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Over the past two decades, the statistical and computational properties of optimal trans-

port (OT) have been systematically studied, driven in part by OT’s broad applicability

across data science, statistics, economics, physics, and other fields. This body of work has

identified the curse of dimensionality inherent in statistical estimation with OT distances

and has led the development of computationally and statistically efficient regularizations

of OT. The first contribution of this thesis is a general framework for deriving limit

distributions and other asymptotic properties of empirical regularized OT distances.

While OT distances enable a natural comparison between distributions on a common

space, comparing datasets of different types – such as text and images – requires speci-

fying an ad hoc cost function, which may fail to capture a meaningful correspondence

between data points. To address this issue, Gromov-Wasserstein (GW) distances have

been proposed, enabling a comparison of metric measure spaces based on their intrinsic

structure. As a result, GW distances have found widespread use in applications involving

heterogeneous data. The second contribution of this thesis is to establish the first limit

laws for empirical GW distances and to derive consistent resampling schemes.

Given the broad applicability of GW distances, their computation is of a particular

interest. However, existing algorithms for computing regularized GW distances lack

comprehensive convergence rate guarantees. To address this gap, the final contribution

of this thesis is to introduce the first algorithms for computing regularized GW distances

subject to formal non-asymptotic convergence rate guarantees.
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CHAPTER 1

INTRODUCTION

This thesis comprises three papers: two have been published in journals in applied

probability and statistics, and the third is currently under review. This first chapter serves

as a brief primer to optimal transport theory and the related Gromov-Wasserstein distance.

The second chapter develops a generic framework for deriving limit distributions for

optimal transport-based distances and applies it to three different regularizations of

optimal transport. The third chapter applies this framework to derive the first limit

distribution results for the Gromov-Wasserstein distance and proposes an application to

the problem of testing for graph distribution isomorphisms. The fourth chapter regards

computation of entropically regularized Gromov-Wasserstein distances and introduces

the first algorithms for this problem with non-asymptotic convergence rate guarantees.

1.1 Optimal Transport and the Gromov-Wasserstein Distance

Optimal transport (OT) has a storied history, originating nearly 250 years ago with the

pioneering work of Gaspard Monge [146]. At its core is the purely operational question

of how to transport particles (e.g. grains of sand) into a desired configuration (e.g. a sand

castle) in a way that the average displacement of the particles be minimized. The modern

mathematical formulation of Monge’s original problem is as follows. Given probability

measures µ, ν on possibly distinct Polish spaces X,Y and a cost function c : X ×Y → R

which quantifies the cost of transporting a unit mass from a point x ∈ X to its target

y ∈ Y, we wish to find a measurable map T : X → Y which transports µ onto ν, in the

sense that µ
(
T−1(A)

)
= ν(A) for every measurable set A ⊂ Y (this relation is denoted by

1



T♯µ = ν), and solves the following problem

inf
T measurable

T♯µ=ν

∫
X

c (x, T (x)) dµ(x).

A map solving this problem is known as an OT map and assigns to each point x ∈ X its

optimal target y ∈ Y under the cost c.

Regrettably, Monge’s problem is quite brittle, as the existence of a map T satisfying

T♯µ = ν is not guaranteed even in anodyne settings. For instance, if µ is supported on

one point whereas ν is supported on two points, no such map can exist. It was not until

the work of Leonid Kantorovich [120] that a satisfactory resolution of this problem was

proposed. Rather than imposing that the transport be described by a map, Kantorovich’s

problem allows mass splitting by working with couplings – probability measures on the

product space X×Y which admit µ and ν as marginals on X andY respectively. Namely,

we seek π ∈ Π(µ, ν), the set of all couplings of µ and ν, which minimizes the expected

cost of transportation, yielding the problem

inf
π∈Π(µ,ν)

∫
X×Y

c(x, y)dπ(x, y).

Crucially, the existence of couplings solving this problem, called OT plans, is guaranteed

under mild conditions. A connection between the Monge and Kantorovich problems is

afforded in the case that an OT plan is concentrated on the graph of a map, T , in which T

is an OT map. When µ and ν are supported on a finite number of points, the Kantorovich

problem reduces to a linear program for which a variety of efficient (polynomial time)

algorithms are available.

Perhaps the most important instance of the OT problem arises when µ and ν are

probability measures on a common Polish space (X, d), and the cost function is taken to

be the p-th power of the metric for some p ∈ [1,∞). In this setting, the quantity

Wp(µ, ν) B
(

inf
π∈Π(µ,ν)

∫
X×X

d(x, y)pdπ(x, y)
)1/p

,

2



is called the p-Wasserstein distance between µ and ν. This moniker is well-deserved,

as Wp is a metric on the space of all probability measures on X which have finite p-th

moment. Furthermore, it metrizes the weak convergence of probability measures to-

gether with the convergence of p-th moments. Importantly, Wasserstein distances endow

the space of distributions with a rich geometry, enabling practitioners to reason about

complicated transformations of distributions in terms of concrete geometric operations.

Given that the Wasserstein distance vanishes if and only if the input measures are

identical, it is natural to consider its application to statistical problems such as testing

for equality of distributions based on samples. Concretely, suppose that we observe

independent and identically distributed samples X1, . . . , Xn from an unknown probability

distribution µ on Rd, which we assume to be compactly supported for simplicity. We

aim to test whether µ coincides with a reference distribution ν by computing the statistic

W2(µ̂n, ν), where p = 2 is chosen for simplicity and µ̂n B
1
n

∑n
i=1 δXi is the empirical

measure of the samples, with δx denoting the Dirac measure at x ∈ Rd. The null

hypothesis W2(µ, ν) = 0 is then rejected if W2(µ̂n, ν) exceeds a set critical value.

The standard approach to computing critical values for this testing problem requires

deriving a central limit theorem under the null and estimating the quantiles of the limiting

distribution. However, once d ≥ 4, the quantity E[W2(µ̂n, µ)2] is generally of order

O
(
n−2/d

)
, up to logarithmic factors when d = 4, (cf. e.g. [83]). This scaling suggests

that a central limit theorem with the conventional
√

n scaling should not hold in general

for d ≥ 4, see Section 5.4 in [117] for details. The poor scaling of the mean rate of

convergence with the dimension is often referred to as the curse of dimensionality and

is an important consideration when applying OT-based methods to sampled data. To

address this issue, computationally and statistically efficient regularizations of OT have

seen much interest in the past decade. A complete introduction to regularized OT is

3



included in Chapter 2 in which a platform for valid statistical inference with regularized

distances is developed.

While OT is particularly well-suited for comparing distributions supported on the

same space, modern data science pipelines often involve comparing datasets that differ in

modality or semantic meaning. Applying OT in such settings requires defining a cost

function on the joint space which accurately captures the similarities and dissimilarities

of heterogeneous data – a task which is often nontrivial. To account for this, practitioners

have recently turned to the Gromov-Wasserstein (GW) distance which enables comparing

arbitrary metric measure spaces based solely on their intrinsic structure.

Given two complete and separable metric measure spaces (X, dX, µ) and (Y, dY, ν),

the (p, q)-GW distance, for p, q ∈ [1,∞), between them is defined as

GWp,q(µ, ν) B inf
π∈Π(µ,ν)

(∫
X×Y

∫
X×Y

|dX(x, x′)q − dY(y, y′)q|
p dπ(x, y)dπ(x′, y′)

)1/p

,

and is finite provided that µ and ν have finite pq-size, that is,∫
X

∫
X

dX(x, x′)pqdµ(x)dµ(x′) < ∞ and
∫
Y

∫
Y

dY(y, y′)pqdν(y)dν(y′) < ∞.

It is straightforward to verify that GWp,q(µ, ν) = 0 if and only if there exists a measurable

map T : X → Y for which T♯µ = ν and dX(x, x′) = dY(T (x), T (x′)) for µ-almost every

x ∈ X. In this case, (X, dX, µ) and (Y, dY, ν) are isomorphic metric measure spaces.

Remarkably, GWp,q defines a metric on the collection of all isomorphism classes of

metric measure spaces with finite pq-size.

In contrast to the standard Wasserstein distance, the statistical properties of the GW

distance remained widely unknown until the recent work of [223]. In that paper, it was

shown that if µ and ν are compactly supported probability measures on Rdx and Rdy

respectively with dx, dy ≥ 4, E
[∣∣∣GW2,2(µ̂n, ν̂n)2 − GW2,2(µ, ν)2

∣∣∣] = O(n−2/min{dx,dy}), up to

logarithmic factors when min{dx, dy} = 4. This rate matches the curse of dimensionality
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rate of W2
2 when dx = dy, but adapts to the minimum of the two dimensions – a property

which also holds for W2 (see [21]) – suggesting that the Wasserstein and Gromov-

Wasserstein distances share similar statistical properties. Chapter 3 strengthens this

heuristic by deriving the first limit laws for GW distances in many cases of interest using

the framework developed in Chapter 2.

While the Wasserstein and Gromov-Wasserstein distances behave similarly at the

statistical level, their computational properties are quite dissimilar. Indeed, OT between

two finitely supported distributions is simply a linear program. By contrast, computing

the GW distance entails solving a quadratic program which is generally nonconvex – a

class of problems known for their intractability. Although local solvers and semidefinite

programming relaxations for this problem have been proposed, exact resolution of the

GW problem remains challenging in most cases. Alternative approaches seek to estimate

a regularized Gromov-Wasserstein distance via local optimization techniques. These

methods are appealing due to their inexpensive per-iteration cost, but alas there are no

currently guarantees on the number of iterations required for convergence. Chapter 4

introduces the first algorithm for approximating a regularized Gromov-Wasserstein

distance which is subject to formal convergence rate guarantees.

1.2 Contributions

The first contribution of this work, provided in Chapter 2, is the development of a general

framework for establishing limit theorems, bootstrap consistency, and semiparametric

efficiency for OT-based distances. This methodology is applied to three distinct regular-

ization schemes for OT and resolves a number of open questions concerning the statistical

properties of sliced Wasserstein distances. The approach is based on the delta method,
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which has proven effective in deriving limit theorems for OT distances [187, 190, 117].

Following its introduction in [106], this methodology was applied in [105, 166] to reg-

ularized versions of certain quantities of interest in OT, including optimal maps, dual

potentials, and an index of stochastic dominance.

Beyond standard OT, this approach also enabled deriving limit laws for the empirical

Gromov-Wasserstein distance in three settings of interest, namely 1) for finitely supported

distributions, 2) in the semidiscrete setting, and 3) for compactly supported distributions

albeit with an entropically regularized distance. Although the overall technique is similar

to that used for regularized OT, each case requires a substantially different approach for

proving that the required conditions hold and the analysis differs substantially from OT

due to the quadratic nature of the underlying problem. For distributions with finite support,

a consistent scheme for sampling from the null distribution is also proposed. Notably, this

scheme requires solving random linear programs and can thus be implemented efficiently

whereas methods based on bootstrapping would require solving quadratic programs

which are generally intractable. Leveraging this, the empirical Gromov-Wasserstein

distance is proposed as a test statistic for assesing whether two collections of random

graphs are generated from the same distribution under the inhomogeneous Erdős-Rényi

model, up to a relabeling of the nodes. This constitutes the second contribution of this

work, detailed in Chapter 3.

While central limit theorems are now available for the empirical Gromov-Wasserstein

distance in various settings, accurately computing the test statistic, which is essential

for valid statistical inference, remains onerous. Chapter 4 contains the final contribu-

tion of this thesis, the first algorithms for approximating the entropically regularized

Gromov-Wasserstein distance with known non-asymptotic convergence rates. While

these algorithms are generally only guaranteed to converge to local solutions of the
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regularized Gromov-Wasserstein problem, they serve as a first step towards principled

and efficient estimation of Gromov-Wasserstein distances.
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CHAPTER 2

STATISTICAL INFERENCE WITH REGULARIZED OPTIMAL TRANSPORT

This chapter is based on the paper “Statistical Inference with Regularized Optimal

Transport” [106], published in Information and Inference: A journal of the IMA. This is

joint work with Ziv Goldfeld, Kengo Kato, and Ritwik Sadhu.

2.1 Introduction

Optimal transport (OT) theory [208, 175] provides a versatile framework for comparing

probability distributions. Introduced by Monge [146] and later formulated by Kantorovich

[120], the OT problem between two Borel probability measures µ, ν on Rd is defined by

Tc(µ, ν) := inf
π∈Π(µ,ν)

∫
Rd×Rd

c(x, y)dπ(x, y), (2.1)

where Π(µ, ν) is the set of couplings between µ and ν. The special case of the p-

Wasserstein distance for p ∈ [1,∞) is given by Wp(µ, ν) :=
(
T∥·∥p(µ, ν)

)1/p. Thanks to an

array of favorable properties, including the Wasserstein metric structure, a convenient

duality theory, robustness to support mismatch, and the rich geometry induced on the

space of probability measures, OT and the Wasserstein distance have seen a surge of

applications in statistics, machine learning, and applied mathematics. These include

generative modeling [10, 111, 193, 16, 45], robust/adversarial machine learning (ML)

[20, 213], domain adaptation [185, 52], image recognition [170, 174, 132], vector quantile

regression [36, 46, 91, 113], Bayesian estimation [15], and causal inference [194].

Unfortunately, OT distances are generally hard to compute and suffer from the curse

of dimensionality in empirical estimation, whereby the number of samples needed for

reliable estimation grows exponentially with dimension.

These deficits have motivated the introduction of regularized OT methods that aim
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to alleviate the said computational and statistical bottlenecks. Three prominent regular-

izations are: (1) slicing via lower-dimensional projections [163, 28, 148, 12, 147]; (2)

smoothing via convolution with a chosen kernel [102, 100, 103, 101, 152, 172, 221, 40,

114, 105, 22]; and (3) convexification via entropic penalty [179, 130, 53, 4, 87, 142, 65].

