derivative
is uniquely defined, as ¢, is unique up to additive constants on int(spt(u * 7,-)) and

(11 — uo) * n,- has total mass zero. |

Proof of Theorem 4. As noted before, we only prove the one-sample result. We shall
apply Proposition 1 by identifying V7 (p,v) = W2 (p * 1, v * 1) as a functional defined
onPyxn, ={p*n, : p € Py} with Py = {p € P(X) : spt(p) C spt(u)}, and taking ¥ = B,
F = C with constant C given in (A.10), and w,, = f1,, * n,. The set Py = n,- is convex and
contains i, * 17, with probability one. Combining Lemmas 54-56, we have verified all
conditions in Proposition 1. Pick a version of ¢ that is bounded on X;; cf. Remark 1.13
in [208]. Choose a constant ¢ > 0 such that ¢ = ¢/c € B. Observe that the derivative

formula in Lemma 56 agrees with ¢ - ((u; — o) * 17,-)(@). Conclude that

VIV (@ v) = V5, 9)) 5 € - Gu(@) ~ N(O, Vary( * xo).

Pertaining to semiparametric efficiency, think of V7 (-, v) now as a functional defined
on Py. It is not difficult to see that, for any bounded measurable function 4 on R?
with y-mean zero, (1 + th)u € P, for sufficiently small # > 0. Lemma 56 implies that
t‘l(V;‘,((l +thu, v) = V7 (u,v)) = ((h) * n1,)(@) = ()¢ * x) as t | 0, which is the
point evaluation at ¢ * y,, € L?(u). Hence, by Proposition 1, the semiparametric efficiency

bound for estimating V7 (-, v) at u agrees with Var, (¢ * x).
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Finally, the bootstrap consistency follows by linearity of the derivative in Lemma
56 and the second claim in Lemma 54, combined with Corollary 1 and Theorem 23.9

in [200]. O

A.3.4 Proof of Proposition 6

Let Z; = 0x, * 17, be i.i.d. (L*(X,))-valued random variables as in the proof of Lemma 54.

By the proof of Lemma 55,
IV (@ v) = V()| < VAKX diam(Xo)? (it — 1) * Morllzzer, s
= A(X,) diam(X,)?

Since (L*(X,)) is a Hilbert space,
2

n! Y (2~ BIZ))
i=1

LA X))

n

n' ) (2 —EIZ)

i=1

B (LA X))

} = n"'E[l|Z, - E[Z/]II} 1<4n™'C?,
(LX)

where C = ||y, |l VA(B(0, 0)) is a constant given in (A.10). Applying Jensen’s inequality

in the previous display and combining both bounds yields
E [|V5 (. v) = V5 ()| < 2C VAX,,) diam(X,)Pn ™2,
Applying the inequality |x — y| < y'77 [x? — y?| yields
E [|W5 (i, v) = W3 (. v)|| < 2C VA(X,) diam (X ) [WS (u, )] Pn 712,

as desired. m|

A.3.5 Proof of Theorem 5

In what follows, we fix o > 0. We will first show that the smoothed empirical process

vVn(Q, — ) = 1, can be regarded as the scaled sum of i.i.d. random variables with values
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in H2 (u * n,).

Lemma 58. If u € P(X) is such that u = n, satisfies a 2-Poincaré inequality, then

(6x — ) * e € H'2 (u % 1,) p-a.s.

Proof. LetY ~ u. Observe that the Lebesgue density of u * 1, agrees with E[y,(Y — -)].
We shall verify that, for any x € int(spt(u)), E[x,(¥ —-)] > 0 on B(x, o). Indeed, for any
y € B(x,0), there exists 0 < €, < o with B(x, g) C B(y, o). Since u(B(x, €,)) > 0 and

Xo(-=y) > 0on B(x, &) C B(y,o), we have E[x(Y = y)] 2 Elxo(Y = y)1px.e)(Y)] > 0.
Now, for any f € C5° + R and x € spt(u), we have

I(f * xo) ()] < f lfOxo(x =yl dy

B(x,0)
Xa'(x - y)
= = d(u *n,
fB O s )
Xo-(x - )
Elxo (Y = )]

b

L2(B(x,0)u#70)

< 2By peny)

where || - || is the L*(u * 1,)-norm restricted to B(x, o).

L2(B(x.0).p#7]7)

Observe that, since (8, — i) * 1, has total mass zero, for f = f — (u * n,)(f),

XO’(X - )
E[X(T(Y_ )]

(6, = 1) % 10) f| = |(F % XD @] < 1Al 2800 0o .
L2(B(x,0),p57)

Since u * i, satisfies the 2-Poincaré inequality and B(x, o) C spt(u * 1),
”f”L%B(x,U‘),y*m,) < ||f_‘”L2(y*n{,) < Cp,al|f||H1~2Qz*nU)

for some constant C,, . > 0 depending only on i and o

As for the other term, let I' = {y : E[y,(Y — y)] > 0}, and observe that, for X ~ u
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independent of Y,

Elx2(X - y)] EDe2(X = ) (i ox-9<nO0) + ¥iporzn )]
f —Ae T gy = f dy
r Blo(X = )] r Do (X =) (Firoo-0<n0) + ¥, -0 ()]
- fELYg(X—y)H‘m(x_M}(y)] + I ooty (- = y) 2 1,
S Jr o EBlxe(Y = ¥ <y O] + ulixe (- —y) > 1)

< (1 V 2 lleo)AD).

Applying the Fubini theorem and Jensen’s inequality yields

fELv?T(X—y)]dy:E“ XJ(X—-) ’ ]
r Elxo(Y = y)] Elx.(Y - LZ(F,,J*%)
(e[l ) )
E[XU(Y LZ(F,M*;;O,)
= (e[l ) X
Elxe(Y = ) 28009 e

where the last inequality follows as B(x, o) C I for every x € spt(u). Conclude that

o[l

Bl (Y < JAV LA,

LZ(B(XJT),#*%):|

We have shown that

/\/G'(X - )
Elyo (Y — )]

2

L2(B(x,0).pa51c)

ll(6x _:u) * 77a||H—1,2(,,*m,) < Cp,(r

and the right-hand side is u-a.s. finite as its expectation is finite, so (0x — u) * 1, €

H™"2 (u*ny) p-a.s. |

Lemma 59. For u € P(X) such that u = 1, satisfies a 2-Poincaré inequality, Vn(f, — ) *
o < G, in H™"* (u * n,), where G, = (G,l(f))
with paths in 712 (u * n,,).

. is a centered Gaussian process
fGH]‘z(#*Tkr)

Proof. By Lemma 58, Z; := (5x. — p) * 1, are i.i.d. mean-zero H"2 (u * n,)-valued

random variables. By Lemma 5.1 in [105], H~"? (u * ) is isometrically isomorphic to
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a closed subspace of L*(u * 1,; RY) and hence a separable Hilbert space. Further, from

the proof of Lemma 58,

E (1217 12,y | < Crr(1V N AX) < o0,

Conclude from Example 1.8.5 in [201] that Vn(, — p) * 17, = n”'/? Y1, Z; satisfies a

CLT in H ™2 (u * ). O
Lemma 60. For u € P(X), the map
@ (h,hy) €E, xE, C H" (un,) X H " (u*1,) = Wall # 1y + iy, i % 15 + ),

is Hadamard directionally differentiable at (0, 0) with @EO’O)(h 1> h2) = llh = holl 1240,

where

E,=H " (usn,)Nlh=(—p) *n,:pePX),sptp) C sptu))}.

Remark 26. Any finite Borel signed measure on RY with total mass 0 and finite || -
|| i-12(44,,) DOrm corresponds to an element of H ~12(u * i), and this correspondence is

one-to-one (as C{ is right enough). Thus, the above map ® is well-defined.

The proof of Lemma 60 follows from that of Proposition 3.3 in [105] with only minor

modifications and thus is omitted for brevity.

Proof of Theorem 5. Let (T,,1,T,2) := ((t, — 1) * Ny, ¥y — v) * 1,). Then, by indepen-

dence of 7,,; and 7}, , and Lemma 59,

d S - . .
VA(T,1,To2) = (G Gy in H'2 (s ng) X H™ " (% 15) .

Observe that =, X E,, in Lemma 60 is convex, so that the tangent cone 7= xz,(0, 0) agrees
with the closure of {(hl, )/t (h,hy) € E, X B, 1> O} in H'2 (u * y) X H2 (u * ).

Thus, Vn(T,1,T,2) € T=,x5,(0,0) and (G,,G,) € Tz,xz,

(0,0) by the portmanteau

theorem.
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Now, apply the extended functional delta method, Lemma 1, to conclude that
VWS (@, 9) = N (@ (Ty1, To2) = @ (0,0))
d ’ ’ ’
- (D(o,o)(G,u, Gﬂ) = ”Gy - Gﬂ”H*ll(mmr)-

The one-sample result is obtained analogously. O

A.3.6 Proof of Proposition 7

Let Z; = (6x, — u) * i, be i.i.d. H™'? (u * i, )-valued random variables appearing in the

proof of Lemma 54. By Proposition 2.1 of [105],

n! zn:Z,-

i=1

W3 (s 1) < 20 = 1) * Norllge12Giep,) = 2

H_]’z(/l*na)
Since H~" (u * n7,,) is a separable Hilbert space, the expectation on the right-hand side is

bounded as

Zn—l/2 \/E [”Z] “i‘l—l,z(ﬂ*r]{r)]'

From the proof of Lemma 58,

< C,(1V W Zl)AX).