These techniques preserve many properties of classic OT but avoid the curse of dimen-

sionality, which enables a scalable statistical theory. As reviewed below1, much effort was

devoted to exploring dimension-free empirical convergence rates and limit distributions,

bootstrapping, and other statistical aspects of regularized OT, although several notable

gaps in the literature remain. Furthermore, proof techniques for such results are typically

on a case-by-case basis and do not follow a unified approach, despite evident similarities

between the three regularization methods as complexity reduction techniques of the

classic OT framework.

The present paper develops a unified framework for deriving limit distributions,

semiparametric efficiency bounds, and bootstrap consistency for a broad class of func-

tionals that, in particular, encompasses the empirical regularized OT distances mentioned

above (Section 2.3). As example applications of the general framework, we explore a

comprehensive treatment of the following problems:

• Average- and max-sliced Wp (Section 2.4): Our limit distribution theory closes

existing gaps in the literature (e.g., a limit distribution result for sliced W1 was

assumed in [147] but left unproven), with the efficiency and bootstrap consistency

results providing additional constituents for valid statistical inference.

• Smooth Wp with compactly supported kernels (Section 2.5): Gaussian-smoothed

OT was previously shown to preserve the classic Wasserstein structure while al-

leviating the curse of dimensionality. Motivated by computational considerations,

1We postpone the literature review on each regularization method to its respective section.
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herein we study smoothing with compactly supported kernels. We explore the metric,

topological, and statistical aspects previously derived under Gaussian smoothing.

• Entropic OT (Section 2.6): A central limit theorem (CLT) for empirical entropic

OT (EOT) was derived [142, 65] for independent data via a markedly different proof

technique than proposed herein. Revisiting this problem using our general machinery,

we rederive this CLT allowing for dependent data, and also obtain new results on

semiparametric efficiency and bootstrap consistency.

The unified limit distribution framework, stated in Proposition 1, relies on the

extended functional delta method for Hadamard directionally differentiable function-

als [181, 169]. To match the delta method with the regularized OT setup, we focus

on a functional on a space of probability measures that is (a) locally Lipschitz with

respect to (w.r.t.) the sup-norm for a Donsker function class and (b) Gâteaux directionally

differentiable at the population distribution. To apply this framework, we seek to: (i) set

up the regularized distance as a locally Lipschitz functional δ w.r.t. ∥ · ∥∞,F = sup f∈F | · |;

(ii) show F to be Donsker to obtain convergence of the empirical process in ℓ∞(F ); (iii)

characterize the Gâteaux directional derivative of δ at µ. For each regularized distance

(sliced, smooth, and entropic), we identify the appropriate function class F and estab-

lish the desired Lipschitz continuity and differentiability, relying on OT duality theory.

Regularization enforces the dual potentials to possess smoothness or low-dimensionality

properties, which are leveraged to show that F is Donsker. Of note is that our framework

does not require independent and identically distributed (i.i.d.) data and can be applied

for any estimate (not only the empirical distribution) of the population distribution, so

long as the uniform limit theorem mentioned in (ii) holds true.

As the general framework stems from the extended functional delta method, the

limiting variable of the (scaled and centered) empirical regularized distance is given by
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the directional derivative of δ at the population distribution. Linearity of the derivative

implies that the limit variable is centered Gaussian. In this case, it is natural to ask whether

the empirical distance attains the semiparametric efficiency lower bound (cf. [200, Chapter

25]). Semiparametric efficiency bounds serve as analogs of Cramér-Rao lower bounds

in semiparametric estimation and account for the fundamental difficulty of estimating

functionals of interest. We show that the asymptotic variance of the empirical distance

indeed agrees with the semiparametric efficiency bound, relative to a certain tangent

space. Still, even when the limiting variable is Gaussian, direct analytic estimation of

the asymptotic variance may be nontrivial. To account for that, we explore bootstrap

consistency for empirical regularized OT distances. Altogether, the limit distribution

theory, semiparametric efficiency, and bootstrap consistency provide a comprehensive

statistical account of the considered regularized OT distances.

A unifying approach of a similar flavor to ours, but for classic OT distances, was

proposed in [117]. Focusing solely on the supremum functional, they used the extended

functional delta method to derive limit distributions for classic Wp, with p ≥ 2, for com-

pactly supported distributions under the alternative in dimensions d ≤ 3. In comparison,

our approach is more general and can treat any functional that adheres to the afore-

mentioned local Lipschitz continuity and differentiability. This is crucial for analyzing

regularized OT distances as some instances do not amount to a supremum functional. For

instance, average-sliced Wasserstein distances correspond to mixed L1-L∞ functionals,

which are not accounted for by the setup from [117]. The functional delta method was

also used in [187, 190] to derive limit distributions for OT between discrete population

distributions by parametrizing them using simplex vectors. This result was extended to

semi-discrete OT in [62] by exploiting the fact that complexity of the optimal potentials

class is reduced when one of the measures is supported on a discrete set. Another recent

application can be found in [105], where this approach was leveraged for Gaussian-
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smoothed Wp by embedding the domain of the Wasserstein distance into a certain dual

Sobolev space.

The paper is organized as follows. Section 2.2 presents notation used throughout the

paper and background on Wasserstein distances and the extended functional delta method.

Section 2.3 presents a unified framework for deriving limit distributions, bootstrap

consistency, and semiparametric efficiency bounds for regularized OT distances. The

tools developed therein will be applied to sliced Wasserstein distances in Section 2.4,

smooth Wasserstein distances with compactly supported kernels in Section 2.5, and EOT

in Section 2.6. Section 2.7 leaves some concluding remarks. Proofs for the results in

Sections 2.2–2.6 are found in Sections A.1–A.5 of the supplementary material.

2.2 Background and Preliminaries

This section collects notation used throughout the paper and sets up necessary background

on Wasserstein distances and the extended functional delta method.

2.2.1 Notation

Let ∥ · ∥ denote the Euclidean norm and B(x, r) be the open ball with center x ∈ Rd and

radius r > 0. For a subset A of a topological space S , let A
S

denote the closure of A;

if the space S is clear from the context, then we simply write A for the closure. The

space of Borel probability measures on S is denoted by P(S ). When S is a normed space

with norm ∥ · ∥S , we denote Pp(S ) := {µ ∈ P(S ) :
∫
∥x∥p

S dµ(x) < ∞} for 1 ≤ p < ∞.

The (topological) support of µ ∈ P(S ) is denoted as spt(µ). For any finite signed Borel

measure γ on S , we identify γ with the linear functional f 7→ γ( f ) =
∫

f dγ. For µ ∈ P(S )
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and a µ-integrable function h on S , hµ denotes the signed measure hdµ. Let
w
→,

d
→, and

P
→

denote weak convergence of probability measures, convergence in distribution of random

variables, and convergence in probability, respectively. When necessary, convergence in

distribution is understood in the sense of Hoffmann-Jørgensen (cf. Chapter 1 in [199]).

For any nonempty set S , let ℓ∞(S ) be the Banach space of bounded real functions on S

equipped with the sup-norm ∥ · ∥∞,S = supx∈S | · |. For any measure space (S ,S, µ) and

1 ≤ p < ∞, let Lp(µ) = Lp(S ,S, µ) denote the Banach space of measurable functions

f : S → R with ∥ f ∥Lp(µ) = (
∫
| f |pdµ)1/p < ∞. If µ is σ-finite and S is countably

generated, then the space is separable. For two numbers a and b, we use the notation

a ∧ b = min{a, b} and a ∨ b = max{a, b}.

2.2.2 Wasserstein distances

The Wasserstein distance is a specific instance of the OT problem from (2.1), defined as

follows.

Definition 1 (Wasserstein distance). Let 1 ≤ p < ∞. The p-th Wasserstein distance

between µ, ν ∈ Pp(Rd) is defined as

Wp(µ, ν) := inf
π∈Π(µ,ν)

[∫
Rd×Rd

∥x − y∥p dπ(x, y)
]1/p

, (2.2)

where Π(µ, ν) is the set of couplings of µ and ν.

The p-Wasserstein distance is a metric on Pp(Rd) and metrizes weak convergence

plus convergence of pth moments, i.e., Wp(µn, µ) → 0 if and only if µn
w
→ µ and∫

∥x∥pdµn(x) →
∫
∥x∥pdµ(x). Wasserstein distances admit the following dual form

(cf. [208, Theorem 5.9]):

Wp
p(µ, ν) = sup

φ∈L1(µ)

[∫
Rd
φdµ +

∫
Rd
φcdν

]
, (2.3)
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where φc(y) = infx∈Rd
[
∥x − y∥p − φ(x)

]
is the c-transform of φ (for the cost c(x, y) =

∥x − y∥p). A function f : Rd → [−∞,∞) is called c-concave if f = gc for some

function g : Rd → [−∞,∞). There is at least one c-concave φ ∈ L1(µ) that attains the

supremum in (2.3), and we call this φ an OT potential from µ to ν for Wp. Further, when

1 < p < ∞ and µ is supported on a connected set with negligible boundary and has

a (Lebesgue) density, then the OT potential from µ to ν is unique on int(spt(µ)) up to

additive constants [61, Corollary 2.7]. Various smoothness properties of the potentials

can be established under appropriate regularity conditions on the cost and µ, ν—a fact

that we shall leverage in our derivations.

Remark 1 (Literature review on Wp limit distribution theory). Distributional limits

of
√

n
(
Wp

p(µ̂n, ν) −Wp
p(µ, ν)

)
and its two-sample analogue for discrete µ, ν under both

the null µ = ν and the alternative µ , ν were derived in [187, 190]. Similar results

for general distributions are known only in the one-dimensional case. Specifically, for

p = 1, 2, [59, 60] leverage the representations of Wp in d = 1 as the Lp norm between

distribution functions (p = 1) and quantile functions (p = 2) to derive distributional

limits under the null. Limit distributions in d = 1 for p ≥ 2 under the alternative (µ , ν)

were derived in [63]. In arbitrary dimension, [64] establish asymptotic normality of
√

n
(
W2

2(µ̂n, ν) − E
[
W2

2(µ̂n, ν)
])

under the alternative µ , ν by deriving an asymptotic

linear representation using the Efron-Stein inequality. This was extended to general

transportation costs satisfying certain regularity conditions in [61]. The main limitation

of these results is the centering around the expected empirical distance (and not the

population one), which does not enable performing inference for Wp. This gap was

addressed in [137], where a CLT for
√

n
(
W2

2(µ̃n, ν) − W2
2(µ, ν)

)
was established, but

for a wavelet-based estimator µ̃n of µ (as opposed to the empirical distribution), while

assuming several technical conditions on the Lebesgue densities of µ, ν. As mentioned in

the introduction, [117] leverage the extended functional delta method for the supremum
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functional to obtain limit distributions for Wp, with p ≥ 2, for compactly supported

distributions under the alternative in dimensions d ≤ 3.

2.2.3 Extended functional delta method

Our unified framework for deriving limit distributions of empirical regularized OT

distances relies on the extended functional delta method, which we set up next. Let D,E

be normed spaces and ϕ : Θ ⊂ D→ E be a map. Following [181, 169], we say that ϕ is

Hadamard directionally differentiable at θ ∈ Θ if there exists a map ϕ′θ : TΘ(θ)→ E such

that

lim
n→∞

ϕ(θ + tnhn) − ϕ(θ)
tn

= ϕ′θ(h) (2.4)

for any h ∈ TΘ(θ), tn ↓ 0, and hn → h in D such that θ + tnhn ∈ Θ. Here TΘ(θ) is the

tangent cone to Θ at θ defined as

TΘ(θ) :=
{

h ∈ D : h = lim
n→∞

θn − θ

tn
for some θn → θ in Θ and tn ↓ 0

}
.

The tangent cone TΘ(θ) is closed, and if Θ is convex, then TΘ(θ) coincides with the

closure in D of {(ϑ − θ)/t : ϑ ∈ Θ, t > 0}. The derivative ϕ′θ is positively homogeneous

and continuous but need not be linear.

Lemma 1 (Extended functional delta method [182, 74, 169, 79]). Let D,E be normed

spaces and ϕ : Θ ⊂ D → E be a map that is Hadamard directionally differentiable

at θ ∈ Θ with derivative ϕ′θ : TΘ(θ) → E. Let Tn : Ω → Θ be maps such that

rn(Tn − θ)
d
→ T for some rn → ∞ and Borel measurable map T : Ω → D with values

in TΘ(θ). Then, rn
(
ϕ(Tn) − ϕ(θ)

) d
→ ϕ′θ(T ). Further, if Θ is convex, then we have

rn
(
ϕ(Tn) − ϕ(θ)

)
− ϕ′θ

(
rn(Tn − θ)

)
→ 0 in outer probability.

Lemma 1 is at the core of our framework for deriving limit distributions. It is termed
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the “extended” functional delta method as it extends the (classical) functional delta

method for Hadamard differentiable maps to directionally differentiable ones.

While Hadamard directional differentiability is sufficient to derive limit distributions,

bootstrap consistency often requires (full) Hadamard differentiability. Recall that the map

ϕ is Hadamard differentiable at θ tangentially to a vector subspace D0 ⊂ D if there exists

a continuous linear map ϕ′θ : D0 → E satisfying (2.4) for any h ∈ D0, tn → 0 (tn , 0),

and hn → h in D such that θ + tnhn ∈ Θ. The differences from Hadamard directional

differentiability is that the derivative ϕ′θ must be linear and thus the domain must be a

vector subspace of D, and the sequence tn → 0 must be a generic (nonzero) sequence

converging to zero. The next lemma is useful for verifying Hadamard differentiability

from the directional one.

Lemma 2. Let ϕ : Θ ⊂ D→ E be Hadamard directionally differentiable at θ ∈ Θ with

derivative ϕ′θ : TΘ(θ)→ E. If TΘ(θ) contains a subspace D0 on which ϕ′θ is linear, then ϕ

is Hadamard differentiable at θ tangentially to D0.

2.3 Unified Framework for Statistical Inference

This section develops a general framework for deriving limit distributions, bootstrap

consistency, and semiparametric efficiency bounds for regularized OT distances. We first

treat the former two aspects together, and then move on to discuss efficiency. Throughout

this section, µn designates an arbitrary random probability measure and not necessarily

the empirical measure (unless explicitly stated otherwise).

16



2.3.1 Limit distributions and bootstrap consistency

The following result is an adaptation of the extended functional delta method from

Lemma 1 to the space of probability measures, which enables directly applying it to

empirical regularized OT.

Proposition 1 (Limit distributions). Consider the setting:

(Setting ⊛) Let F be a class of Borel measurable functions on a topological

space S with a finite envelope F. For a given µ ∈ P(S ), let δ be a map from

P0 ⊂ P(S ) into a Banach space (E, ∥ · ∥E), where P0 is a convex subset such

that µ ∈ P0 and
∫

Fdν < ∞ for all ν ∈ P0.

Further suppose that

(a) µn : Ω→ P0 are random probability measures with values in P0 for all n ∈ N, such

that there exists a tight random variable Gµ in ℓ∞(F ) with
√

n(µn − µ)
d
→ Gµ in

ℓ∞(F );

(b) δ is locally Lipschitz continuous at µ with respect to ∥ · ∥∞,F , in the sense that there

exist constants ϵ > 0 and C < ∞ such that

∥ν − µ∥∞,F ∨ ∥ν
′ − µ∥∞,F < ϵ =⇒ ∥δ(ν) − δ(ν′)∥E ≤ C∥ν − ν′∥∞,F ;

(c) For every ν ∈ P0, the mapping t 7→ δ
(
µ + t(ν − µ)

)
is right differentiable at t = 0, and

denote its right derivative by

δ′µ(ν − µ) = lim
t↓0

δ
(
µ + t(ν − µ)

)
− δ(µ)

t
. (2.5)

Then (i) δ′µ uniquely extends to a continuous, positively homogeneous map on the tangent

cone of P0 at µ:

TP0(µ) :=
{
t(ν − µ) : ν ∈ P0, t > 0

}ℓ∞(F )
;
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(ii) Gµ ∈ TP0(µ) almost surely (a.s.); and (iii)
√

n
(
δ(µn)−δ(µ)

)
−δ′µ

(√
n(µn−µ)

)
→ 0 holds

in outer probability. Consequently, we have the following convergence in distribution
√

n
(
δ(µn) − δ(µ)

) d
→ δ′µ(Gµ).

The proof first identifies δ as a map defined on a subset of ℓ∞(F ). Formally, let

τ : P0 ∋ ν 7→ ( f 7→ ν( f )) ∈ ℓ∞(F ), and we identify δ with δ̄ : τP0,ϵ → E defined by

δ̄(τν) = δ(ν), where P0,ϵ = {ν ∈ P0 : ∥ν − µ∥∞,F < ϵ}. The local Lipschitz condition (b)

guarantees that the map δ̄ is well-defined (indeed, without the local Lipschitz condition,

δ̄ may not be well-defined as τ may fail to be one-to-one). With this identification,

we apply the extended functional delta method, Lemma 1, by establishing Hadamard

directional differentiability of δ at µ. The latter essentially follows by local Lipschitz

continuity (condition (b)) and Gâteaux directional differentiability (condition (c)). Since

the derivative δ′µ is a priori defined only on P0,ϵ − µ, we need to extend the derivative to

the tangent cone TP0(µ), for which we need completeness of the space E; see the proof in

Section A.1 of the supplementary material for details.

For i.i.d. data X1, . . . , Xn ∼ µ and µn = µ̂n as the empirical measure, to apply

Proposition 1 we will: (i) find a µ-Donsker function class F such that the functional δ is

locally Lipschitz w.r.t. ∥·∥∞,F at µ; and (ii) find the Gâteaux directional derivative (2.5). In

our applications to regularized OT, such a function class F will be chosen to contain dual

potentials corresponding to a proper class of distributions. Regularization enforces dual

potentials to possess certain smoothness or low-dimensionality properties, guaranteeing

that F is indeed µ-Donsker. The dual OT formulation also plays a crucial role in finding

the Gâteaux directional derivative (2.5).

Remark 2 (On Proposition 1). We now clarify certain aspects of Proposition 1.

(Relaxed condition): When δ(µn) is well-defined, the condition that µn takes values in
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P0 can be relaxed to µn ∈ P0 with inner probability approaching one.

(Data generating process): Proposition 1 does not impose any dependence conditions

on the data. In particular, it can be applied to dependent data as long as one can verify the

uniform limit theorem in Condition (a). See, e.g., [131, 7, 9, 71, 11, 154, 56] on uniform

CLTs for dependent data.

(Convexity of P0): The assumption that P0 is convex can be replaced with the condition

that P0 is a convex subset of ℓ∞(F ). Namely, using the mapping τ : P0 ∋ ν 7→ ( f 7→

ν( f )) ∈ ℓ∞(F ), we only need that τP0 = {τν : ν ∈ P0} ⊂ ℓ
∞(F ) is convex. Condition

(c) then should read that t 7→ δ̄((1 − t)τµ + tτν) is differentiable from the right at t = 0

with derivative δ′µ(µ− ν) = limt↓0 t−1{δ̄((1− t)τµ+ tτν)− δ̄(τµ)
}
, where δ̄(τν) = δ(ν). This

modification is needed to cover the two-sample setting; see, e.g., the proof of Theorem 1

Part (ii).

Bootstrap consistency

In applications of Proposition 1, the obtained limit distribution is often non-pivotal in the

sense that it depends on the population distribution µ, which is unknown in practice. To

circumvent the difficulty of estimating the distribution of δ′µ(Gµ) directly, one may apply

the bootstrap. When F is µ-Donsker and µn = µ̂n is the empirical distribution of i.i.d.

data from µ, then the bootstrap (applied to the functional δ) is consistent for estimating

the distribution of δ′µ(Gµ) provided that the map ν 7→ δ(ν) is Hadamard differentiable

w.r.t. ∥ · ∥∞,F at ν = µ tangentially to a subspace of ℓ∞(F ) that contains the support of Gµ;

cf. Theorem 23.9 in [200] or Theorem 3.9.11 in [201]. The following corollary is useful

for invoking such theorems under the setting of Proposition 1.

Corollary 1 (Bootstrap consistency via Hadamard differentiability). Consider the setting
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of Proposition 1. If, in addition, Gµ is a mean-zero Gaussian variable in ℓ∞(F ), then

spt(Gµ) is a vector subspace of ℓ∞(F ). If further δ′µ is linear on spt(Gµ), then ν 7→ δ(ν) is

Hadamard differentiable w.r.t. ∥ · ∥∞,F at ν = µ tangentially to spt(Gµ).

In general, when the functional is Hadamard directionally differentiable with a

nonlinear derivative, the bootstrap fails to be consistent; cf. [74, 79]. An alternative way

to estimate the limit distribution in such cases is to use subsampling or the “m-out-of-n”

bootstrap [161, 74]; see Lemma 3 for the max-slicing case.

2.3.2 Semiparametric efficiency

In Proposition 1, if δ′µ is linear and Gµ is mean-zero Gaussian, then the limit distribution

δ′µ(Gµ) is mean-zero Gaussian as well. In such cases, it is natural to ask if the plug-in

estimator δ(µn) is asymptotically efficient in the sense of [200, p. 367], relative to a certain

tangent space. Informally, the semiparametric efficiency bound at µ is computed as the

largest Cramér-Rao lower bound among one-dimensional submodels passing through µ.

Formally, consider estimating a functional κ : P ⊂ P(S ) → R at µ ∈ P from i.i.d.

data X1, . . . , Xn ∼ µ. We consider submodels {µt : 0 ≤ t < ϵ′} with µ0 = µ such that, for

some measurable score function h : S → R, we have∫ dµ1/2
t − dµ1/2

t
−

1
2

hdµ1/2

2

→ 0,

where dµt and dµ are Radon-Nikodym densities w.r.t. a common dominating measure

and the integration is taken w.r.t. the dominating measure. Score functions are square

integrable w.r.t. µ and µ-mean zero. A tangent set Ṗµ ⊂ L2(µ) of the model P at µ is the

set of score functions corresponding to a collection of such submodels. If Ṗµ is a vector

subspace of L2(µ), then it is called a tangent space. Relative to a given tangent set Ṗµ,
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the functional κ : P → R is called differentiable at µ if there exists a continuous linear

functional κ̇µ : L2(µ)→ R such that, for every h ∈ Ṗµ and a submodel t 7→ µt with score

function h,
κ(µt) − κ(µ)

t
→ κ̇µh, t ↓ 0.

The semiparametric efficiency bound for estimating κ at µ, relative to Ṗµ, is defined

as

σ2
κ,µ = sup

h∈lin(Ṗµ)

(κ̇µh)2

∥h∥2
L2(µ)

,

where lin(Ṗµ) is the linear span of Ṗµ. In particular, the N(0, σ2
κ,µ) distribution serves as

the “optimal” limit distribution for estimating κ at µ in the sense of the Hájek-Le Cam

convolution theorem and also in the local asymptotic minimax sense; see Chapter 25

in [200] for details.

The next proposition concerns the computation of the semiparametric efficiency

bound.

Proposition 2 (Semiparametric efficiency). For Setting ⊛ from Proposition 1 with E = R,

consider estimating δ : P0 → R at µ from i.i.d. data X1, . . . , Xn ∼ µ. Set

Ṗ0,µ = {h : h : S → R is bounded and measurable with µ-mean zero}.

Suppose that (a) the function class F is µ-pre-Gaussian, i.e., there exists a tight

mean-zero Gaussian process Gµ =
(
Gµ( f )

)
f∈F in ℓ∞(F ) with covariance function

Cov
(
Gµ( f ),Gµ(g)

)
= Covµ( f , g); (b) for every h ∈ Ṗ0,µ, (1 + th)µ ∈ P0 for sufficiently

small t > 0; and (c) there exists a continuous linear functional δ′µ : ℓ∞(F ) → R such

that (2.5) holds for every ν ∈ P0 of the form ν = (1 + h)µ for some h ∈ Ṗ0,µ. Then, the

semiparametric efficiency bound for estimating δ at µ relative to the tangent space Ṗ0,µ

agrees with Var
(
δ′µ(Gµ)

)
.
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Proposition 2 can be thought of as a variant of Theorem 3.1 in [198], which asserts

that a Hadamard differentiable functional (tangentially to a sufficiently large subspace)

of an asymptotically efficient estimator is again asymptotically efficient; see Remark

25 in the supplementary material for more details. In Section A.1 of the supplementary

material, we provide a direct and self-contained proof of Proposition 2. We note that

Proposition 2 covers a slightly more general situation than [198, Theorem 3.1] since

it only requires Gâteaux differentiability of the map δ, and choosing a pre-Gaussian

function class F in such a way that the derivative δ′µ extends to a continuous linear

functional on ℓ∞(F ). In particular, the efficiency bound computation in Proposition 2 is

applicable even when Proposition 1 is difficult to apply. For instance, when the Gâteaux

derivative δ′µ in (2.5) is a point evaluation, δ′µ(ν − µ) = (ν − µ)( f ⋆) for some function

f ⋆ ∈ L2(µ), we can choose F = { f ⋆} (singleton) and apply Proposition 2 to conclude

that Varµ( f ⋆) agrees with the semiparametric efficiency bound, relative to Ṗ0,µ (note that

the function class F in Proposition 2 need not be the same as the one in Proposition 1).

The following corollary covers the two-sample case. Define Ṗ0,ν analogously to Ṗ0,µ

and set Ṗ0,µ ⊕ Ṗ0,ν = {h1 ⊕ h2 : h1 ∈ Ṗ0,µ, h2 ∈ Ṗ0,ν}.

Corollary 2 (Semiparametric efficiency in two-sample setting). Let F be a class of

Borel measurable functions on a topological space S with finite envelope F, and for

given µ, ν ∈ P(S ), let P0,µ,P0,ν be subsets of P(S ) containing µ, ν, respectively, such

that
∫

Fdρ < ∞ for all ρ ∈ P0,µ ∪ P0,ν. Let P0,µ ⊗ P0,ν = {ρ1 ⊗ ρ2 : ρ1 ∈ P0,µ, ρ2 ∈ P0,ν}.

Consider estimating δ : P0,µ ⊗ P0,ν → R at µ ⊗ ν from i.i.d. data (X1, Y1), . . . , (Xn, Yn) ∼

µ ⊗ ν. Suppose that (a) the function class F is pre-Gaussian w.r.t. µ and ν; (b) for every

h1 ⊕ h2 ∈ Ṗ0,µ ⊕ Ṗ0,ν,
(
(1 + th1)µ

)
⊗

(
(1 + th2)ν

)
∈ P0,µ ⊗ P0,ν for sufficiently small t > 0;

(c) there exist continuous linear functionals δ′µ : ℓ∞(F )→ R and δ′ν : ℓ∞(F )→ R such

that t−1{δ(((1 + th1)µ
)
⊗

(
(1 + th2)ν

))
− δ(µ ⊗ ν)

}
→ δ′µ(h1µ) + δ′ν(h2ν) as t ↓ 0 for every

h1 ⊕ h2 ∈ Ṗ0,µ ⊕ Ṗ0,ν. Then, the semiparametric efficiency bound for estimating δ at µ ⊗ ν
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relative to the tangent space Ṗ0,µ ⊕ Ṗ0,ν agrees with Var
(
δ′µ(Gµ)

)
+Var

(
δ′µ(Gν)

)
, where Gµ

and Gν are tight µ- and ν-Brownian bridges in ℓ∞(F ), respectively.