X(T(X - )
B2, 1ng ) [H

Elxo(Y -

Lz(ﬂ*nmf )

This completes the proof. O

A.3.7 Proofs of Theorem 6 and Corollary 4

Recall #, = {f * x, : f € Lipo}.

Lemma 61. The function class ¥, is u-Donsker for any u € P(X).
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Proof. Pick any f € Lip,y. Since |[f(0 = 1f() = fO) < [ll, vl < |lxll + o for

y € B(x,0), and y, is supported on B(0, o), we have

Iyllyo(x = y)dy < f (Ixll + o)y (x = y)dy = ||x]| + 0.

B(x,0)

(F x| < f

B(x,0)

Next, we study the derivatives. For any multi-index k = (ky,...,k;) € Ng’, let
o = 6'1“ e (9]; denote the differential operator and set k := Z?:] k;j. Observe that, for any

x,x € R4,

|64 (f * o) (x) = O*(f * xo)(X)

< f G 3) = F& = 91 [0e )] dy
B(0,0)
< 9% I ABO, ) - ¥

Since y,- is smooth and compactly supported, for any s € N, there exists a constant C;

independent of f such that ||0*(f * )|l < C, for any multi-index with 1 <k < s

Pick sufficiently large R > 0 such that X C B(0, R). Let F|por) = {flsor) : f € Fol-

Then, by Theorem 2.7.1 in [201], we have
log N(Folpo.r: Il - llos €) = O %), € L 0 (A.11)

for any s € N. Choosing s = [d/2] + 1 > d/2, we see that the function class 7 is

p-Donsker from Theorem 2.5.6 in [201]. |

Proof of Theorem 6. Recall that W{(u,v) = sup ..z (1 — v)(f) by the Kantorovich-
Rubinstein duality. Since ¥, is Donsker w.r.t. u and v, the conclusion of the theorem
follows from a similar argument to the proof of Theorem 3 Parts (iii) and (iv). We omit

the details for brevity. O

Proof of Corollary 4. Recall the expression WY ({i,, 1) = Supser (f1n — )(f). As p is
compactly supported, the desired result follows by the bracketing entropy bound (A.11)

combined with Theorem 2.14.2 in [201]. i
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A.4 Computational Aspects of Smooth Wasserstein Distances

We take here a first step towards addressing computational aspects for smooth Wasserstein
distances, leveraging the framework of [197] for computing the W, distance between
measures with smooth compactly supported densities that are bounded from above and
below. We first outline the approach of [197], then present a truncation argument that
enables applying it for WY, and lastly describe some practical limitations of the original

method.

A.4.1 Summary of the method

Throughout, let c(x,y) = ||x — y||>/2 and u;, > € P(RY) be such that A; := int(spt(u;)) is
bounded and convex for i = 1,2. Assume in addition that y; has (Lebesgue) density f;
which is bounded away from zero and infinity on A; with Lipschitz derivatives up to order
m > d and that A; is smooth and uniformly convex (see e.g. [95, p.339]) fori = 1,2.2

These technical conditions guarantee that the OT potentials ¢, ¢3 solving the alternate

f‘mdﬂl"‘fwzdllz], (A.12)
Ay Ay

dual,

1 2
EWz(lll’,Uz) = sup
(@1.02)L ()X L2 (1)
P1Op2<c

are elements of certain Sobolev spaces.

The first insight of [197] is to exploit the reproducing kernel Hilbert spaces (RKHS)
of such Sobolev spaces (cf. [212], [197, Proposition 4]) so as to facilate computations
via the kernel trick [178] and a representer theorem [197, Lemma 13]. Next, (A.12)

is replaced by an equivalent equality-constrained problem [197, Equation 2]. This is

2Assumption 1 in [197] omits smoothness and uniform convexity of A;. However, in the absence of
these conditions it is unclear if their claimed boundary regularity of OT maps and potentials hold (cf.
Theorem 3.3 in [58]).
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motivated by the observation that equality constraints can be subsampled (i.e., enforced
only on a set Z, of cardinality ¢) at the cost of incurring an error of O(h}"*'~?) provided

he < m™%, where g := SUp .4, e, inf(z,59ez, (X, ¥) = (Ze, 50| [149, Theorem 2.12].

Finally, the objective of the subsampled and equality-constrained version of (A.12)
is regularized to guarantee the uniqueness of its solution. The dual of this prob-
lem is a tractable {-dimensional optimization problem whose solution can be used
to compute the estimate V~V§(/J1, w2) of W3(uy,p2). The error of that estimate is
O(A1 + A2 + (y + W '9)? ] 2,), provided that h, < m™2 and K"+~ < A;. Here (4;, 4,) are
positive hyperparameters introduced in the regularization procedure, and v is related to
the error of approximate integration (see Theorem 9 in [197]). A variant of Newton’s
method is shown to solve the dual problem within a tolerance of € with time complexity
O(C + Et + £33 log(£/€)) and memory complexity O(£?), where C and E are costs of

evaluating certain functions which may depend on ¢ [197, Equation 7].

The followup work [196] provides a variant of this method tailored for approximate
computation of OT maps for the cost c(x,y) = (x,y) given samples from y and v. The
improvement of this approach upon the method of [197] is twofold: it provides a heuristic
by which to choose the hyperparameters and it proposes an alternative regularization
method so as to leverage optimization methods which scale better with € than the Newton

method.

Remark 27 (Smoothness versus subsampling). The value of h’;’“‘d plays an important
role in the proposed method. While it may appear negligible provided m: is sufficiently
large and h, < 1, the theoretical guarantees of [197] are contingent on assuming s, <
m~2. Indeed, this condition enables controlling the amount by which solutions of the
subsampled equality constraint violate the original constraint [149, Theorem 2.12].

Hence, utilizing higher regularity of densities comes at the cost of increasing the number
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of subsamples which in turn implies a greater computational cost in terms of time and

memory.

A.4.2 Truncation of measures and application of the algorithm

We first observe that the above described method is not directly applicable to WY, since
the density of u * 1, decays to zero on spt(u * 1), which violates the required lower-
boundedness. To rectify this issue, we truncate the measures of interest and quantify the

OT gap between the original measure and its truncated version.

Let u € P(R?) be arbitrary and A ¢ R be Borel measurable with u(A) > 0. The
truncation of u to A, denoted p/,, is the conditional probability measure u(:|A). The next

result quantifies the error (in W),) of approximating a measure by its truncation.

Proposition 13 (Truncation error). Let 4 € #,.1(R?), and A ¢ R? be a bounded Borel

set with p(A) > 0. The following hold.

(1) If 1 < p < oo and u has a (cy, ¢cp)-regular density f, 3, then

W2l 1) < C (B, LI + B, [1X117*] 4+ (1 = 20(A)) g, YT+ By, [1Y17T))

where C depends only on p, d, ¢y, ¢;, diam(A), and a lower bound on f,(0).

(i) If 1 < p < oo and p has compact support, then

Wl ) < (/ﬁ - 1)diam<spt<u>)P.

These bounds exhibit the expected behaviour in the sense that the larger u(A) is,

the closer |, is to g under W, and if u(A) = 1 the error is zero. Both results follow

3f,l is a (cy, cz)-regular density if ||V1og f,ll < cill - || + ¢, for ¢; > 0 and ¢; > 0.
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from estimates for OT potentials between probability measures adhering to the above

assumptions; see Section A.4.3.

Proposition 13 implies that, at the cost of introducing an approximation error, kernel
smoothed measures can be truncated so as to match the assumptions of Section A.4.1.
The following result summarizes the overall accuracy and complexity guarantees obtained

by combining the algorithm from [197] with Proposition 13.

Proposition 14 (Computational guarantees). Let u;, 1, € P(R?) be compactly supported,
and By, B, C R? be closed sets with y; * 7,(B;) > 0, such that A; := int(B;) is smooth and
uniformly convex for i = 1, 2. Further, assume that the density of y; * 1, is bounded away
from 0 on B, for i = 1,2. Then, W, (U1 * Nerla,» M2 * Nirla,) described in Section A.4.1 can
be computed up to accuracy € in O(C + E€ + €3 log({/€)) time using O(£?) memory and,

for any choice of m € N, this estimate approximates W,(u; * 1., i, * 1,,) within error

O (AN = "2 4+ Gaa(A)™ = DV 4 (4 + Az + (4 72 00) )

provided 277 < 41,0 < A5, and hy < m™2.

Proposition 14 can be adapted to the case where u; * 1., > * 1, or both have regular
densities by replacing the truncation error for the compactly supported case with the one
from Proposition 13(i). For instance, if the densities of y; and u, are regular, then so are

those of the convolved measures (cf. Proposition 3 in [162]).

Remark 28 (Truncation to smooth uniformly convex sets). In Proposition 14, if
int (spt(u; * 1)) is convex, then it can be approximated from the inside by a sequence
of open smooth uniformly convex sets converging to int (spt(y; * 17,-)) in the Hausdorff

distance [128]. In particular, if spt(u;) is convex, then so is int (spt(u; * 7,)).
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A.4.3 Proof of Proposition 13

The following result is a minor adaptation of Lemma 5.3 from [105] using the fact that
distributions with regular densities are equivalent to the Lebesgue measure [162, Section

2].