Remark 3 (Efficiency of wavelet-based estimator of W2). Theorem 18 in [137] estab-

lishes a CLT for a wavelet-based estimator W2(µ̃n, ν) for W2(µ, ν) in the one-sample case

under high-level assumptions that include global regularity of the OT potential φ. Their

result reads as
√

n
(
W2

2(µ̃n, ν) −W2
2(µ, ν)

) d
→ N

(
0,Varµ(φ)

)
. Their proof first establishes

a CLT for the expectation centering (similarly to [64]) and then shows that the bias is

negligible. To obtain the same result via Proposition 1, one would have to assume a

uniform bound on the Hölder norm of OT potentials corresponding to a local neighbor-

hood of µ. Unfortunately, such uniform bounds on global regularity of OT potentials are

currently unavailable, except for a few limited cases (cf. the discussion after Theorem

3 in [137]). For instance, when the marginals are defined on the flat torus and admit

sufficiently smooth densities that are bounded away from 0 and∞, Theorem 5 in [137]

provides such a bound, rendering Proposition 1 applicable. Moreover, in the setting of

Theorem 18 in [137], it is readily verified that ρ 7→ W2(ρ, ν) is Gâteaux differentiable at

µ with derivative (ρ − µ)(φ) (cf. the proof of Lemma 45 in the supplementary material),

so Varµ(φ) indeed coincides with the semiparametric efficiency bound.

2.4 Sliced Wasserstein distances

This section studies statistical aspects of sliced Wasserstein distances, deriving limit

distributions, bootstrap consistency, and semiparametric efficiency.
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2.4.1 Background

Average- and max-sliced Wasserstein distances are defined next.

Definition 2 (Sliced Wasserstein distances). Let 1 ≤ p < ∞. The average-sliced and

max-sliced p-Wasserstein distances between µ, ν ∈ Pp(Rd) are defined, respectively, as

Wp(µ, ν) :=
[∫
Sd−1

Wp
p(pθ♯µ, p

θ
♯ν)dσ(θ)

]1/p

and Wp(µ, ν) := max
θ∈Sd−1

Wp(pθ♯µ, p
θ
♯ν),

where pθ : Rd → R is the projection map x 7→ θ⊺x, σ is the uniform distribution on the

unit sphere Sd−1 := {x ∈ Rd : ∥x∥ = 1}, and pθ
♯
µ := µ ◦ (pθ)−1 is the pushforward of µ

under pθ.

The sliced distances Wp and Wp are metrics on Pp(Rd) and, in fact, induce the same

topology as Wp [12]. Sliced Wasserstein distances are efficiently computable using the

closed-form expression for Wp between distributions on R using quantile functions. For

µ ∈ P(Rd) and θ ∈ Sd−1, denote by Fµ(· ; θ) and F−1
µ (· ; θ) the distribution and quantile

functions of pθ
♯
µ, respectively, i.e.,

Fµ(t; θ) = µ
(
{x ∈ Rd : θ⊺x ≤ t}

)
and F−1

µ (τ; θ) = inf{t ∈ R : Fµ(t; θ) ≥ τ}.

Then, Wp(pθ
♯
µ, pθ

♯
ν) equals the Lp-norm between the corresponding quantile functions,

Wp
p(pθ♯µ, p

θ
♯ν) =

∫ 1

0

∣∣∣F−1
µ (τ; θ) − F−1

ν (τ; θ)
∣∣∣pdτ,

which further simplifies for p = 1 to the L1 distance between the corresponding dis-

tribution functions. Also, sliced Wasserstein distances between projected empirical

distributions is readily computed using order statistics. Let µ̂n := n−1 ∑
i=1 δXi and

ν̂n := n−1 ∑
i=1 δYi be the empirical distributions of X1, . . . , Xn and Y1, . . . ,Yn. For

each θ ∈ Sd−1, let Xi(θ) = θ⊺Xi, and let X(1)(θ) ≤ · · · ≤ X(n)(θ) be the order statis-

tics. Define Y(1)(θ) ≤ · · · ≤ Y(n)(θ) analogously. By Lemma 4.2 in [25], we have

Wp
p(pθ

♯
µ̂n, p

θ
♯
ν̂n) = 1

n

∑n
i=1

∣∣∣X(i)(θ) − Y(i)(θ)
∣∣∣p. The sliced distances Wp and Wp can be

computed by integrating or maximizing the above over θ ∈ Sd−1.
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Literature review

Sliced Wasserstein distances have been applied to various statistical inference and

machine learning tasks, including barycenter computation [163], generative model-

ing [69, 68, 148, 147], and autoencoders [126]. The statistical literature on sliced

distances mostly focused on expected value analysis. Specifically, [153] show that

if µ satisfies a Tq(σ2) inequality with q ∈ [1, 2], then E
[
Wp(µ̂n, µ)

]
≲ σ

(
n−1/(2p) +

n(1/q−1/p)+
√

(d log n)/n
)

up to a constant that depends only on p. Further results on

empirical convergence rates can be found in [134], where both Wp and Wp were treated,

while replacing the transport inequality assumption of [153] with exponential moment

bounds (via Bernstein’s tail conditions) or Poincaré type inequalities. A limit distribution

result for one-sample sliced W1 was mentioned in [147] but was left as an unproven

assumption. Extensions to sliced Wp and two-sample results, all of which are crucial

for principled statistical inference, are currently open. Consistency of the bootstrap and

efficiency bounds are also unaccounted for by the existing literature.2

2.4.2 Statistical analysis

We move on to the statistical aspects of sliced Wp, closing the aforementioned gaps. The

p > 1 case is treated under the general framework of Section 2.3 for compactly supported

distributions. For p = 1, we present a separate derivation that leverages its simplified

form to obtain the results under mild moment assumptions.

2After the first version of the present paper was posted on the arXiv, we became aware that the latest
update of [138] (arXiv update: April 4, 2022) contains limit distribution and bootstrap results for Wp with
p > 1 under the alternative. Our work is independent of [138] and our approach is distinct; see Remark
5. After our paper was posted, [218] proved similar results to ours for W1 and W1 under a similar set of
assumptions to us (see Remark 8 for details) and [214] derived limit distributions for p > 1 uniformly in
the slicing direction under the assumption of compact support and uniqueness of optimal potentials, but did
not cover the max-slicing case in full generality. Neither of these works addressed asymptotic efficiency.

25



Order p > 1

The next theorem characterizes limit distributions for average-sliced p-Wasserstein

distances under both the one- and two-sample settings. It also states asymptotic efficiency

of the empirical plug-in estimator, and consistency of the bootstrap. The latter facilitates

statistical inference by providing a tractable estimate of the limiting distribution, and is

set up as follows. Given the data X1, . . . , Xn, let XB
1 , . . . , X

B
n be an independent sample

from µ̂n, and set µ̂B
n := n−1 ∑n

i=1 δXB
i

as the bootstrap empirical distribution. Define ν̂B
n

analogously and let PB denote the conditional probability given the data.

Theorem 1 (Limit distribution, efficiency, and bootstrap consistency for Wp
p). Let 1 < p <

∞, and suppose that µ, ν are compactly supported, such that µ is absolutely continuous

and spt(µ) is convex. For every θ ∈ Sd−1, let φθ be an OT potential from pθ
♯
µ to pθ

♯
ν for

Wp, which is unique up to additive constants on int(spt(pθ
♯
µ)). Also, set ψθ = [φθ]c as the

c-transform of φθ for c(s, t) = |s − t|p. The following hold.

(i) We have
√

n
(
Wp

p(µ̂n, ν) −Wp
p(µ, ν)

) d
→ N

(
0, v2

p

)
,

where v2
p =

!
Covµ

(
φθ ◦ pθ, φϑ ◦ pϑ

)
dσ(θ)dσ(ϑ), which is well-defined under the

current assumption. The asymptotic variance v2
p coincides with the semiparametric

efficiency bound for estimating Wp
p(·, ν) at µ. Also, provided that v2

p > 0, we have

sup
t∈R

∣∣∣∣PB
(√

n
(
Wp

p(µ̂B
n , ν) −Wp

p(µ̂n, ν)
)
≤ t

)
− P

(
N(0, v2

p) ≤ t
)∣∣∣∣ P→ 0.

(ii) If in addition ν is absolutely continuous with convex support, then

√
n
(
Wp

p(µ̂n, ν̂n) −Wp
p(µ, ν)

) d
→ N

(
0, v2

p + w2
p

)
,

where v2
p is given in (i) and w2

p =
!

Covν
(
ψθ◦pθ, ψϑ◦pϑ

)
dσ(θ)dσ(ϑ). The asymptotic

variance v2
p + w2

p coincides with the semiparametric efficiency bound for estimating
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Wp
p(·, ·) at (µ, ν). Also, provided that v2

p + w2
p > 0, we have

sup
t∈R

∣∣∣∣PB
(√

n
(
Wp

p(µ̂B
n , ν̂

B
n ) −Wp

p(µ̂n, ν̂n)
)
≤ t

)
− P

(
N(0, v2

p + w2
p) ≤ t

)∣∣∣∣ P→ 0.

The derivation of the limit distributions in Theorem 1 follows from Proposition 1. We

outline the main idea for the one-sample case. The functional of interest is set as the pth

power of the average-sliced p-Wasserstein distance. Leveraging compactness of supports,

we then show that Wp
p is Lipschitz w.r.t. W1 (cf. Lemma 9 in the supplementary material).

From the Kantorovich-Rubinstein duality, W1 can be expressed as W1(µ, ν) = ∥µ − ν∥∞,F

with F = {φ ◦ pθ : θ ∈ Sd−1, φ ∈ Lip1,0(R)}, which is shown to be µ-Donsker (Lip1,0(R)

denotes the class of 1-Lipschitz functions φ on R with φ(0) = 0). Evaluating the Gâteaux

directional derivative of the sliced distance, we have all the conditions needed to invoke

Proposition 1, which in turn yields the distributional limits. For Wp, the corresponding

derivative turns out to be linear (in a suitable sense), so that asymptotic efficiency of the

plug-in estimator and the bootstrap consistency follow from Proposition 2 and Corollary

1 combined with Theorem 23.9 in [200].

For the two-sample case, we think of Wp(µ, ν) as a functional of the product measure

µ⊗ν, as the correspondence between (µ, ν) and µ⊗ν is one-to-one. With this identification,

the rest of the argument is analogous to the one-sample case. We note that in the two-

sample case, the semiparametric efficiency bound is defined relative to the tangent space

{
h1 ⊕ h2 : h1 and h2 are bounded measurable functions with µ(h1) = ν(h2) = 0

}
.

This convention is adopted throughout when discussing semiparametric efficiency bounds

in the two-sample case.

The asymptotic variances in Theorem 1 involve potentials between all slices of the

marginal distributions, so direct estimation of the asymptotic variances seems highly

nontrivial from a computational standpoint. Hence, the bootstrap offers a particularly

27



appealing alternative for estimating the sampling distributions of empirical sliced Wasser-

stein distances.

Remark 4 (Removing pth power). While Theorem 1 states limit distributions for the

pth power of Wp, we can readily obtain corresponding results for the average-sliced

p-Wasserstein distance itself by invoking the delta method for the map s 7→ s1/p.

Remark 5 (Comparison with [138]). Theorem 4 in [138] derives limit distributions and

bootstrap consistency for empirical Wp under the alternative, subject to the assumption

that the projected densities { fµ(·; θ)}θ∈Sd−1 and { fν(·; θ)}θ∈Sd−1 are uniformly integrable with

sup
θ∈Sd−1

esssup0<u<1
1

fµ(F−1
ν (t; θ); θ)

∨
1

fν(F−1
ν (t; θ); θ)

< ∞.

Here fµ(·; θ) and F−1
µ (·; θ) are the (Lebesgue) density and quantile function of pθ

♯
µ, and

their composition is the so-called I-function; cf. [25, Equation (5.2)]. Verification of

this condition for given distributions seems nontrivial. The proof of [138, Theorem 4]

exploits the quantile function representation of Wp in d = 1 along with a linearization

step (of quantile functions). Our limit theorem, on the other hand, assumes that µ has a

density with compact and convex support, and employs a markedly different proof via

the general framework of Proposition 1.

We next provide one- and two-sample limit distributions for the max-sliced Wasser-

stein distance. In this case, the Hadamard directional derivative is nonlinear and therefore

the limit is non-Gaussian and the nonparametric bootstrap is inconsistent (cf. [74, 79]).

Theorem 2 (Limit distribution for Wp). Consider the assumption of Theorem 1.

(i) Setting Sµ,ν := {θ ∈ Sd−1 : Wp(pθ
♯
µ, pθ

♯
ν) = Wp(µ, ν)}, we have

√
n
(
W

p
p(µ̂n, ν) −W

p
p(µ, ν)

) d
→ sup

θ∈Sµ,ν

Gµ(θ),
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where
(
Gµ(θ)

)
θ∈Sd−1 is a centered Gaussian process with continuous paths and covari-

ance function Cov
(
Gµ(θ),Gµ(ϑ)

)
= Covµ

(
φθ ◦ pθ, φϑ ◦ pϑ

)
, which is well-defined.

(ii) If in addition ν is also absolutely continuous with convex support, then

√
n
(
W

p
p(µ̂n, ν̂n) −W

p
p(µ, ν)

) d
→ sup

θ∈Sµ,ν

[
Gµ(θ) + G′ν(θ)

]
, (2.6)

where
(
G′ν(θ)

)
θ∈Sd−1 is independent of Gµ given in (i) and defined analogously.

Observe that, for µ, ν ∈ Pp(Rd), the map θ 7→ Wp(pθ
♯
µ, pθ

♯
ν) is continuous, so the

set Sµ,ν is nonempty. The proof of Theorem 2 also relies on the general framework

of Proposition 1. As in the average case, Wp is Lipschitz w.r.t. W1. This reduces the

argument to characterizing the Gâteaux directional derivative, which requires extra work.

The nonlinearity of the Hadamard directional derivative means that the nonparametric

bootstrap is inconsistent for Wp. Nevertheless, subsampling or the m-out-of-n bootstrap

can still consistently estimate the limit law. The next lemma deals with the m-out-of-n

bootstrap. Below, we say that the bootstrap quantity S B
n converges in distribution to a

nonrandom law ρ in probability if supg∈BL1(R)

∣∣∣EB[g(S B
n )]−ES∼ρ[g(S )]

∣∣∣→ 0 in probability,

where BL1(R) denotes the class of (bounded) 1-Lipschitz functions g : R→ [−1, 1] and

EB is the conditional expectation given the sample.

Lemma 3. Let XB
1 , . . . , X

B
m and YB

1 , . . . ,Y
B
m be independent samples from µ̂n and ν̂n,

respectively, where m = mn → ∞ with m = o(n). Set µ̂B
m,n = m−1 ∑m

i=1 δXB
i

and

ν̂B
m,n = m−1 ∑m

i=1 δYB
i
. Under the setting of Theorem 1 and conditionally on the data,

the sequence
√

m
(
W

p
p(µ̂B

m,n, ν̂
B
m,n) −W

p
p(µ̂n, ν̂n)

)
converges in distribution to the limit in

(2.6), in probability.

Remark 6 (Bias of plug-in estimator for Wp and correction). In general, the limit

distributions for the max-sliced distance in Theorem 2 have positive means, which
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implies that empirical Wp tends to be upward biased at the order of n−1/2. Such an

upward bias commonly appears in plug-in estimation of the maximum of a nonparametric

function (cf. [47]). One may correct this bias using a precision correction similar

to [47]. Namely, define Ŵp(α) := W
p
p(µ̂n, ν̂n) − kα/

√
n, where kα is the α-quantile of

supθ∈Sµ,ν
[
Gµ(θ) + G′ν(θ)

]
, which can be estimated via the subsampling or the m-out-of-n

bootstrap. Provided that kα is a continuity point of the distribution function of the limit

variable, this estimator is upward α-quantile unbiased, and in particular, median unbiased

when α = 1/2, meaning that P
(
Ŵp(α) ≤ W

p
p(µ, ν)

)
= α + o(1).

Remark 7 (Extensions). We address two possible extensions of Theorems 1 and 2.

(Null case): As φθ ◦ pθ and ψθ ◦ pθ are constant µ- and ν-a.e., respectively, for each

θ ∈ Sd−1, the limit distributions in Theorems 1 and 2 degenerate to zero under the null, i.e.,

µ = ν. In d = 1, [60] derived a limit distribution for W2(µ̂n, µ) using the quantile function

representation of W2, which requires several technical conditions concerning the tail of

the Lebesgue density of µ. Their argument hinges on approximating the (general) sample

quantile process by the uniform quantile process, and applying results for the latter.

This argument does not directly extend to the sliced distances, as the quantile process

is indexed by the additional projection parameter θ ∈ Sd−1. Also, it seems nontrivial to

find simple conditions on µ itself under which the projected distributions pθ#µ satisfy the

conditions from [60] for all (or uniformly over) θ ∈ Sd−1. We leave null limit distributions

for Wp and Wp for future research.

(Unbounded support): For compactly supported distributions, dual potentials are Lips-

chitz continuous whose Lipschitz constants depend only on the order p and the radius

of the support. This is a key result when we apply Proposition 1 to sliced Wasserstein

distances; see also the discussion after Theorem 1. For distributions with unbounded

supports, the recent work of [139] derives local Lipschitz estimates for dual potentials
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under a high-level anti-concentration assumption (see the discussion around their Lemma

11), but for empirical distributions, the local Lipschitz constants depend on the sample

size n, which hinders the application of Proposition 1 (the function class being dependent

on n does not bring any difficulty to finding error bounds but would require a very delicate

argument for limit theorems). The extension of Theorems 1 and 2 to simple moment

conditions would require highly technical arguments and hence is beyond the scope of

the present paper.

Order p = 1

The analysis for W1 relies on the explicit expression of W1 between distributions on R as

the L1 distance between distribution functions, whereby

W1(µ, ν) =
∫
Sd−1

∫
R

|Fµ(t; θ) − Fν(t; θ)| dt dσ(θ). (2.7)

For W1, the Kantorovich-Rubinstein duality yields

W1(µ, ν) = sup
θ∈Sd−1

sup
φ∈Lip1,0(R)

[∫
φ(θ⊺x)d(µ − ν)(x)

]
. (2.8)

Here Lip1,0(R) denotes the class of 1-Lipschitz functions φ on R with φ(0) = 0. These

explicit expressions enable us to derive a limit distribution theory for W1 and W1 under

mild moment conditions, as presented next.

To state the result, set λ as the Lebesgue measure on R and denote

sign(t) = ⊮(0,∞)(t) − ⊮(−∞,0)(t).

Recall that a stochastic process
(
Y(t)

)
t∈T indexed by a measurable space T is called

measurable if (t, ω) 7→ Y(t, ω) is jointly measurable.

Theorem 3 (Limit distribution for W1 and W1). Let ϵ > 0 be arbitrary.
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(i) If µ ∈ P2+ϵ(Rd) and ν ∈ P1(Rd), then there exists a measurable, centered Gaussian

process Gµ =
(
Gµ(t, θ)

)
(t,θ)∈R×Sd−1 with paths in L1(λ ⊗ σ) and covariance function

Cov
(
Gµ(s, θ),Gµ(t, ϑ)

)
= µ

(
{x ∈ Rd : θ⊺x ≤ s, ϑ⊺y ≤ t}

)
− Fµ(s; θ)Fµ(t;ϑ), (2.9)

such that

√
n
(
W1(µ̂n, ν) −W1(µ, ν)

) d
→

" [
sign(Fµ − Fν)

]
Gµdλdσ +

"
Fµ=Fν

|Gµ|dλdσ.

(2.10)

(ii) If µ, ν ∈ P2+ϵ(Rd), then

√
n
(
W1(µ̂n, ν̂n) −W1(µ, ν)

)
d
→

" [
sign(Fµ − Fν)

]
(Gµ − G′ν)dλdσ +

"
Fµ=Fν

|Gµ − G′ν|dλdσ,

where G′ν is independent of Gµ given in (i) and defined analogously.

(iii) Assume µ ∈ P4+ϵ(Rd) and ν ∈ P1(Rd). Consider the function class

F =
{
φ ◦ pθ : θ ∈ Sd−1, φ ∈ Lip1,0(R)

}
.

Then, there exists a tight µ-Brownian bridge process Gµ in ℓ∞(F ) such that

√
n
(
W1(µ̂n, ν) −W1(µ, ν)

) d
→ sup

f∈Mµ,ν

Gµ( f ),

where Mµ,ν =
{
f ∈ F

µ
: µ( f − ν( f )) = W1(µ, ν)

}
and F

µ
is the completion of F for

the standard deviation pseudometric ( f , g) 7→
√

Varµ( f − g).

(iv) If µ, ν ∈ P4+ϵ(Rd), then there exists a tight ν-Brownian bridge process G′ν in ℓ∞(F )

independent of Gµ above such that

√
n
(
W1(µ̂n, ν̂n) −W1(µ, ν)

) d
→ sup

f∈M′µ,ν

[
Gµ( f ) −G′ν( f )

]
,

where M′
µ,ν = { f ∈ F

µ,ν
: (µ − ν)( f ) = W1(µ, ν)} and F

µ,ν
is the completion of F for

the pseudometric ( f , g) 7→
√

Varµ( f − g) +
√

Varν( f − g).
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While Theorem 1 requires distributions to have compact and convex support, Theo-

rem 3 holds under mild moment assumptions. The derivation for W1 uses the CLT in L1 to

deduce convergence of empirical projected distribution functions in L1(λ ⊗ σ). The limit

distribution is then obtained via the functional delta method by casting W1 as the L1(λ⊗σ)

norm between distribution functions and characterizing the corresponding Hadamard

directional derivative. For W1, we use the Kantorovich-Rubinstein duality in conjunction

with the fact that the class of projection 1-Lipschitz functions is Donsker under the said

moment condition. In Part (iii), if µ = ν, then Mµ,ν = F
µ
, and since Gµ has uniformly

continuous paths w.r.t. the standard deviation pseudometric, the limit variable becomes

sup f∈F Gµ( f ). Likewise, in Part (iv), the limit variable becomes sup f∈F [Gµ( f ) −G′ν( f )]

when µ = ν.

For W1, if the second term on the right-hand side of (2.10) is zero, then the asymptotic

normality holds. We state this result including its two-sample analogue next.

Corollary 3 (Asymptotic normality for W1). For µ ∈ P(Rd) and θ ∈ Sd−1, define

l
θ

µ = sup spt(pθ
♯
µ) and lθµ = inf spt(pθ

♯
µ). The following hold.

(i) Under the assumption of Theorem 3 Part (i), if in addition Fµ(t; θ) , Fν(t; θ) for

(λ ⊗ σ)-almost all (t, θ) ∈
{
(s, ϑ) : s ∈ [lϑµ , l

ϑ

µ], ϑ ∈ Sd−1}, then

√
n
(
W1(µ̂n, ν) −W1(µ, ν)

) d
→ N(0, v2

1),

where v2
1 is the variance of

! [
sign(Fµ − Fν)

]
Gµdλdσ. The asymptotic variance v2

1

agrees with the semiparametric efficiency bound for estimating W1(·, ν) at µ.

(ii) Under the assumption of Theorem 3 Part (ii), if in addition Fµ(t; θ) , Fν(t; θ) for

(λ ⊗ σ)-almost all (t, θ) ∈
{
(s, ϑ) : s ∈ [lϑµ ∧ lϑν , l

ϑ

µ ∨ l
ϑ

ν ], ϑ ∈ Sd−1}, then

√
n
(
W1(µ̂n, ν̂n) −W1(µ, ν)

) d
→ N(0, v2

1 + w2
1),
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where v2
1 is as above and w2

1 is the variance of
! [

sign(Fµ − Fν)
]
G′νdλdσ. The

asymptotic variance v2
1 + w2

1 agrees with the semiparametric efficiency bound for

estimating W1 at (µ, ν).

Finally, bootstrap consistency (as in Theorem 1) holds for both cases (i) and (ii).

As an example, the above asymptotic normality holds when the population distribu-

tions are both Gaussian.

Example 1. Consider µ = N(ξ1,Σ1) and ν = N(ξ2,Σ2). Then pθ
♯
µ = N(θ⊺ξ1, θ

⊺Σ1θ)

and pθ
♯
µ = N(θ⊺ξ2, θ

⊺Σ2θ). In this case, as long as ξ1 , ξ2 or Σ1 , Σ2, we have

σ({θ : θ⊺ξ1 = θ
⊺ξ2 and θ⊺Σ1θ = θ

⊺Σ2θ}) = 0, which follows from the fact that Z
∥Z∥ ∼ σ

for Z ∼ N(0, Id) and Lemma 1 in [158]. Thus, Fµ(t; θ) , Fν(t; θ) for (λ ⊗ σ)-almost all

(t, θ) ∈ R × Sd−1 and the conclusion of Corollary 3 applies.

Remark 8 (Comparison with [218]). The work [218], which appeared after our paper

was posted on the arXiv, derived limit distribution results for W1 and W1 similar to

the above. For the average-slicing in the one-sample case, they assume the slightly

weaker moment condition
∫ √
P(∥X∥ > t)dt < ∞, where X ∼ µ. Their proof strategy

is essentially the same as ours and the above condition is imposed to verify a CLT for

the empirical projected distribution function in L1(λ ⊗ σ), as stated in the beginning of

Step 1 in the proof of our Theorem 3(i). Our assumption, which requires finite (2 + ϵ)-th

moment, is meant to provide an elementary moment condition to guarantee the said

CLT in L1(λ ⊗ σ), and it is not difficult to see that the weaker (yet more high-level)

condition
∫ √
P(∥X∥ > t)dt < ∞ suffices for our proof to go through; see the discussion

around equation (A.9) in the supplementary material. For the max-slicing case (with

p = 1), [214] assume the exact same moment condition, although they do not cover the

alternative case.
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2.5 Smooth Wasserstein Distance with Compactly Supported Ker-

nels

We study smooth Wasserstein distances with compactly supported kernels, namely, when

the considered distributions are convolved with a mollifier (also known as a bump func-

tion). Smoothing by means of the Gaussian kernel was extensively studied before for

structural and statistical properties (see literature review below), but it remains unclear

how to efficiently compute the Gaussian-smoothed Wasserstein distance.3 Despite recent

advancement in computation of continuous-to-continuous OT between distributions with

smooth densities [197, 196], these approaches cannot handle the Gaussian-smoothed Wp

since they assume compactly supported distributions.4 Furnishing a smoothed framework

that enjoys the structural and statistical virtues as the Gaussian-smoothed Wasserstein dis-

tance, while being amenable for efficient computation via the aforementioned approaches

is the main motivation of this section. The main use case of compactly supported kernel

paradigm is thus when the population distributions are also compactly supported. For

the sake of generality, we next define the distance and provide structural properties for

arbitrary µ, ν ∈ P(Rd) distributions (possibly with unbounded support), but restrict to the

compactly supported case for the statistical analysis. In Section A.4 of the supplementary

material, we provide a thorough account of how to lift the algorithm from [197] to

compute our smooth distance.

3While the empirical Gaussian-smoothed Wasserstein distance can be evaluated by sampling the kernel
and applying computational methods for classic Wp, this approach fails to exploit the smoothness of this
framework and sacrifices the statistical advantages pertaining to estimation and inference.

4Convolution with a Gaussian kernel does not preserve compact support. In applications where compact
support of the convolved distributions is immaterial, the Gaussian kernel is, however, a natural choice.
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2.5.1 Background

To set up the smooth Wasserstein distance, we first define a smoothing kernel as follows.

Let χ ∈ C∞(Rd) be any non-negative function with
∫
Rd χ(x)dx = 1 and

∫
Rd ∥x∥pχ(x)dx <

∞, for all 1 ≤ p < ∞. Then, for any σ > 0, define χσ = σ−dχ(·/σ) ∈ C∞(Rd) and

let ησ ∈ P(Rd) be a probability measure whose (Lebesgue) density is χσ. We call ησ

a smoothing kernel of parameter σ, and define the corresponding smooth Wasserstein

distance as follows.

Definition 3 (Smooth Wasserstein distances). Let 1 ≤ p < ∞ and ησ be a smoothing

kernel. The associated smooth p-Wasserstein distance between µ, ν ∈ Pp(Rd) is

Wησ
p (µ, ν) := Wp(µ ∗ ησ, ν ∗ ησ).