Lemma 62. Let 1 < p < co. Assume that v is 8-sub-Weibull for 8 € (0, 2]*, and that
u € P,(R?) has a (cy, co)-regular density f,. Let ¢ be an optimal transport potential from
u to v for W,,. Then there exists a constant C depending only on p, d, 8, ci, ¢,, an upper

bound on [[[[¥][lly, for ¥ ~ v, and a lower bound on f,(0), such that

() = (0) < C(1 + IXIPP#)lIxll,  Vx € RY. (A.13)

Proof of Proposition 13. Part (i). We note that Lemma 62 is applicable in the transport

from p to s, as e is (cy, c2)-regular and u|4 is compactly supported.

Let ¢ be an OT potential from u to u|s for W, with ¢(0) = 0 which satisfies (A.13).

Then,

WZ(ﬂ,N|A):f1‘Pdﬂ+fd¢cdﬂ|A
a R

R

= f edp — f edpla + f pdpls + f @ dpla
R4 R4 R4 R4

< f edp — f edula,
R4 R4

where the last inequality is because fRd wdula + fRd @duls < W9(ula, pla) = 0. It remains

4For B € (0,2], v € P(R?) is B-sub-Weibull if ||||Y||||,p[j :=1nf{C > 0 : E[yp(|Y|/C)] < 1} < ocofor Y ~ v,
where yg(f) = e’ —1fort>0.
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to analyze the last term of the above display,

1
du — dul, = d, |- — d,
fRdso U fRd«J 1la fAﬁD /J+( (A))f pdu

1
fC(IIxII+|IXI|”“)dﬂ(x)+(——1)fC(IIxII+IIXI|"“)dﬂ(x)
A¢ (A) A

1
f C(Ixll + [l dpa(x) + (— —Z)IC(IIXII + 1P dp(x)
Rd (A) A

( W(IXI+ B LIXIPT + (1 = 2u(A) By, LY 1] + By, [IIYII”“]))
Part (ii). Let ¢ be an OT potential from p|s to p for W, with 0 < ¢ < diam(spt(u))?;
cf. Remark 1.13 of [207]. Then,

WE(ula, 1) = f edpla + f ¢ du
X X

=f90dulA—fsodu+f <pdﬂ+f @ du
X X R4 R4
< f wdula — f edu,

R4 R4

where the last inequality is because fRd wdu + fRd ¢’du < Wh(u,p) = 0. Since ¢ is

nonnegative,

1
f ol - f oy < ( = 1) fX oy < (m—l)dlam(spt(,u))”

This completes the proof. O

A.4.4 Proof of Proposition 14

The result follows by noting that

W7 (i1, p) — \TVZ(,UI * Nela, M2 * Nerlay)| < Ev + E,
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where

Ey = |W (1, p2) = Waly * Telays o * Terlay)|

< (ui(A)™" = D2 diam(spt(uy)) + (ua(A2)™" = 1)'/* diam(spt(u)),

where the upper bound is due to Proposition 13(ii), and

b

E, = ‘WZ(/JI * Nelays M2 * Nolay) — V~V2(ﬂl *Nelay U2 * Nelay)
12

< (WGt % by 5 0la) = WAGs ol o * )

Conclude by applying the error of approximating W3 by \TV% from Section A.4.1. O

A.5 Proof for Section 2.6

A.5.1 Proof of Theorem 7

We will mostly focus on the one-sample case and prove the two-sample case as an
extension of the proof for the one-sample case. We start from recalling certain regularity
properties of optimal EOT potentials between sub-Gaussian distributions. Recall that,
for a multi-index k = (ky, ..., k;) € N¢, o = 8’{‘ o -Gf;‘ denotes the differential operator
and k := Z?:] k;. We say that y is o2-sub-Gaussian for o > 0 if E,[e/I"/4] < 2,
Observe that if u is o->-sub-Gaussian, then u is 5>-sub-Gaussian for any & > 0. Also
u is sub-Gaussian (i.e., |[[|X]|lly, < oo for X ~ p) if and only if u is o2-sub-Gaussian for

some o > 0. The following directly follows from Proposition 1 in [142] and its proof.

Lemma 63 (Regularity of optimal EOT potentials [142]). Let 1, v € P(R?) be o->-sub-
Gaussian. Then, there exist a version of optimal EOT potentials (¢, ) for (u, v) such that

the following hold: for any positive integer s > 2, there exists a constant C ;, < oo that
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depends only on s,d, o such that
1
@) < S(xll + V2do ), Vx e R,
10" p(x)| < Cyao(1 +Ix]l°), VYxeR?, VkeN; withk < s,
| (A.14)
w0 < Sl + V2do)?,  Vy e R,
0| < Crao(L+1MI°), Yy €R?, Vk € Nj withk < s.

Further, the optimality condition (2.13) holds for every (x,y) € R? x R%.

In what follows, for sub-Gaussian distributions, we always choose versions of optimal
EOT potentials that satisfy (2.13) for every (x,y) € R? x R¢; with this convention, optimal

EOT potentials are unique up to additive constants.

With the estimates (A.14) for optimal EOT potentials in mind, let
Fo ={f € C°*RY) : 16 f(2)] < Cyao(1 + ||X|¥), Vx € RY, Vk € N§ withk < s} (A.15)

for s = max{|d/2] + 1,2}. We may assume without loss of generality that C,, is
increasing in o, so that ¥, C ¥ for any & > 0. We first establish Lipschitz continuity

of the EOT objective w.r.t. || - ||w.#, and characterize its (directional) derivative.

Lemma 64. Let ug, 11, v € P(RY) be o-2-sub-Gaussian. Then,

IS(u1, v) = S(uo, V)| < lluo — tilloo7, - (A.16)

Furthermore, we have

lim S(uo + 1 —ﬂto),V) — S(uo, v) _
110

f‘ﬁod(ﬂl — Mo) = (11 — Ho)(o), (A.17)

where (¢, Y) are optimal EOT potentials for (u, v).

Proof. We first prove (A.17). Let u, = o + t(uy — po) = (1 — o + tuy fort € [0, 1] and

let (¢, ¥,) be optimal EOT potentials for (u,, v). Since g, is o->-sub-Gaussian, we may
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choose (¢,, ;) in such a way that they satisfy (2.13) for every (x,y) € RY x R? with (u, v)
replaced with (u,, v) and (A.14) for s = 2. Observe that

S, v) = f edpy + f Yidv > f wodp; + f Yodv — f e dy, @ v + 1
:f900d/1z+flﬁod1/=fWodMO"'fWodV'l'lf@od(ﬂl—Mo) (A.18)

= S(uo, v) + ff‘ﬂod(ul = Ho),
where the third equality uses the fact that [ e#®*00=<)gy(y) = 1 for all x € R. Thus,

llniénf S(/'lt’ V) - S(MO,V) > f‘,ood(/l] _/10)-
t

t

Likewise, we have

S(ﬂtav):f‘ptdﬂt‘i'f‘/’tdv:f‘ptdﬂO'i'fwth'i'tf()otd(ﬂl — Ho)
< [duo+ [watv+ [ = =cduen -1t [ odou - o
(A.19)

= flﬁodNO‘i‘fWOdV"‘tf‘Ptd(ﬂl — Ho)

= S(uo,v) + l‘f(p;d(/ll = Ho),

where the penultimate equality is because [ ¢#*0)=gy(y) = | for all x € RY. It

suffices to show that for any sequence ¢, | O,

Iim [, d(ur = po) = f‘POd(ﬂl = Ho)- (A.20)
Pick any subsequence n’ of n. From (A.14) and the Ascoli-Arzela theorem, there exists
a further subsequence n” such that ¢, , — ¢ and ¢, , — ¢ locally uniformly for some
(continuous) functions ¢, . Again, from (A.14) and the dominated convergence theorem,
(¢, ) satisfies (2.13) for every (x,y) € R? x R, so that they are optimal EOT potentials
for (uo, v). We shall now verify that ¢(x) = ¢o(x) + a for every x € R? for some constant

a € R. To see this, by uniqueness of optimal EOT potentials, ¥(y) = ¢o(y) — a for

v-almost every y € R for some constant a € R. We then have

o(x) = —log f /O dy(y) = —log f "N dy(y) + a = @o(x) + a
R4

R4
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for every x € RY. Conclude that, by (A.14) and the dominated convergence theorem,

n’’—oo

lim [ ¢,,d(u; —uo) = f‘ﬁd(ﬂl — Mo) = fSDOd(Nl = Ho)-

Since the limit does not depend on the choice of subsequence, we have proved (A.20),

completing the proof of (A.17).

Next, we prove (A.16). From the inequalities (A.18) and (A.19), we have

IS(et1, v) = S(uo, V)| < f‘POd(ﬂl — Mo) \/ f‘Pld(ﬂl — Ho)-

In view of the estimates (A.14), we see that the right-hand side can be bounded by

1 = Holloo, - O

Second, we will verify that the function class ¥, is u-Donsker.

Lemma 65. If y is sub-Gaussian, then ¥ is u-Donsker.

The proof relies on the the following lemma, which is a simple application of Theorem

1.11in [199].