Example 2 (Standard mollifier). A canonical example of a smooth compactly supported

function is the standard mollifier

χ(x) =


1

Cχ
exp

(
− 1

1−∥x∥2

)
if ∥x∥ < 1

0 otherwise
, (2.11)

where Cχ =
∫
Rd χdλ, from which a compactly supported kernel is readily constructed.

Our results, however, are not specialized to the mollifier kernel and hold for any ησ as

described above.

As reviewed next, Gaussian-smoothed Wasserstein distances, i.e., when ησ = γσ :=

N(0, σ2Id), have been extensively studied for their structural and statistical properties.

Literature review

Gaussian-smoothed Wasserstein distances were introduced in [102] as a means to miti-

gate the curse of dimensionality in empirical estimation. Indeed, [102] demonstrated that
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E
[
W(γσ)

p (µ̂n, µ)
]
= O(n−1/2), for p = 1, 2, in arbitrary dimension provided that µ is suffi-

ciently sub-Gaussian (cf. the recent preprint [22] for sharp bounds on the sub-Gaussian

constant for which the rate is parametric when p = 2). Structural properties of W(γσ)
1

were explored in [100], showing that it metrizes the classic Wasserstein topology and

establishing regularity in σ. These structural and statistical results were later generalized

to W(γσ)
p for any p > 1 [152], and asymptotics of the smooth distance as σ → ∞ were

explored [40]. Relations between W(γσ)
p and maximum mean discrepancies were studies

in [221], and nonparametric mixture model estimation under W(γσ)
p was considered [114],

again demonstrating scalability of error bounds with dimension. The study of limit

distributions for empirical W(γσ)
p was initiated in [101] for p = 1 in the one-sample

case, extended to the two-sample setting in [172], and generalized to arbitrary p > 1

via a non-trivial application of the functional delta method in [105]. These works also

considered bootstrap consistency and applications to minimum distance estimation and

homogeneity testing. To date, a relatively complete limit distribution theory of W(γσ)
p in

arbitrary dimension is available, as opposed to the rather limited account of classic Wp.

2.5.2 Structural properties

We henceforth consider a compactly supported smoothing kernel ησ and adopt the

shorthand Wσ
p := Wησ

p . We start by revisiting structural properties previously established

for the Gaussian-smoothed case and demonstrate that they remain valid for Wσ
p .

Proposition 3 (Stability of Wσ
p ). For any 1 ≤ p < ∞, σ > 0, and µ, ν ∈ P(Rd), we have

Wσ
p (µ, ν) ≤ Wp(µ, ν) ≤ Wσ

p (µ, ν) + 2σ(Eη1[∥X∥
p])1/p.

In particular, limσ↓0 Wσ
p (µ, ν) = Wp(µ, ν).
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The first bound is due to contractivity of Wp w.r.t. convolution. Constructing a

coupling between ρ ∈ P(Rd) and ρ ∗ ησ with total cost σ(Eη1[∥X∥
p])1/p proves the second.

Since ησ is compactly supported, spt(η1) is contained in a ball of radius r > 0, whereby

(Eη1[∥X∥
p])1/p ≤ r which contrasts the dimension dependent gap for Gaussian kernels;

cf. [100, 152].

As the smooth distance converges to the standard distance as σ→ 0, it is natural to

expect that optimal couplings converge as well. This is stated in the next proposition.

Proposition 4 (Stability of transport plans). For 1 ≤ p < ∞, µ, ν ∈ Pp(Rd), and σk ↓ 0.

Let πk be an optimal coupling for Wσk
p (µ, ν) for each k ∈ N. Then, there exists an optimal

coupling π for Wp(µ, ν) for which πk
w
→ π along a subsequence.

The proof of this result follows that of Theorem 4 in [100] and [105] with only minor

changes and is hence omitted. Note that when the limiting π is unique (e.g., when p > 1

and µ has a density), then extraction of a subsequence is not needed.

We next show that Wσ
p is indeed a metric on Pp(Rd) that induces the Wasserstein

topology.

Proposition 5 (Metric and topological structure). For 1 ≤ p < ∞ and σ > 0, Wσ
p is a

metric on Pp(Rd) inducing the same topology as Wp.

The proof of Proposition 5 follows by observing that the characteristic function of ησ

vanishes on at most a null set.
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2.5.3 Statistical analysis

This section studies empirical convergence rates and limit distributions for the smooth

Wasserstein distances with compactly supported kernels and population distributions. Let

X ⊂ Rd be compact, set Xσ := X + B(0, σ), and assume for simplicity that the density of

ησ is positive on B(0, σ), and identically zero on Rd \ B(0, σ). For any µ ∈ P(X), the set

Xσ contains the support of the convolved measure µ ∗ ησ.

Limit distributions for p > 1 under the alternative

Building on the unified framework from Proposition 1, the next theorem establishes

asymptotic normality of empirical Wσ
p under the alternative. The null case and the p = 1

setting are treated in the sequel.

Theorem 4 (Limit distributions for Wσ
p under the alternative). Set 1 < p < ∞, σ > 0,

Vσ
p :=

[
Wσ

p
]p, and let µ, ν ∈ P(X) be such that int(spt(µ ∗ ησ)) is connected. Let φ be

an OT potential from µ ∗ ησ to ν ∗ ησ for Wp, which is unique on int(spt(µ ∗ ησ)) up to

additive constants. The following hold.

(i) We have
√

n
(
Vσ

p (µ̂n, ν) − Vσ
p (µ, ν)

) d
→N

(
0, v2

p

)
where v2

p := Varµ(φ ∗ χσ). The asymptotic variance v2
p coincides with the semipara-

metric effiency bound for estimating Vσ
p (·, ν) at µ. Also, provided that v2

p > 0, we

have

sup
t∈R

∣∣∣∣PB
(√

n
(
Vσ

p (µ̂B
n , ν) − Vσ

p (µ̂n, ν)
)
≤ t

)
− P

(
N(0, v2

p) ≤ t
)∣∣∣∣ P→ 0.

(ii) If in addition ν ∗ ησ has connected support, then

√
n
(
Vσ

p (µ̂n, ν̂n) − Vσ
p (µ, ν)

) d
→N

(
0, v2

p + w2
p

)
,
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where v2
p is as in (i) and w2

p := Varν(φc ∗ χσ). The asymptotic variance v2
p + w2

p

coincides with the semiparametric efficiency bound for estimating Vσ
p at (µ, ν). Also,

provided that v2
p + w2

p > 0, we have

sup
t∈R

∣∣∣∣PB
(√

n
(
Vσ

p (µ̂B
n , ν̂

B
n ) − Vσ

p (µ̂n, ν̂n)
)
≤ t

)
− P

(
N(0, v2

p + w2
p) ≤ t

)∣∣∣∣ P→ 0.

The proof of Theorem 4 applies Proposition 1 to the functional ρ ∗ ησ 7→ Wp
p(ρ ∗

ησ, ν ∗ ησ) for ρ ∈ P(X) with spt(ρ) ⊂ spt(µ). To this end, we show that this functional

is Lipschitz continuous w.r.t. ∥ · ∥∞,B for the unit ball B in L2(Xσ), which follows by

duality (2.3) and uniform bounds on the OT potentials (cf. Remark 1.13 in [207]). The

differentiability result follows by adapting the Gaussian kernel case (cf. Lemma 3.3

of [105]). To prove weak convergence of the smoothed empirical process
√

n(µ̂n −µ) ∗ ησ

in ℓ∞(B), we employ the CLT in L2(Xσ) and use a linear isometry from L2(Xσ) into

ℓ∞(B). Linearity of the derivative yields asymptotic efficiency and bootstrap consistency.

Remark 9 (Connectedness assumption). By Lemma 57 in the supplementary material,

the condition from Theorem 4 that int(spt(µ ∗ ησ)) is connected holds whenever µ itself

has connected support.

The ideas from the proof of Theorem 4 coupled with Hilbertian structure of L2(Xσ)

yield rates of convergence in expectation for empirical Wσ
p .

Proposition 6 (Parametric rate). For 1 < p < ∞, σ > 0, and µ, ν ∈ P(X) with µ , ν,

we have

E
[∣∣∣Wσ

p (µ̂n, ν) −Wσ
p (µ, ν)

∣∣∣] ≤ 2∥χσ∥∞
√
λ(B(0, σ))λ(Xσ) diam(Xσ)p[Wσ

p (µ, ν)
]1−pn−1/2.

40



Limit distributions for p = 2 under the null

We derive limit distributions for Wσ
2 under the null. Our approach relies on the CLT

in Hilbert spaces and is thus limited to p = 2. Let C∞0 denote the space of infinitely

differentiable, compactly supported real functions on Rd.

Definition 4 (Sobolev spaces and their duals). The Sobolev seminorm of a differentiable

function f : Rd → R w.r.t. a reference measure µ ∈ P(Rd) is denoted by ∥ f ∥Ḣ1,2(µ) :=

∥∇ f ∥L2(µ). The homogeneous Sobolev space is defined as the completion of C∞0 + R with

respect to ∥ · ∥Ḣ1,2(µ). The dual Sobolev space Ḣ−1,2 (µ) is the topological dual of Ḣ1,2 (µ).

Definition 5 (2-Poincaré inequality). A probability measure µ ∈ P(Rd) is said to satisfy

the 2-Poincaré inequality if there exists C < ∞, such that

∥ f − µ( f )∥L2(µ) ≤ C∥∇ f ∥L2(µ;Rd), f ∈ C∞0 ,

where L2(µ;Rk) is the space of Borel maps f :Rd→Rk with ∥ f ∥2L2(µ;Rk) :=
∫
Rd ∥ f ∥2dµ<∞.

With these definitions in place, we state the limit distribution for Wσ
2 .

Theorem 5 (Limit distributions for Wσ
2 under the null). Let µ ∈ P(X) be such that µ ∗ ησ

satisfies the 2-Poincaré inequality and set σ > 0. The following hold.

(i) We have
√

nWσ
2 (µ̂n, µ)

d
→ ∥Gµ∥Ḣ−1,2(µ∗ησ),

where
(
Gµ( f )

)
f∈Ḣ1,2(µ∗ησ) is a centered Gaussian process with paths in Ḣ−1,2 (µ ∗ ησ)

a.s. and covariance function Cov
(
Gµ( f ),Gµ(g)

)
= Covµ( f ∗ χσ, g ∗ χσ).

(ii) Additionally, if µ = ν, then

√
nWσ

2 (µ̂n, ν̂n)
d
→ ∥Gµ − G

′
µ∥Ḣ−1,2(µ∗ησ),

where G′µ is an independent copy of Gµ.
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The proof of Theorem 5 follows a similar approach to the Gaussian kernel case.

In contrast to the proof of Proposition 3.1 in [105], to show weak convergence of the

smoothed empirical process in Ḣ−1,2 (µ ∗ ησ), we apply the CLT in Hilbert spaces. To this

end, we first verify that the smoothed empirical process has paths in Ḣ−1,2 (µ ∗ ησ). This

step requires control of the inverse of the density of µ ∗ ησ, which decays to zero near the

boundary of its support; see the proof of Lemma 58 in the supplementary material. The

extension to general 1 < p < ∞ requires a much finer analysis than provided in the proof

of Lemma 58, and thus we focus on the p = 2 case.

Remark 10 (Poincaré inequality). In Theorem 5, a sufficient condition for µ ∗ ησ to

satisfy the 2-Poincaré inequality is that both µ and ησ satisfy 2-Poincaré inequalities (see

Proposition 1.1 in [210]). The kernel can always be chosen to satisfy 2-Poincaré by simply

constructing it from the standard mollifier from Example 2. In that case, ησ is a log-

concave measure (cf. [135, 176]) and hence satisfies the 2-Poincaré inequality [24, 145].

Analogously to Proposition 6, parametric rates for empirical Wσ
2 under the null follow

from Hilbertian structure of Ḣ−1,2 (µ ∗ ησ) and the ideas from the proof of Theorem 5.

Proposition 7 (Parametric rate). For σ > 0 and µ ∈ P(X) for which µ ∗ ησ satisfies the

2-Poincaré inequality with constant Cµ,σ, we have

E
[
Wσ

2 (µ̂n, µ)
]
≤ 2Cµ,σ

√
(1 ∨ ∥χ2

σ∥∞)λ(Xσ)n−1/2.

Limit distributions for p = 1

We now treat the limit distributions for Wσ
1 under both the null and the alternative.

The Kantorovich-Rubinstein duality for W1 enables us to do so in the absence of the

additional assumptions required when p > 1. In what follows, let Lip1,0 denote the set of
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1-Lipschitz functions f on Rd with f (0) = 0 and Fσ = { f ∗ χσ : f ∈ Lip1,0}. Observe that

Wσ
1 (µ, ν) = sup f∈Fσ(µ − ν)( f ) by the Kantorovich-Rubinstein duality.

Theorem 6 (Limit distributions for Wσ
1 ). Let σ > 0 and µ, ν ∈ P(X). There exist

independent, tight µ- and ν-Brownian bridge process Gµ and G′ν in ℓ∞(Fσ), respectively,

such that:

(i) We have
√

n
(
Wσ

1 (µ̂n, ν) −Wσ
1 (µ, ν)

) d
→ sup

f∈Mσ

Gµ( f ),

where Mσ =
{
f ∈ F

µ

σ : µ
(
f − ν( f )

)
= Wσ

1 (µ, ν)
}

and F
µ

σ is the completion of Fσ for

the pseudometric ( f , g) 7→
√

Varµ( f − g).

(ii) We have
√

n
(
Wσ

1 (µ̂n, ν̂n) −Wσ
1 (µ, ν)

) d
→ sup

f∈M′σ
[Gµ( f ) −G′ν( f )],

where M′
σ =

{
f ∈ F

µ,ν

σ : (µ − ν)( f ) = Wσ
1 (µ, ν)

}
and F

µ,ν

σ is the completion of Fσ for

the pseudometric ( f , g) 7→
√

Varµ( f − g) +
√

Varν( f − g).