Lemma 66 (Lemma 8 in [152]). Let ¥ ¢ C*(RY) be a function class where s is a
positive integer with s > d/2, and let {X j}52, be a cover of R? consisting of nonempty
bounded convex sets with bounded diameter. Set M; = sup s+ | fllcsx;) With [|fllcsx;) =

MaX< SUPeing(x,) 0 f ()l If 352 Mju(X)'/? < oo, then F is u-Donsker.

Proof of Lemma 65. We construct a cover {X j}52, and verify the conditions of Lemma 66
for the function class . Let B, = {x : ||xl| < r}. Forr =2,3,.... let {x{",...,x{} be a
minimal 1-net of B, \ B,_;. Set x(ll) = 0 with N; = 1. From a simple volumetric argument,
we see that N, = O("™"). Set X; = {x : lx = x| < 1} for j = T/ Ne+ 1,..., Xy Ne.

By construction, {X j}‘;.‘;l forms a cover of R? with diameter 2. Further, by construction, for
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M; = sup,er |l fllescx,) with s = max{[d/2]+1, 2}, we have MaXsr 1y, 1<j<yr N, M;<r.
The function class ¥, is u-Donsker if Y72, r***'u(B¢_)'* < oo, which holds as u is

sub-Gaussian. ]
We are ready to prove Theorem 7.

Proof of Theorem 7. The proof for the bootstrap consistency for each case of (i) and (ii)

is analogous to that of W in Theorem 1, so we only prove the CLT results.

Part (i). Suppose u is o-2-sub-Gaussian. Observe that, for any constant & > o, f1,, is
&2-sub-Gaussian with probability approaching one. Indeed, by the law of large numbers,
B, [MIP/@d0)) = lz JXIFIQAT) _y g [(IXIPIQAT)) < 9oie < o

n
i=1

a.s., so By, [e1°/247)] < 2 with probability approaching one.

With this in mind, for any fixed & > o, we apply Proposition 1 with Py = {p € P(RY) :
p is 32-sub-Gaussian}, ¥ = Fo, F(x) = Cy45(1 + ||x||*) with s = max{|d/2] + 1,2}, and
o0(p) = S(p,v). We have already verified Conditions (a)—(c) in Proposition 1 with

(5,’1(m) = m(p). Conclude that
A A d Y3
Vi(S(@n, v) = S, v)) = V(@) = 540)) = 6,(G,) = Gu() ~ N(0, Var,()).
As the derivative §, is the point evaluation at ¢, the fact that Var,(¢) coincides with
the semiparametric efficiency bound follows directly from Proposition 2 (note: since u

is o2-sub-Gaussian and & > o, for any bounded p-mean zero function h, (1 + th)u is

&2-sub-Gaussian for sufficiently small ¢ > 0).

Part (ii). Suppose u, v are o-2-sub-Gaussian. Set s = max{|d/2] + 1,2}. Let
FE ={p@y: (p,¥) satisfies (A.14)}.
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We will show that, if u;,v;,i = 0, 1 are o>-sub-Gaussian, then

1S(u1, v1) = S(uo, vo)l < [l ® vi = o ® Volle 72 (A.21)

Let (¢; j, i ;) be optimal EOT potentials for (u;, v;) satisfying (A.14). Then, from (A.18),
we have
S(u1,v1) = S(ur, vi) = S(ur, vi) = S(uo, vi) + S(po, vi) — S(os, vo)
2 f‘Po,ld(.Ul — Ho) + fl//(),od(vl - Vo)
= f((PO,l ® Yo,0)d(u; ® vi — po ® Vo).

Likewise, using (A.19), we see that

S(ui,vi) = S(ui,vi) < f(<,01,1 ® Yo.)d( ® vi — o ® vp).

Since all (¢; ;, ¥; ;) satisfy (A.14), we obtain (A.21).

Further, arguing as in the proof of Lemma 64, we have

lim S(uo + t(uy — (o), vo + t(vi = vo)) — S(uo, vo)
110 t

= f(%,o ® Yo0)d( ® vi — o ® vp).

We shall verify that
VI ® 9y — @ V) > Gy in €(FD)

for some tight Gaussian process G, in £°(72). But this follows from the same argument

as in the proof of Theorem 1 Part (i1); we omit the details for brevity.

Pick and fix any & > o. Then f1, and 9, are G>-sub-Gaussian with probabil-
ity approaching one. We now apply Proposition 1 with Py = {p; ® p, € PR*>) :
p1,p> are 0-2-sub-Gaussian}, ¥ = FE,F(x,y) = Cyoas@ + |IxlI° + IYIF) with s =
max{|d/2] + 1,2}, and 6(p; ® p2) = S(p1,p2). As in the proof of Theorem 1 Part
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(ii), we may identify (1 — £)(uo ® vo) + t(u; ® v) and ((1 — Do + 1) ® ((1 = H)vy + tvy)
as elements of £*(7), and the class P is convex as a subset of £*(F). We have already
verified Conditions (a)—(c) in Proposition 1 with 6}, (m) = m(¢ ® ¢) (see also Remark 2).

Conclude that
\/ﬁ(s(ﬁn’ ‘/)n) - S(/J, V)) = \/ﬁ(d(ﬁn ® Qn) - 5(;“ ® V))
5 G0 ® W) ~ N(O, Var,(g) + Var, ().

Finally, the fact that Var,(¢)+ Var, () coincides with the semiparametric efficiency bound

follows directly from Corollary 2. O
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APPENDIX B
SUPPLEMENT TO CHAPTER 3

B.1 Variational Formulation of Entropic Gromov-Wasserstein Dis-

tances

The GW variational form (3.8) adapts to the entropic case, for any € > 0, as follows (see

Theorem 1 in [223]),

Do, t1)* = De(ito, f11)* = Si(fio, fir) + Sa.(flo, f11), (B.1)

where S;(ug, 1) is defined as in (3.8), while S;.(uo, ;) is obtained by replacing
OT (1o, 1) in Sy (o, 1) with OT g (1o, 1) == OT,, (o, p21), with the same cost function
ca(x,y) = —4{|x|?|lyll> — 32xTAy. Again, S, is a constant whereas S, ., is a minimization

problem with objective function,
Dipyunye © A € RN 5 320l + OTa (o, 1), (B.2)

and, if 7* is optimal for (3.10), then A* = % f xyTdn*(x,y) is optimal for (B.2) provided
that u,u, are centered (see the proof of Theorem 1 in [223]). The implications of

Theorem 8 carry over to the entropic case as follows.

Theorem 23 (On minimizers of (B.2)). Fix & > 0. If (ug, it1) € Py (RY) X Py (R are

4-sub-Weibull with parameter o> > 0, then

1. @ )6 18 locally Lipschitz continuous and coercive. Moreover, @, .., is Fréchet

differentiable at A € R%*4 with (D(I)(No,m),g) (B) = 64(A - 1 f xyTdnra(x,y), B)g,

[A]

where 7, is the unique optimal coupling for OT (o, it1)-
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2. If A* minimizes (3.9), then 2A* = fxden*(x,y) € Br(M,(uo)M, (1)) for the
EOT plan 7* for OT ax o(uo, pt1)- If o, p1 are centered, then 7* solves (3.7).

Compared with Theorem 8, Theorem 23 holds under the weaker assumption of 4-
sub-Weibull measures with the advantage that @, ). 1s guaranteed to be continuously
differentiable. These improvements are obtained by leveraging the strong structural

properties of solutions to the EOT problem, see Section B.1.1 for details.

B.1.1 Proof of Theorem 23

Lemma 67. @, . is Fréchet differentiable at any A € R%*% with

1
(D) B = 6468 = 5 [ ay7dmaxn) By

where 74 is the unique optimal coupling for OT A (o, 141).

Proof. As noted in the proof of Lemma 4, || - ||12: is Fréchet differentiable at A with

derivative 2(A, -)g. Now, for any H € R%*%  we have that
OT a+n(uo, 1) — OT o (o, (1) < fCA+Hd7TA - fCAdﬂA =-32 fxTHydﬂA(x, »)
for the unique EOT plan 5 for OTy (1o, (7). Similarly,

OT asat(ttos 1) — OT a (it 1) > ~32 f ¥ Hydra (5, y),

for the optimal coupling 7a i for OT o p (1o, 111). Proceeding as in the proof of Lemma 4,

it suffices to show that

fodeﬂ'A+H(x,Y) - fxdeﬂA(x’y) -0
F

asH | 0.
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To this end, consider an arbitrary sequence H,, converging to O and let (¢¢ ., ¢1.,) be
EOT potentials for OT.n, (110, 1) By Lemma 4 in [223], we may choose the EOT

potentials as to satisfy the estimates
Gin S KA +11-1P), —@in <K +]-1), i€{0,1},

for all n sufficiently large, where K is a constant that depends only on ||A||w, 0, dy, d}, €
(though the cited result holds for £ = 1, the proof of Lemma 26 shows how to extend the
result to arbitrary € > 0). Applying the Arzela-Ascoli theorem, for any subsequence n’
of n there exists a further subsequence n’”” along which (¢ ,, ¢1,,) converges to a pair of
continuous functions (¢, ¢;) uniformly on compact sets (in particular pointwise). Note
also that cs,,, — ca pointwise. It follows from the 4-sub-Weibull condition and the

dominated convergence theorem that

_ o (x) 1’ 7CA+HH// () @1—cA(x,) _po®
e ¢ = |e B duy — | e = duy=e ¢,

_ LAt » 0,n’" _"A+Hn// ) ©0=CcA () _el )
e ¢ = e B dup— | e = dug=e =,

for pp ® py-a.e. (x,y) so that (¢o, ¢1) solve the Schrodinger system for OTy . (uo, 11)-

Given the characterization of the optimal coupling in terms of the EOT potentials from

Section 3.2.3, we obtain that

Qo7 D@L 1 )=CA+H, ) (09
f xyTdnaqm,, (x,y) = f xyTe ¢ dpo ® i (x,y),
eo()+e1 ()—cp (xy)
— | xyTe - dpo ® pi(x,y),
= fxdenA(x, y),

by applying the dominated convergence theorem; recalling the EOT potential estimates
and the sub-Weibull assumption. Given that the limit is independent of the choice
of original subsequence, we have that f xyTdnpau(x,y) — f xyTdnpa(x,y) as H — 0

proving the claim. O
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Proof of Theorem 23. Given Lemma 67, the remainder of the proof of Theorem 23 (1)
follows the same lines as the proof of Lemma 6, noting that the proof of that result

requires only that 1 and y; have finite fourth moments.

Given the coercivity of ®,, ). and the fact that it is continuously differentiable, its

minimizers must be stationary points. O

B.2 Convergence of minimizers of @

Let X, and X; be compact subsets of R% and R%'. We prove the following general result.

Proposition 15. Let (vo,)uen € P(Xp) and (v ,)nen € P(X) converge weakly to vy and
vy respectively. Then, if A, € argmingdx, @y, v, ,)» any limit point of (A,,),ey minimizes

®(V0,V1)'

Proof. By Theorem 8, the minimizers of all relevant problems are contained in Br(M)

for M = %”XO”OO”XIHOO' Consider the functions

Q(VO,H’VIJI)(A)’ lf A € BF(M)’
F.(A) =

+00, otherwise,

D) (A), if A € Be(M),
FA) =

+00, otherwise,

and note that, upon restriction to Bg(M), they are Lipschitz continuous with a shared
Lipschitz constant (see the proof of Lemma 6). As OT4 (vg, v1.,) converges to OT(vo, v1)
for any A € Bg(M) (see Theorem 5.20 in [208]), it follows from Proposition 7.15 in [168]
and Corollary 1.8.6 in [26] that F, epi-converges to F relative to Br(M). Explicitly,

this means that lim inf, o F,(A,) > F(A) for every sequence Bg(M) D A, — A and
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limsup,, o Fn(A],) < F(A) for some sequence Bp(M) D A; — A, for any choice of
A € Bp(M). As Br(M) is closed, both of these conditions extend verbatim with R%*% in
place of Br(M). With this, we may apply Theorem 7.33 in [168] to obtain that any limit

point of a sequence A,, € argmingq,xs; F,, minimizes F as desired. O

As each of the empirical measures py ;;, converge weakly to py ;; with probability 1
fork € {0,1}and i, j € [N],i < j (see e.g. Theorem 3 in [203]), it readily follows that

Mo and p; , converge weakly to yy and p; with probability 1.

B.3 Additional experiments

B.3.1 Initialization of the local solver for distributions on binary

graphs

This experiment illustrates the value obtained at each of the matrices (Ar)res When

applying the exhaustive search procedure described in Section 3.6.3.

First, we fix isomorphic distributions, vy, v{, on the set of all binary graphs with 7
vertices, see Figure B.1 for the precise edge probabilities and the choice of permutation.
Next, we sample n € {10, 25, 50, 500, 5000} graphs according to these distributions to
construct the empirical estimators f , and u, ,,. Finally, we run Algorithm 2 at each matrix
(Ar)7es and store the resulting value, denoted A7, for each of of the 5040 permutations in
7 and for each of the pairs (uo,, 1t1,,) as well as population distributions (i, 11). These

values are compiled in Figure B.2.

We highlight that, for these experiments, argmin,. Ay = {T}, where T coincides
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Figure B.1: Underlying distributions for this experiment. First, edge probabilities for v,
were sampled from the uniform distribution on [0, 1], then a random permutation was
chosen to generate v; from v, as depicted. Edge probabilities are presented with two
significant figures for ease of reading.

n =10 995
-20.0
-17.5
-15.0
-12.5
-10.0

n =25 n = 50

-60
-
30 o0
40
20 30
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5
"
200 500
-400 N
150 .
-300 3
100 ’
200 2
50 100 !
L0

Figure B.2: Each image corresponds to performing the described experiment with
different numbers of samples or on the true population distributions v, and v; as illustrated
by the title. Each pixel of the 70 x 72 images above is the inverse of the value obtained
starting from one of the 5040 possible initializations. Apart from the experiment with n =
10, the images contain a unique yellow pixel, indicating that the associated permutation
results in a value significantly closer to the true value of O than the other permutations
and, indeed, corresponds to the permutation relating v, and v;.

with the true permutation, 7*, even when only 10 samples are used. On the other hand,
the relaxed graph matching approach, Algorithm 3 fails to recover T* for n = 10, but

succeeds otherwise.
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The ratio mm%;‘“AT was computed for each experiment and is of the order 1.05, 1.30,
3.63,4.49,9.61, and 8.47 x 10" for n = 10, 25, 50, 500, 5000, and the exact distributions
respectively. This illustrates that there is a substantial gap between the smallest and next
smallest value (i.e. A7 is significantly smaller than A; for every T # T). Finally, as

vo and v are isomorphic, D(u ,, u1.,) converges to 0 as n — oo, this is reflected by the

values obtained for A as n varies.

Comparison between warm-start methods

As evidenced by Figure 3.2, using relaxed graph matching to approximate the GW
distance between distributions on graphs appears to result in inflated values when the
number of samples is low. It is thus of interest to explore if the exhaustive search approach
fares better. To this end, we repeat the procedure described in Section 3.7.1 with binary
graphs on 6 nodes so that both methods can be implemented. The distributions for this

experiment are displayed in Figure B.3.

%0} 141
3 33 2 3 39 2)
o @5
3 R 3 A {1.2.3.4.5.6} S & 65 >
e 1 g
: & {216,453} : 4
N 80 13 _— i 60 &
o &
o N R R o g e @
5 44 6 5 25 6

Figure B.3: Distributions for Section B.3.1. v, is generated by sampling (po;)i jen
i<j
from the uniform distribution on [0, 1]. v; is obtained from v, by a randomly chosen

permutation. The modified probability for v, is highlighted in orange. Edge probabilities
are presented with two significant figures for ease of reading.

It can be seen from Figure B.4 that, as expected, the exhaustive search results in a

better approximation of the GW distance than the relaxed graph matching approach. This
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Type 1 error (relaxed matching) Type 1 error (exhaustive search) Type 2 error (relaxed matching) Type 2 error (exhaustive search)

to reject
prob. to fail to reject

prob

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
Significance level o Significance level o Significance level o Significance level o

Figure B.4: Comparison of the type 1 and type 2 error between the warm-start method
based on relaxed graph matching and the exhaustive search for the experiment described
in Section B.3.1.

is particularly evident when n = 10 or 25 as reflected by the behaviors of the type 1 and

type 2 errors.

B.4 The delta method

Our approach to proving limit distributions for GW distances is based on the functional
delta method [182, 74, 169, 79]. To introduce this approach, we treat probability measures
(vo,v1) € B € PRYD) x P(R¥) as functionals on some function space F© = F, & F; =
{fo® fi : fo € Fo, fi € F1}, where F; is a class of Borel measurable functions on R% for

i € {0, 1}. Here, we require *§ and ¥ ° to be compatible in the sense that

o @ VilleoFe = sup o ®vi(fo® fi)l < oo, V(vy,vi) € B,
(fo.f1)EFoxF1

whereby vy ® v; can be identified with an element of £*(F®).

With these preliminaries, we may specialize Proposition 1 in [106] as follows.

Proposition 16 (Proposition 1 in [106]). For i € {0, 1}, let F; be a class of Borel
measurable functions on R% with a finite envelope F; and set ¥® = ¥, & F,. Fix
(1o, i11) € P(RD) x P(R%) and let L be a functional on a subset B of P(R%) x P(R™),
where B can be identified with a convex subset of £°(F®) and f Fodvy + f Fidv) < o0

for every (vg, v1) € B. Suppose, furthermore, that
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(@) (Uont1n) : Q — B, n €N, are pairs of random probability measures with values

in P such that Vn(uo, — o) ® Vn(uy, — ur) i Gep, In €°(F®), where Gy, i @

tight random variable in £ (7).

(b) there exists a finite constant C for which |L(vy, v1)—L(p0, 01)| < C|[vo®Vvi—po®pP1|lc0. 5o

for any pairs (vy, v1), (0o, 01) € P.