Theorem 6 follows by showing that the function class Fσ is Donsker combined

with the extended functional delta method for the supremum functional. The proof of

Theorem 6 also establishes parametric rates for empirical Wσ
1 .

Corollary 4 (Parametric rate). For σ > 0, µ ∈ P(X), we have E
[
Wσ

1 (µ̂n, µ)
]
= O(n−1/2).

We conclude this section by referring the reader to Section A.4 of the supplementary

material for an account of computational aspects for smooth Wasserstein distances. There,

we outline the algorithm from [197], show how to lift it to compute Wσ
2 , and discuss

limitations of that method.
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2.6 Entropic Optimal Transport

EOT is an efficiently-computable convexification of the OT problem. The general ma-

chinery of Proposition 1 enables deriving limit theorems for empirical EOT, generalizing

previously available statements to allow for dependent data. Our theory also provides new

results on semiparametric efficiency of empirical EOT and consistency of the bootstrap

estimate.

2.6.1 Background

EOT regularizes OT by the Kullback-Leibler (KL) divergence as

Sϵ
c(µ, ν) := inf

π∈Π(µ,ν)

∫
Rd×Rd

c(x, y)dπ(x, y) + ϵ DKL(π∥µ ⊗ ν), (2.12)

where ϵ > 0 and DKL(µ∥ν) :=
∫

log(dµ/dν)dµ if µ ≪ ν and +∞ otherwise [179, 130]. We

consider the quadratic cost c(x, y) = ∥x − y∥2/2, assume that ϵ = 1, and use the shorthand

S(µ, ν) = S1
∥·∥2/2(µ, ν). The assumption that ϵ = 1 comes without loss of generality by a

rescaling argument, since Sϵ
∥·∥2/2(µ, ν) = ϵS(µϵ , νϵ), where µϵ = fϵ ♯µ for fϵ(x) = ϵ−1/2x.

To apply Proposition 1 to empirical EOT, we rely on the duality theory for EOT,

whereby

S(µ, ν) = sup
(φ,ψ)∈L1(µ)×L1(ν)

∫
Rd
φdµ +

∫
Rd
ψdν −

∫
Rd×Rd

eφ⊕ψ−cdµ ⊗ ν + 1,

with (φ ⊕ ψ)(x, y) = φ(x) + ψ(y). Assuming µ, ν ∈ P2(Rd), the supremum is attained by a

pair (φ, ψ) ∈ L1(µ) × L1(ν) satisfying the so-called Schrödinger system∫
Rd

eφ(x)+ψ(y′)−c(x,y′)dν(y′) = 1 µ-a.e. x ∈ Rd,∫
Rd

eφ(x′)+ψ(y)−c(x′,y)dµ(x′) = 1 ν-a.e. y ∈ Rd.
(2.13)
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We refer to such (φ, ψ) as optimal EOT potentials (from µ to ν for φ and vice versa for ψ).

Optimal EOT potentials are unique (µ ⊗ ν)-almost everywhere up to additive constants.

Conversely, any (φ, ψ) ∈ L1(µ) × L1(ν) that admit (2.13) are optimal EOT potentials. See

Section 1 in [156] and the references therein for details of the duality results for EOT.

Literature review

The entropic penalty transforms the OT linear optimization problem into a strongly

convex one, allowing efficient computation via the Sinkhorn algorithm [53, 4]. While

EOT forfeits the metric and topological structure of Wp,5 it attains fast empirical conver-

gence in certain cases. Specifically, empirical EOT converges as n−1/2 for smooth costs

and compactly supported distributions [87], or for the squared cost with sub-Gaussian

distributions [142].

Limit distributions for EOT (and the Sinkhorn divergence) for c(x, y) = ∥x − y∥p in

the discrete support case were provided in [18, 123]. Their approach is to parameterize

each marginal by a finite-dimensional simplex vector and find the derivative of the

EOT cost w.r.t. the simplex vector to apply the standard delta method; arguably, this

approach does not directly extend to general distributions. A CLT for EOT between

sub-Gaussian distribution was first derived in [142], showing asymptotic normality of
√

n
(
S(µ̂n, ν) − E

[
S(µ̂n, ν)

])
and its two-sample analog using the Efron-Stein inequality

similar to [64]. The main limitation of this result is that the centering term is the expected

empirical EOT, which is undesirable because it does not enable performing inference

for S(µ, ν). This limitation was addressed in the recent preprint [65], see the discussion

in Remark 11. We provide here an alternative derivation of the CLT that relies on

establishing the Hadamard derivatives of the EOT cost w.r.t. the marginals following the

5Indeed, e.g., Sϵ
c(µ, µ) , 0; while this can be fixed via centering EOT to obtain the so-called Sinkhorn

divergence, it is still not a metric since it lacks the triangle inequality [18].
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unified framework from Proposition 1, which automatically leads to asymptotic efficiency

of empirical EOT and consistency of the bootstrap estimate, as well as the extension

for dependent data. The Hadamard differentiability result (implicit in the proof) may be

of independent interest as it pertains to stability analysis of EOT, which has attracted

growing interest in the mathematics literature [143, 144, 90, 78, 157].

2.6.2 Statistical analysis

We next state the CLT, asymptotic efficiency, and bootstrap consistency for empirical

EOT.

Theorem 7 (CLT, efficiency, and bootstrap consistency for EOT). Suppose that µ, ν ∈

P(Rd) are sub-Gaussian. Let (φ, ψ) be optimal EOT potentials for (µ, ν). Then, the

following hold.

(i) We have
√

n
(
S(µ̂n, ν) − S(µ, ν)

) d
→ N

(
0, v21

)
with v21 = Varµ(φ). The asymptotic

variance v21 coincides with the semiparametric efficiency bound for estimating S(·, ν)

at µ. Finally, provided that v21 > 0, we have

sup
t∈R

∣∣∣∣PB
(√

n
(
S(µ̂B

n , ν) − S(µ̂n, ν)
)
≤ t

)
− P

(
N(0, v21)) ≤ t

)∣∣∣∣ P→ 0.

(ii) We have
√

n
(
S(µ̂n, ν̂n)−S(µ, ν)

) d
→ N

(
0, v21+v

2
2
)

where v21 is as in (i) and v22 = Varν(ψ).

The asymptotic variance v21 + v
2
2 coincides with the semiparametric efficiency bound

for estimating S(·, ·) at (µ, ν). Finally, provided that v21 + v
2
2 > 0, we have

sup
t∈R

∣∣∣∣PB
(√

n
(
S(µ̂B

n , ν̂
B
n ) − S(µ̂n, ν̂n)

)
≤ t

)
− P

(
N(0, v21 + v

2
2) ≤ t

)∣∣∣∣ P→ 0.

Remark 11 (Comparison with [65]). As mentioned in Section 2.6.1, a CLT for one-

and two-sample EOT was derived in Theorem 3.6 of [65], whose proof first expands
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the empirical EOT cost around its expectation and then shows that the bias is negligible.

We rederive this result via a markedly different proof technique, relying on the unified

framework from Proposition 1, which automatically also implies bootstrap consistency

and asymptotic efficiency via Corollary 1 and Proposition 2, both of which were not

addressed in [65]. In addition, as Proposition 1 does not assume i.i.d. data, the above

result readily extends to dependent data, which falls outside the framework of [65]. For

instance, suppose that {Xt}t∈Z is a stationary β-mixing process with compactly supported

marginal distribution µ. Then, by Theorem 1 in [71],

√
n(µ̂n − µ)

d
→ G in ℓ∞(Fσ),

where Fσ is the function class given in (A.15) in the supplementary material with

s = max{⌊d/2⌋ + 1, 2} and sufficiently large σ > 0, while G is a tight centered Gaussian

process in ℓ∞(Fσ) with covariance function Cov
(
G( f ),G(g)

)
=

∑
t∈Z Cov

(
f (X0), g(Xt)

)
.

Conclude from the proof of Theorem 7 that

√
n
(
S(µ̂n, ν) − S(µ, ν)

) d
→ G(φ) ∼ N

(
0,

∑
t∈Z

Cov
(
φ(X0), φ(Xt)

))
.

Likewise, a CLT result holds for other forms of dependent data, such as exchangeable

arrays [56]. Furthermore, for the EOT case, the corresponding Hadamard derivative is

linear, so suitable dependent bootstrap methods, such as the block bootstrap for mixing

data [31] and the (extended) pigeonhole bootstrap for exchangeable arrays [56], are

consistent for the empirical EOT cost, provided that the bootstrap processes satisfy a

uniform CLT for Fσ.

2.7 Concluding Remarks

This work developed a unified framework for proving limit distribution results for

empirical regularized OT distances, semiparametric efficiency of the plug-in empirical
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estimator, and consistency of the bootstrap. As applications, we focused on three

prominent OT regularization methods—smoothing, slicing, and entropic penalty—and

provided a comprehensive statistical treatment thereof. We closed existing gaps in the

literature (e.g., a limit distribution theory for sliced Wp) and provided several new results

concerning empirical convergence rates, asymptotic efficiency, and bootstrap consistency.

In particular, for the smooth Wasserstein distance, we explored compactly supported

smoothing kernels, which were shown to inherit the structural and statistical properties

of the well-studied Gaussian-smoothed framework. The analysis of compactly supported

kernels is motivated by computational considerations, as we demonstrated how to lift

the efficient algorithm from [197] for computing W2
2 between smooth densities to the

considered smooth OT distance.

Our framework is flexible and can treat a broad class of functionals, potentially well

beyond the three examples considered herein. For instance, straightforward adaptations

of our arguments for sliced Wp would yield limit distributions, efficiency, and bootstrap

consistency of the projection-robust Wasserstein distance from [134], when the projected

subspace is of dimension k ≤ 3 (indeed, the class of projected OT potentials is still

Donsker in that case). Going forward, we also plan to explore applicability of the unified

framework to empirical OT maps or certain functionals thereof (e.g., inner product with

a smooth test function).
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CHAPTER 3

LIMIT LAWS FOR GROMOV-WASSERSTEIN ALIGNMENT WITH

APPLICATIONS TO TESTING GRAPH ISOMORPHISMS

This chapter is based on the paper “Limit Laws for Gromov-Wasserstein Alignment

with Applications to Testing Graph Isomorphisms” [165], submitted to the Annals of

Statistics. This is joint work with Ziv Goldfeld and Kengo Kato.

3.1 Introduction

The Gromov-Wasserstein (GW) distance provides a framework, rooted in optimal trans-

port (OT) theory [208, 175], for comparing probability distributions on possibly distinct

spaces by aligning them with one another. The (p, q)-GW distance between two metric

measure (mm) spaces (X0, d0, µ0) and (X1, d1, µ1) is defined as [141]

Dp,q(µ0, µ1) B inf
π∈Π(µ0,µ1)

(∫
|dq

0(x, x′) − dq
1(y, y′)|pdπ ⊗ π(x, y, x′, y′)

) 1
p

, (3.1)

where Π(µ0, µ1) is the set of all couplings of µ0 and µ1. Evidently, Dp,q(µ0, µ1) seeks to

minimize distortion of distances over all possible alignment plans (modeled by couplings)

of the considered mm spaces. This distance serves as an OT-based Lp relaxation of the

classical Gromov-Hausdorff distance and defines a metric on the space of all mm spaces

modulo the equivalence defined by isomorphism.1 The GW framework has seen recent

success in tasks involving alignment of heterogeneous datasets, such as single-cell

genomics [23, 34, 67], alignment of language models [5], shape matching [125, 140],

graph matching [43, 159, 217, 216], heterogeneous domain adaptation [180, 219], and

generative modeling [32].

1Two mm spaces (X0, d0, µ0) and (X1, d1, µ1) are said to be isomorphic if there exists an isometry
T : spt(µ0)→ spt(µ1) for which µ0 ◦ T−1 = µ1.
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Despite its appealing structure and broad applications, a principled statistical and

computational framework for GW alignment remained elusive since its inception more

than a decade ago [141]. The difficulty in analyzing the GW problem lies in its quadratic

dependence on π, leaving techniques developed for the (linear) OT problem not directly

applicable. Recently, a variational form of the quadratic GW distance, i.e., with p = q = 2,

between Euclidean mm spaces (Rd0 , ∥ · ∥, µ0) and (Rd1 , ∥ · ∥, µ1) was derived, casting it as

the infimum over a class of OT problems [223]:

D(µ0, µ1)2 B D2,2(µ0, µ1) = S1(µ0, µ1) + inf
A∈Rd0×d1

{
32∥A∥2F + OTA(µ0, µ1)

}
. (3.2)

Here S1(µ0, µ1) is a constant that depends only on the moments of the marginals and

OTA(µ0, µ1) denotes the OT problem with a cost function parametrized by an auxiliary

matrix A. This connection to the well-understood OT problem unlocked it as a tool for

the study of GW, leading to new algorithms for approximate computation with formal

guarantees [164], sharp rates of empirical convergence [223, 110], and advances in GW

gradient flows and differential geometry [222]. We seek to further progress the statistical

GW theory by studying the asymptotic fluctuations of the empirical GW distance around

the population value, providing first limit distribution results (upon suitable scaling)

and efficient algorithms for simulating the limits. These advances are leveraged for

applications to graph isomorphism testing.

3.1.1 Contributions

Utilizing the so-called dual formulation from (3.2), we first explore stability properties of

the GW distance under perturbations of the marginal distributions. Combining this with

the functional delta method, we establish the first limit theorems for GW distances at the

scale of
√

n, under several settings of interest. Specifically, we adopt the methodology
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for deriving distributional limits developed in [106], which requires showing that the GW

functional is right differentiable along certain directions and locally Lipschitz continuous

in the sup-norm over a certain function class. This strategy is applied in three cases: (i)

discrete GW, when both population distributions are finitely discrete, (ii) semi-discrete

GW, when one population is finitely discrete and the other is absolutely continuous and

compactly supported, and (iii) entropically regularized GW when the populations are

arbitrary 4-sub-Weibull distributions. In all cases, local Lipschitz continuity follows from

similar arguments whereas proving right differentiability comprises a more challenging

task that requires different approaches tailored to each setting.