(c) for any pair (vp,v;) € ‘B, the limit lim, (Lo + t(vo — po), ity + t(vy — 1)) —

Lo, 1)) = L{,, ..\ (Vo — Ho, Vi — p1) exists.

d
Then, \/ﬁ(l—(ﬂo,mﬂl,n) - L(/JOHUI)) - LEHO,,UI)(G'“O@/‘])'
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APPENDIX C
SUPPLEMENT TO CHAPTER 4

C.1 Sharpness of variance bound from Corollary 7

Let o = 5 (60 +6,) and uy = 1 (6o + ) for a € R® and b € R?. In this case, any
COllpliIlg T E H(/J(),/,h) is of the form 7T()05(0’0) + ﬂ'Obé(O,b) + ﬂ'aoé(a,o) + ﬂabé(a,b) with the

constraint that gy = 7, and 7o, = T, = % — . Forany A € Dy, OT 4 (1o, 141) is given

by

inf { f —4IxIPlIyll* — 32x7 Ay dn(x, y) + Dy (ml|uo ®u1)}

ell(po,u1)

= _inf {-m@lalPIbIP +32a7 Ab) + 2emy log(dmap) + (1 = 2m0) £log (2~ dmay)}.
Tab€(V,

the objective is a sum of convex functions and the first-order optimality condition reads

eZ

A|al|Ib|* + 32aT Ab = 2glog(4n,y) — 2elog(2 — 4m,) = 7y = AT

for z = (2llallIb|* + 16aT Ab) /&. Let n* be the BOT coupling for OT 4 , (o, 411). For any

C € Réboxdi,
Var+[XTCY] =m0y, (1 — 7;,)(a™Cb)* < 7, (1 = i )ICI lal PlIbIP,
with equality for C = Cab™ with C € R. Hence,
sup {Varm[XTCY]} = mi,(1 — 7i)llal 161,

ICIlF=1

which can be made arbitrarily close to %||a||2||b||2 for fixed a, b by choosing A € D, and

& > 0 as to make z sufficiently large. On the other hand, /M(uo)Ma(u1) = 1llall*lIblf,

such that the variance bound in Corollary 7 is tight up to a constant factor.
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C.2 Sinkhorn’s Algorithm as an inexact oracle

Given o = YN @60 € PR®) and yy = Zi.v:'l bioy» € PR™), let a,b denote the
corresponding (positive) probability vectors. Fix an underlying cost function ¢ : R% x
(x50

R% — Rand & > 0, and let K € RM*M with K;; = e~ = . Consider the standard

implementation of Sinkhorn’s algorithm (cf. e.g. [53, 82]).

Algorithm 7 Sinkhorn Algorithm

Fix a threshold y and a maximum iteration number k.
uy < Ly, /Ny
k1
repeat
v < b/(KTu_1)
u — a/(Kvy)
IT* « diag(u;)Kdiag(vy)
k—k+1
until [|[(IT) 71y, — bll, <y or k > kpax
return IT*

—_

R A

._.
e

In Algorithm 7 and the remainder of this section, the division of two vectors is
understood componentwise. The stopping condition is based only on one of the marginal

constraints, as ITF1 ~; = a by construction.

The following definitions enable describing the convergence properties of Algo-
rithm 7; we follow the approach of [84] with only minor modifications. Let R‘i denote

the set of vectors with positive entries and, for x,y € Rﬁf, let

XiYj
dy(x,y) = log max —,
I<i,j<d yiXj

denote Hilbert’s projective metric' on RY. By definition,

du(x, y) = du(x/y, L), (C.1)

'dy(x,y) = 0if and only if x = ay for @ > 0, dy is symmetric and satisfies the triangle inequality.
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for any x,y € Rﬂ and, setting x = ",y = e* componentwise,

dy(x,y) = log max """ 4,
1<i,j<d

= max w; +2z; —Ww;—Z,
1<i,j<d

(C.2)

= max(log x; — log y;) — min(log x; — logy;),
1<i<d 1<i<d

Xi . Xi
= max log (—) — min log (—) .
I<i<d yi] lsisd Vi
It was proved in [19, 173] that multiplication with a positive matrix is a strict contraction
w.r.t. dy. Precisely,

dy(Ax, Ay) < A(A)dg(x,y), (C.3)

for any A € R¥*? and x,y € R?, where

Vn(A) -1 AiA;
Ay = VIV =L Ay = max AxAr
Vit 1 i A
Of note is that A(A) = A(AT). Let
E ={A e RY"M : A = diag(x)Kdiag(y) for some x € R,y e R},
and observe that if A,B € E, there exists x4 p € Rfo,yA,B € Rﬂfl for which A =

diag(xa g)Bdiag(y4 g). In this setting, letd : E X E + [0, o) be such that

d(A, B) = du(x4.8,1y,) + du(ya s, Ly,),

then d is a metric on E. As the EOT coupling IT* satisfies
Hl.*j _ e¢(.\-<i>)W(y(fl),L.(x(i),y(j))

aibj

where (¢, ¥) is any pair of EOT potentials, IT* = diag(u*)Kdiag(v*) € E for
(D) N o(9)

* N — N
ui—aie £, Vj— je €

Note that u* = a/(Kv*) and v* = b/(KTu™*).

In the sequel, we analyze the convergence of IT* to IT* under d. The following result

translates bounds on d(IT¥, IT*) to bounds on || — IT*||...
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Lemma 68. Fix 6 > 0. If d(IT¥, IT*) < 6, it follows that |[TT¥ — TT*||., < €° — 1.

Proof. By Lemma 3 in [84], whenever d(IT¥, IT*) < ¢ it holds that

*
S R Y

e’ -1
ij
forevery 1 <i < Ny, 1 < j < N;. As such,
Iy - < I (- e v -D)<d-e?) v -)=e -1,
yielding |[TT* — II¥||, < € — 1. O
The number of iterations required to achieve d(IT*, IT*) < & can be bounded as

follows.

Proposition 17. Let IT* be given by Algorithm 7 and fix § > 0. Then, if

! 5(1 = AK))
=1t e (/l(K))IOg(dH((l'[l)T]lNo,b))’

it follows that d(IT¥, IT*) < 6.

The proof of Proposition 17 follows immediately from Lemma 70 ahead. We first

prove an auxiliary lemma.

Lemma 69. For k > 1, the iterates uy, v, of Algorithm 7 satisfy

dH(uk+l ’ M*) < /l(K)2dH(uk’ I/t*), dH(Vk+] ’ V*) < /l(K)de(Vk’ V*)’

du(Vi, Vis1)
1 - AK)? ’

dp (g, Ugr1)

1 —/l(K)Z » d]—](Vk, V*) <

dH(“ka I/l*) <

Proof. To prove the first claim, we have by (C.3) that

du(uesr, u™) = dy (a/(Kviir), a/ (Kv®)) = dg(Kv*, Kvii1) < AK)dp (e, v¥).
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It follows similarly that dy(vii1, v¥) < A(K)dy (i, u*). Combining these bounds,
drr(tter, ™) < AXKY dpr g, ™), dp(vier, v*) < AXK) dpr (v, v,
which proves the first claim. Applying the triangle inequality yields
dpr (e, u*) < Apgutger, u*) + A, ) < AXK) dpg (e, u*) + Ay (uag, )
such that (1 — A(K)*)dg(ug, u*) < dg(ug, ug,) which proves the second claim; the same

argument holds for the iterates vy. O

Lemma 70 translates the bound from Lemma 69 to a bound on d(IT%, IT*). We

introduce the notation ® to denote the componentwise product of vectors.

Lemma 70. For k > 2, d(IX, 1*) < &2 d, (1) 1y, b).

Proof. As II* = diag(u;)Kdiag(v;) and IT* = diag(u*)Kdiag(v*),

d(Hk’ H*) = dH(Mk, M*) + dH(Vk, V*)

< AK DA+ AK)dy (v, v*)

A(K)NH)
< -7
1 - AK)

du(vi,v2),

where both inequalities follow from Lemma 69 and its proof. Finally,

dy(vi,v2) =dy (Vl, ) =dy (vi © KTuy, b) = dy((") T 1y,, b).

b
Ktu,

Now, we demonstrate why the termination condition based on the 2-norm endows us
with a ¢’-oracle approximation and provide a bound on the number of iterations required

to achieve it. Theorem 1 in [77] proves that there exists k < 1 + 5 satisfying
lluz © Kvg,y —ally + ()T 1y, = bll; <,
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for R = —2log (e‘”c”m/ ¢ min Iiso i Ab j). This gives a bound on the maximal number
<j<Ni
of iterations to achieve the Zinorm termination condition via the standard inequality
Il -1l < ||+ |l;. We clarify that the analysis in [77] is for a slightly different implementation
of Sinkhorn’s algorithm. First, running Algorithm 7 is tantamount to running their
algorithm with reversed marginals. Next, one iteration of Algorithm 7 corresponds to
two iterations in their analysis. Finally, their approach uses 1y, rather than 1,,/N, for
the initialization. This difference is innocuous for achieving the termination condition, as

the iterates are identical up to multiplying v; by Ny and dividing u; by Ny; IT* is invariant

this operation.

We now bound dy in terms of the Euclidean distance with the aim of controlling
d(IT*, I*) by [|(I%) ™1, — bll,.
Lemma 71. Let r, s € R? be arbitrary, then

-1 1
du(s,r) < (rp + 5 )llr = sk,

o Si . 1 Si
where i € argmax, ., 7 and i, € argmin,_;, .

Proof. We have by (C.2) that
1<i<Ny 1<i<Ny I

dy(s, r) = max log (ﬁ) — min log (ﬂ)
r.

Observe that 1 — % < log (j—) < % —1, as follows the inequalities = < log(1 + x) < x

for x > —1. Whence,

A

1 -1
du(s,r) <1y (s —1x) = 57, (83, = 13,)

IA

-1 -1
(ra + 57 lls = 7l

Note that the bound in Lemma 71 is symmetric in the sense that interchanging s

and r does not modify the constant. This can be seen by noting that argmax,_;_, > =
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argmin, ;. < and argm1n1<l<d t = argmax1<l<d -. By combining Lemmas 70 and 71 we

arrive at the desired result.

Proposition 18. Let b = min; .y, b; and set 0 <y < b. Then, for k > 1,

((Hk)T]lN) + b7
— A(l}o 1)Ly, ~ Bl

d(Irt, ) <

arHTi ahHT1
(b—N") and i, € argmin,_,_y, (@) Ryrther, there exists

v
where i* € argmax, .;<n, bi

(b—y)'+b™!

k < 1+ % for which [II" Ly, - b]| <y and d(IT", IT*) < =25

v. In particular, setting

_ _ 2 _ 2
:szoro_[:d(l AK)) +2 2\/5 (1 - AK)) +4€(0’1)’

it holds that d(IT*, IT*) = 6

Proof. From the proof of Lemma 70,

dr(ve, vi1)  dp(()T1y,, b)
-AK) 1 -AK)

d(ITX, ) < (1 + AK)dy (v, v¥) <

where the final inequality and equality stem from Lemma 69 and its proof. Applying

Lemma 71 proves the first claim.

As for the second claim, it is clear from the discussion preceding Lemma 71 that
()T 1y, — bl| < y for some k < 1 + —. Now, let w = (IT)T1, and observe that
Iw—=blle < |w—->| < ysuchthatb; —y < w; < b;+yfori =1,...,N;. Hence
wil < (bi—y)' < (b-7y)"asy < b. Applying this bound to the previous inequality

proves the claim.

For the final claim, observe that @ solves the equatlon = 0(1-A(K)) fora € (0,1)

(indeed, 6(1 — A(K)) < 6*(1 — A(K))> + 4 < 6(1 — A(K)) + 2). Setting y = @b in the
previously derived bound on d(IT, IT*) gives

d(Hk H*)<(1_@)_1+1&_ 2a - a —
T Ak A a1 - aK)
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The proof of Proposition 11 follows by combining Propositions 17 and 18; the

maximal number of iterations for Algorithm 7 to output a matrix I satisfying d(IT, IT*) <

01s
. 1 5(1 — AK))
¢ ‘mm{l * log K (dH«Hl)T]lNO, b))’
4b™" ) .
1 - = log (e W€l min a; A b&},
5(1 — AK)) +2 — /62 (1 — A(K))? + 4 1<i<No 4)

1<j<N;
which corresponds to an (e’ — 1)-oracle for the entropic transport plan in light of

Lemma 68.

C.3 Convergence of Algorithm 6

In what follows, we slightly adapt the proof of Theorem 2 in [89] to conform to the

inexact setting. We first clarify that they treat the composite problem

iand f(x) + g(x) + Q(x),

where f is L’-smooth and non-convex, g is L”-smooth and convex, and @ is non-smooth
and convex with a bounded domain. Hence f + gis L = L’ + L” smooth and possibly

non-convex.

Our problem conforms to this setting (up to vectorization) with f = OT,) .(uo, u1),

g=32||- |5, andQ = T p,,» the indicator function of the set D), defined by

0, if A € Dy,
Ip,(A)=
+o00, otherwise.

When @ is convex, we set f =0and g =®hence L’ =0, L =L".
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As @ is L-smooth, by Lemma 5 in [89],

O(B)) < D(A,) + tr (DD]

L
1B = A0) + 5 1B — Adl.. (C.5)

and for any H € R%*4 letting L’ denote the Lipschitz constant of OT, .(to, i), the

same result yields

O(Ay) — (1 = 1) P(Bi-y) + 7 O(H))

= Tk (P(Ap) — O(H)) + (1 — 1) (P(Ag) — D(By-1))

< T (tl' (Dq)[TAk]

Ll
(A= H)) + = |IH - Aku%)

L C.6
+(1-1) (tr (DO (A = Bion) + = 1Bt = Akué) (0

=tr (DCD[TAk](Ak —7,H - (1 - Tk)Bk_l))
L't L'(l1 -1
+ S IH — Al + ———" 1B, - Adl2,
2 2 —_—

2
72| Bi1 —Cr-i 7

recalling the update A; = 7,C;_1 + (1 — 7)) B_;.
Denote the subdifferential of 7, at A € R%*% by
0T p, (A):= {P eRY : T, (X)~Ip,(A) 2 tr (PT(X—A)), for every X e ™},

As Cy is optimal for the problem argminygax { LV = (Cii = vGy) II% +7 DM(V)},

2y
there exists P € 07 y,,(Cy) for which Gy + P + #(Ck — Ci41) = 0 (see Theorem 23.8,

Theorem 25.1, and p. 264 in [167]). Thus, for any U € R%*4
1
tr(Gy + P)"(C, - U)) = 7tr (Cr = Ce)™(U - C)
k
1
=3 (It = UIR = 1IC = UL = ICi = Cicill3).
where the final line follows from some simple algebra. As P € 07 ,,(Cy), tr(P7(Cy —

U)) > 1yp,(C)—1p,U)=—-1p,(U), whence

1
r (GJ(Cy - U)) < T, (U) + 3 (ICe1 = Ullz = ICk = UIl; = € = Ciallz) . (C.7)
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By the same steps applied to the other subproblem with B, and A, taking the place

of C; and C)_, respectively,

1
tr(G{(B, - U)) < I'p,(U) + % (14 = UIl; = 1By = UI} - 1B - Adl}).

Setting U = 7,Cy + (1 — 71)B;_1 € Dy, (by convexity) in the previous display, bounding
—||By — U||12D above by 0, and recalling that A; = 7,C;_1 + (1 — 74)Bj_; such that A, - U =
71(Crot — Cp),

1
tr(GI(By - TuCy + (1 = T)By1)) < % (TICk = CocrllF = 1B = Adll}).

Combining with (C.7) upon scaling by 74,

1
tr (G} (Bi—1U +(1-10)Bi)) < 7L, (U) + 5 (72lICi = Cicll} = 1By — A7),
2B

-
+ = (ICx-y = UIE = ICx = UI2 = ICx = Cri1I%)
2yk

2
by the choice of 7, Bi, vk, we have that ;—’; - ;—’; < 0 such that

.
tr (GI(By — 7l + (1 = 1)B)) < L, (U) + Z—;k (s = U - lICy - U7

1
— —||B — A%
2ngll k K7

Combining the equation above with (C.5) and (C.6) and setting H = U € D,, (otherwise

the bound is vacuous),

O(B;)—-D(H)
<(1-1) (D(B;_,)— O(H)) +1tr (DcDT

[Ag]
L't L'(1-1) L
> u Tkr,% 1Bit = Cuctll7 + 5 1B~ Adlfz

T
< (1= (V(Ber) = O(H)) +6+ 3 (ICuca = HI = €~ HIl)
k

L(-1) , , (L1 ,
ECTW o2 B — OB+ 2 = —— | 1B - AW,
2 T IBi—1 — Croill e 2728, |1Bx — Axllz

(By-mH-(1-7)B;))

+—— ||H - All7 +

L’Tk
2

+ IH — Al +
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where the inequality follows from the ¢-oracle which implies the bound (cf. (4.16))

sup {|tr (G = DO,)™(Y - Z))]} < ',
Y. ZeDy

observing that By, 7. H + (1 — 71)By_; € Dy by convexity (7 € (0, 1]).

Applying Lemma 1 in [89] yields, for A; =

_2_
i(i+1)°

OB - OH) [y T L,
———— < > AN+ 5= (€ - HIE - I = HIE) + = | H - Al

A P 2y 2
+@r% IBi-1 — Cioyll7- + (Ig - %) IB; - A,~||2)
< % . ZA,-‘I (5’ + S H - AP
+yrﬁ IBi-y — Ciy 7 + (g - 2_@») IB; - Aillz)-

By convexity of || - |12,

IH = Al + 7,1 = t)lIBi-t = Cioally

< 2(IHIE + A + 71 = 7) (IBit |l + ICicil17 )

< 2(IHIE + (1 = )IBillF + Tl Citlly + i1 = ) (1Bially + ICi-ill7))
g

2{I1HII7 + (1 + 71 = 7)) max || - II%)

< 2(||H||§ + 15—6M2),
observing that 7; € (0, 1] hence 7;,(1 — 7;) < }‘. Thus, for H = B*, a global minimizer of
o,
ICo — B*II;
2y,

k
5
+ ZA;l (5’ + LT (||B*||§ + 1—6M2)).

i=1

IB; — Aill> <

O(B,) - D(B*) < 1 - L;
Ay " ; 2A8
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By construction, Zf;l Ai‘lL“r,- = ﬁ—;, and ®(B)) — ®(B*) > 0. It follows that
k. -1 2
min |57 (B; - A,
<o =18 (- B S ate oL (18 + S ariee
+ 8 +— + — .
Rt A; 2y, il Ay e 7O

_ L _ 1 _ 2 ko Bi(-LB) _ 1 k —1 _ k(k+1)(k+2)
Asﬁi R Y= 4L’ and Ai ~ G+’ Zi:l A; - 4L Zi:] A,‘ = T 2L SO

5M?
Bz + —|.
(II Il + 16)

9612
k(k+1)(k+2)

24LL

min ;" (Bi— )} < (ComB¥IE+ 816 +

This proves the claimed result in the non-convex setting.

In the convex regime, recall from the prior discussion that we may set L’ = 0 in the

previous display, proving the claim.

C.4 Additional Results

C.4.1 Proof of Lemma 33

The proof of Lemma 33 follows from the following lemma coupled with the chain rule

for Fréchet differentiable maps.

Lemma 72. Let i; € P(R%), fori = 0, 1, be compactly supported with spt(u;) = S;. Then,
the map f € C(So x §1) > ([ e/ Vduy(y), [ " duo(x)) € C(Sp) X C(S1) is smooth

with first derivative at f € C(So X S) given by

heCSoxS)) ( f h(, y)e! “Vduy (y), f h(x, e’ “”duo(x)) € C(So) X C(S1).

Proof. First, we show that the map f € C(So X S;) — e/ € C(S¢ x S;) is Fréchet
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differentiable with D(e");1(h) = he’. Fix f € C(S¢ x S1) and consider

h||oo,S0><S|

ot = ey Jor-1 -
. S ||ef||00,S0><Sl

im im
heC(SoxS1) ”h”OO,SoXSl heC(SoxS1) ”h”OO,SoXS]
Alloo,5 g x5 =0 [1Alleo,5 g x5 =0

Fix arbitrary (x,y) € So X S ;. By a Taylor expansion,

") =1 4 h(x,y) + %ef(x’y)hz(x’ ),

where [£(x, y)| € [0, [A(x, )] 1.e. [|€llo,s0xs, < llleo,soxs,- That s,

h
e =1 -l 1
00,5 9%xS .
im < dim o e oo ||l 5ok, = 0.
heC(SoxS 1) 72| oo 5 o5, heC(SoxS1) 2
lllco.5 s ; =0 llllco.5 s ; =0

On the other hand, the derivative of f € C(S¢( %X S;) — f S, y)du(y) € C(S ) at any
point is given by h € C(Sg X S1) — f h(x,y)du;(y) € C(So). The claimed expression
for the first derivative then follows by the chain rule. The derivatives of this map can be

computed to arbitrary order inductively by the prior argument. O

Proof of Lemma 33. Observe that the map (A, g, 1) € RO x € - @y @ ¢ —cy €

C(S x S1) is smooth with first derivative at (A, ¢y, ¢1) € R®*4 x E given by
(B, ho, hy) € RN 5 € > hy@® hy +32x"By € C(S¢ X S1).

The result then follows from Lemma 72 by applying the chain rule. O

C.4.2 Compactness of £

Lemma 73 (Example 2 in [220]). Let & > 0, yy € P(RP), u; € P(RY), and A € R4
be arbitrary and let (g5, ¢f) be EOT potentials for OT 4 .(uo, £1). Then, the map £ :
L*(uo) X L*(uy) = L*(uo) x L*(u;) defined by

«p(‘;‘ (x)wf‘ (M—cq(xy) wg (X)ﬂa‘f‘ (0)—cq(xy)

L(fo,fo:( f AT ), f e I ),
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is compact.

Proof. For simplicity, we prove only that

Lo f e Do) f FOIEE o) € L),

o et 0)—cq (o)
. ) d d R I &
is a compact operator for & : (x,y) € R® X R" 1 e s . Forany y € R

and f € L*(uo), [ L2(NOIP < IfI5,,,,, [ 1€C y)Pduo, as £C, ) is bounded on spt(uo) this

operator is well-defined.

Let f, be a bounded sequence in L>(u). By the Eberlein-Smulian theorem [220, p.
141], up to passing to a subsequence, f, converges weakly to f € L?(up). For fixed
y € R4, &(-,y) € L2 (up), hence Lr(f,)(y) — L>(f)(y) and it follows from the dominated
convergence theorem that, for any g € L*(u;), f Lo(f)gdu — f Lr(f)gdu: such that
L(f,) = Lo(f) weakly in L2(u;). Also, by dominated convergence,

L2y = [ Lo = [ Lo Py =1Ly

such that £,(f,) — Lo(f) strongly in L?(u;). As f, was an arbitrary bounded sequence
in L2(ug) and L,(f,) — Lo(f) strongly in L*(u;) up to a subsequence, £, is a compact

operator. O

C.5 The Inner Product Cost

In this section, we summarize how the previous theory adapts when the inner product
cost is used in place of the quadratic cost. Explicitly, the inner product EGW problem

between o € P(R®), u; € P(R™) is given by

Fe(uo, p1) = eHi(/riof#)floc,f)—<y,y’>|2dﬂé?ﬂr(x,y,x’,y’)+8D+<L(7rllpto ® ).
T SH
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Of note is that F, is invariant to orthogonal transformations, but not to translations.

Following the arguments of [223], it is straightforward to show that

Fe(tto, 1) = F' (1o, pt1) + F(o, i1, (C.8)

where

Fl(/lo,#l):fKX,X'deﬂo ®,uo(x,x’)+fl(y,y’>|2dm®ﬂ1(y,y'),

2
Fa(uo,p1) = _inf =2 E (fxi)’jdﬂ(X,)’)) + D (lito ® p1),
mell(uo.pu1) -
1<i<dy
1<j<dy

. 2
Jnf BAll + 10T A s(10, 1),

where Dy, = (A € R4 - ||A||z < M/2} forany M > /M, (uo)M>(uy) and 10T 4 (o, t1)

is the EOT problem with cost function cy : (x,y) € R xR% > —8xTAy. We remark that,
in contrast to the quadratic case, y and y¢; need not be centered for this decomposition
to hold. Given the similarities between the variational forms for the quadratic and inner
products, all of the results in the main text hold with only minor modifications to the

constants and replacing OT4 . by 10T, .

Corollary 10 (Stability of Inner Product EGW). Assume that iy € P(R®), u; € P(R™)
are compactly supported and define the map ¥ : A € R +— 8||A|1% + 10Ty (o, tt1)-

Then,

1. ¥ is smooth and coercive, and DO ;(B) = 16tr(A™B) — 8 f XTBydra(x,y), where ma
is the unique EOT coupling for IOT (1o, t1). As such, all global minima of ¥ are

critical points, i.e. satisfy 1 f xyTdna(x,y) = A € Dy.

2. ¥ is weakly convex with parameter at most 82! /My (o) M4(u;) — 16 and, if /4 >

VM4(uo)My(uy), it is strictly convex and admits a unique minimizer.

3. W is L-smooth on Dy, with L < 16 V (8%~ /My (uo)Ma(uy) — 16).
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4. A minimizes V¥ if and only if 7, is optimal for F, and satisfies A = % f xyTdma(x,y).

Using this result, Algorithm 5 and Algorithm 6 can be used to minimize ¥ by
substituting D® by D and setting the step size according to the value of L provided in

the corollary.

We conclude this section with a numerical experiment. Namely, we empirically
validate Theorem 2 in [223]%, which states that if X,,...,Xo, and X, ,..., X, are
independent and identically distributed samples from p and p;, respectively, and f1y,, ==

% 21 Oxops i = % 2.1 Ox,, are the corresponding empirical distributions, then

E [lFs(ﬂOa ,Ll]) - Fs(ﬁo,na ,al,n)l] < Cd(),d] ,O',sn_l/za

where Cy, 4, - 18 a constant which depends only on dy, d;, € and o, where o is a shared
sub-Gaussian constant of z and g, (i.e. the smallest constant for which E,, [¢I"/27] v

E,, [XI?/2%] < 2) which is assumed to be finite.

To verify this result, we set yuy = N(0,diag(0.1,0.2,0.3,0.4)), the mean
zero normal distribution on R* with covariance diag(0.1,0.2,0.3,0.4), and u; =
N(0, diag(0.1,0.2,0.3,0.4,0.5)) defined similarly. To estimate F.(i1g,, ft1,), we draw
n samples from y, and p,, construct the empirical measures, and use Algorithm 5 to min-
imize the corresponding function . To guarantee that each such subproblem is strictly
convex (so that Algorithm 5 is guaranteed to converge to an approximate minimizer), we
set £ = 12 and numerically verify that this choice of ¢ satisfies the condition of point 2 in
Corollary 10. The value of the population level quantity, F.(u, 1), is computed to be
0.85 by applying Theorem 3.1 in [127] which, to our knowledge, is the only nontrivial
case where an explicit formula has been derived for the EGW distance. To estimate

E [|Fe(uo, 1) — Fe(f20.0, f11,,)] for a fixed number of samples, we recompute F.(io,,, 1.,)

>Though the cited result holds for the quadratic cost, it can easily be adapted to the inner product cost.
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based on n new samples from u and y;, and repeat this procedure 2000 times to estimate

the average value. The results of this experiment are presented in Figure C.1.

i o ——— O(Tfl/z)

0.5 /ll,n,)H

101

E[|F-(uo, p1) — Fo(

1072_II| T T IIIIII| T T IIIIII| T T LI
10! 102 10°
n

Figure C.1: We plot the expected gap between F.(uo, i) and its empirical analogue as
a function of the number of samples, n € {10, 25, 50, 100, 250, 500, 1000, 2500, 5000},
based on 2000 repetitions on a log-log scale. It is seen that this quantity scales at the
theoretical rate of O(n~'/?).
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