In the finitely discrete setting, we employ stability results for the optimal value

function in nonlinear optimization [27] to prove the desired right differentiability. The

main challenge in doing so stems from the general result requiring a directional regularity

condition that does not hold for the GW setting. We circumvent this by exploiting the

variational form (3.2) to directly establish strong duality for a linearization of the discrete

GW problem. As the obtained derivative is nonlinear in general, the resulting limit

distribution is not normal and the naïve bootstrap fails to be consistent (cf. [74, 79]). To

address this, we propose an efficient method for directly estimating the limit distribution

under the null hypothesis (i.e., the population distributions are isomorphic) and prove its

consistency. Remarkably, sampling from the proposed estimator only requires solving a

linear program, while computing the test statistic requires the resolution of a nonconvex

(in fact, NP-complete) quadratic program. These results serve as the cornerstone of

our proposed application: testing if two inhomogeneous random graph models are

isomorphic.

In the semi-discrete setting, a central component of our analysis is to derive a simple

sufficient condition for the optimal coupling of OTA(µ0, µ1) to be unique and induced
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by a deterministic map, uniformly in the choice of A ∈ Rd0×d1 . Consequently, this

same condition implies that the GW problem itself admits an alignment plan that is

induced by a map, a so-called Gromov-Monge map. This adds to the limited number of

cases where such alignment maps are known to exist (to wit [189, Theorem 9.21], [204,

Theorem 4.1.2 and Proposition 4.2.4], and [75, Theorem 3.2]). Using this condition,

the corresponding right derivative can be computed by appealing to the GW dual form,

leading to a characterization of distributional limits for semi-discrete GW. As in the

discrete case, the limiting law is generally not Gaussian, and the naïve bootstrap is

inapplicable.

To address the setting when both distributions are non-discrete, we consider the

entropically regularized GW distance between 4-sub-Weibull distributions. The analysis

leverages the fact that optimal couplings and dual potentials are unique (in a suitable

sense) for each of the entropic OT problems featuring in the dual form. The required

stability can then be demonstrated by following a similar argument to the semi-discrete

case. Building on the results of [164], we show that the derived limit distribution is

normal once the regularization parameter surpasses a given threshold that depends on the

marginal moments, and may fail to be normal otherwise. When asymptotic normality

holds, the bootstrap enables consistent estimation of the distributional limit.

We apply the derived limit distribution theory to the problem of two-sample testing

for graph isomorphism. As our theory account only for Euclidean mm spaces, we

propose an embedding for distributions on random graphs with N vertices into the

space of distributions on RN . Crucially, this embedding is constructed such that the

embedded distributions are identified under the GW distance if and only if the associated

distributions on graphs are isomorphic. This enables us to formulate a consistent test

for the graph isomorphism question with the GW distance as the test statistic. To our
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knowledge, these are the first results in this setting (see literature review below). As

the GW test statistic is hard to compute, we propose efficient procedures for estimating

it numerically based on the linear programming-based sampler from the discrete GW

limiting variable. This methodology is empirically validated in a number of numerical

experiments. The experiments also showcase asymptotic normality of empirical entropic

GW and consistency of the bootstrap under certain conditions.

3.1.2 Literature Review

The statistical properties of the empirical GW distance are largely unknown, beyond the

following convergence rate result (see Theorem 3 [223]). If (µ0, µ1) ∈ P(X0) × P(X1)

where X0 ⊂ R
d0 and X1 ⊂ R

d1 are compact, then, for R = maxi∈{0,1} diam(Xi) and

d = mini∈{0,1} di,

E
[∣∣∣D(µ̂0,n, µ̂1,n)2 − D(µ0, µ1)2

∣∣∣] ≲d0,d1 R4n−
1
2 + (1 + R4)n−

2
max{4,d} (log n)1{d=4} ,

where µ̂0,n, µ̂1,n are the empirical measures of n i.i.d. observations from µ0 and µ1,

respectively. These rates are sharp up to polylog factors and, notably, scale with the

dimension of the lower-dimensional space. As for the entropically regularized GW

distance, Theorem 2 in [223] establishes an n−1/2 parametric empirical convergence rate,

provided that µ0 and µ1 satisfy the aforementioned 4-sub-Weibull condition. That work

also showed that entropic GW with parameter ε > 0 approximates the unregularized

distance at the level of O(ε log(1/ε)), thus approaching it as ε → 0. In [110], the

above empirical convergence rates were shown to adapt to the intrinsic dimension of the

population. Formal guarantees for a neural estimator of the GW distance were provided

in [211], accounting for empirical estimation and function approximation errors (but not

the optimization error).
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The existence of Gromov-Monge maps for the semi-discrete GW problem derived

herein adds to a few other known cases for which deterministic schemes are optimal.

In the Euclidean setting with D2,2, results are available when (i) the distributions are

uniform on the same finite number of points [204, Theorem 4.1.2], (ii) µ0 and µ1 are

absolutely continuous and rotationally invariant about their barycenter [189, Theorem

9.21], and (iii) when the cross-correlation matrix of some optimal alignment plan for

D(µ0, µ1) is of full rank among other conditions [204, Proposition 4.2.4]. Beyond the

quadratic setting, the only other result concerns the inner product GW distance (i.e.,

when the cost function in (3.1) is |⟨x, x′⟩ − ⟨y, y′⟩|2, with p = 2) between populations

µ0, µ1 that are compactly supported in their respective, with the lower-dimensional one

being absolutely continuous.

Our approach to proving limit theorems for GW distances is based on the generic

framework put forth in [106] which, in turn, relies on the functional delta method (see

Section B.4 for details). The delta method [169, 181] has seen great success for proving

limit theorems for Wasserstein distances and regularized OT. Notably, [187] first applied

this technique to establish limit theorems for the p-Wasserstein distance on finite metric

spaces. Next, [190] extended this approach to the case of countable metric spaces, and

[117] provided a generic stability result for the OT cost and provided sufficient conditions

for the CLT to hold. This approach also proved effective in studying the distributional

limits of regularized optimal transport functionals—under smoothing, slicing, or entropic

regularization—and associated objects (e.g., maps and dual potentials) [104, 105, 106].

Testing equality of distributions on graphs was first addressed in [109] based on

the maximum mean discrepancy. While the experiment in that work also considered

equality up to isomorphisms, their theoretical results did not cover that setting. Another

approach relies on testing if certain graph statistics, such as the mean graph Laplacian,
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are equal at the population level based on samples [98]. Other lines of work include the

setting where the number of samples grows with the graph size [39, 42] or when the

graphs are large and only a small constant number of samples from each distribution is

available [93, 92, 94, 119, 133, 191, 192]. The scopes and/or settings of those references

differ from the statistical framework and accompanying theory we provide for graph

isomorphism testing.

3.2 Background and Preliminary Results

3.2.1 Notation

For a nonempty Borel set S ⊂ Rd, P(S ) is the set of Borel probability measures on S ,

C(S ) denotes the set of continuous functions on S , and ℓ∞(S ) is the Banach space of

bounded real functions on S equipped with the supremum norm ∥ℓ∥∞,S = sups∈S |ℓ(s)|.

When S ⊂ Rd is a compact set, we write ∥S ∥∞ = sups∈S ∥s∥, where the latter is the

Euclidean norm.

For a probability measure ρ ∈ P(Rd), set Pρ B
{
ν ∈ P(Rd) : spt(ν) ⊂ spt(ρ)

}
. If

T : Rd → Rd′ is a measurable map, T♯ρ ∈ P(Rd′) is the pushforward measure

defined by T♯ρ(A) = ρ(T−1(A)) for every Borel measurable set A ⊂ Rd. The cen-

tered version of ρ is denoted by ρ̄ = (Id−Eρ[X])♯ρ. The p-th moment of ρ is de-

noted Mp(ρ) =
∫
∥ · ∥pdρ, Σρ =

∫
zz⊺dρ(z) is its cross-correlation matrix, and for

a ρ-integrable function f : Rd → R, we write ρ( f ) =
∫

f dρ. A probability dis-

tribution ρ ∈ P(Rd) is said to be β-sub-Weibull with parameter σ2 for σ ≥ 0, pro-

vided that
∫

e∥·∥
β/(2σ2)dρ ≤ 2. We denote by Pβ,σ(Rd) the set of all β-sub-Weibull

distributions with parameter σ2. Distributions that are 2-sub-Weibull are called sub-
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Gaussian, while X ∼ µ being 4-sub-Weibull is equivalent to sub-Gaussianity of

∥X∥2. For measures (ρ0, ρ1) ∈ P(Rd0) × P(Rd1), ρ0 ⊗ ρ1 denotes the product measure.

Convergence in distribution and weak convergence are denoted, respectively, by
d
→ and

w
→.

For matrices A,B ∈ Rd0×d1 and (i, j) ∈ [N0] × [N1], Ai j is the i j-th entry of A, and

⟨A,B⟩F =
∑

(i, j)∈[d0]×[d1] Ai jBi j is the Frobenius inner product. The induced Frobenius

norm is denoted by ∥ · ∥F, with BF(r) ⊂ Rd0×d1 designating the closed Frobenius ball

with radius r > 0. A function f : Rd0×d1 → R is said to be Fréchet differentiable at a

point A ∈ Rd0×d1 if lim∥H∥F↓0
| f (A+H)− f (A)−D f[A](H)|

∥H∥F
= 0 for some bounded linear functional

D f[A] : Rd0×d1 → R which we call the Fréchet derivative of f at A.

For functions f0 : Rd0 → R and f1 : Rd1 → R, their direct sum is f0 ⊕ f1 : (x, y) ∈

Rd0 × Rd1 7→ f0(x) + f1(y). For any nonnegative integer k and nonempty open set S ⊂ Rd,

Ck(S ) is the set of k-times continuously differentiable functions on S . For N ∈ N, [N]

denotes the set {1, . . . ,N}, and 1N ∈ R
N is the vector of all ones.

3.2.2 Optimal Transport

For (µ0, µ1) ∈ P(Rd0)×P(Rd1), and a continuous cost function c : X0×X1 → R satisfying

c ≥ a ⊕ b for some continuous functions (a, b) ∈ L1(µ0) × L1(µ1), the optimal transport

(OT) problem is given by

OTc(µ0, µ1) = inf
π∈Π(µ0,µ1)

∫
cdπ,

where Π(µ0, µ1) is the set of all couplings of (µ0, µ1). If, in addition,
∫

cdµ0 ⊗ ν0 < ∞,

the following duality result holds (cf. e.g. Theorem 5.10 and Remark 5.14 in [208])

OTc(µ0, µ1) = sup
(φ0,φ1)∈C(X0)×C(X1)

φ0⊕φ1≤c

{∫
φ0dµ0 +

∫
φ1dµ1

}
. (3.3)
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Both the primal (minimization) problem and the dual (maximization) problems admit

solutions, which we refer to, respectively, as an OT plan and OT potentials for OTc(µ0, µ1).

Of note is that if (φ⋆0 , φ
⋆
1 ) is a pair of OT potentials for OTc(µ0, µ1), then so is (φ⋆0+a, φ⋆1−a)

for any a ∈ R; we refer to potentials related in this fashion as versions of one another. If

π = (Id, T )♯µ0 for a map T : Rd0 → Rd1 , we say that π is induced by the map T and, if π

is optimal for OTc(µ0, µ1), T is called an OT map (also known as a Monge/Brenier map).

3.2.3 Entropic Optimal Transport

The entropic optimal transport (EOT) problem was introduced in [53] as a convexification

of the classical setting. It is defined by regularizing the transportation cost with the

(strongly convex) Kullback-Leibler divergence:

OTc,ε(µ0, µ1) = inf
π∈Π(µ0,µ1)

∫
cdπ + εDKL(π∥µ0 ⊗ µ1), where

DKL(α∥β) =


∫

log
(

dα
dβ

)
dα, if α ≪ β,

+∞, otherwise.

(3.4)

The strong convexity of the regularized objective endows (3.4) with many useful proper-

ties. First, if c ∈ L1(µ0 ⊗ µ1), (3.4) is paired in strong duality with the problem

sup
(φ0,φ1)∈L1(µ0)×L1(µ1)

{∫
φ0dµ0 +

∫
φ1dµ1 − ε

∫
e
φ0⊕φ1−c

ε dµ0 ⊗ µ1 + ε

}
. (3.5)

A solution, (φ⋆0 , φ
⋆
1 ), to (3.5) is called a pair of EOT potentials for OTc,ε(µ0, µ1) and is

known to be a.s. unique up to additive constants (i.e. any other solution (ψ⋆0 , ψ
⋆
1 ) satisfies

(ψ⋆0 , ψ
⋆
1 ) = (φ⋆0 + a, φ⋆1 − a) µ0 ⊗ µ1-a.s. for some a ∈ R). Moreover, (3.4) has a unique

solution π⋆ ∈ Π(µ0, µ1), given in terms of the marginal measures and the EOT potentials

via
dπ⋆

dµ0 ⊗ µ1
= e

φ⋆0 ⊕φ
⋆
1 −c
ε , µ0 ⊗ µ1-a.s.

58



This further implies that (φ0, φ1) ∈ L1(µ0) × L1(µ1) solves (3.5) if and only if (φ0, φ1)

solves the Schrödinger system∫
e
φ0(x)+φ1−c(x,·)

ε dµ1 = 1,
∫

e
φ0+φ1(y)−c(·,y)

ε dµ0 = 1, (3.6)

for µ0-a.e. x ∈ Rd0 and µ1-a.e. y ∈ Rd1 . See [155] for a comprehensive introduction to

EOT.

3.2.4 Gromov-Wasserstein Distances

Throughout, we focus on the (squared) (2, 2)-GW distance between the Euclidean mm

spaces (Rd0 , ∥ ·∥, µ0) and (Rd1 , ∥ ·∥, µ1), henceforth identified with the probability measures

themselves. The distance between µ0 ∈ P(Rd0), µ1 ∈ P(Rd1) with finite fourth moments is

D(µ0, µ1) = inf
π∈Π(µ0,µ1)

∥∆∥L2(π⊗π), for ∆(x, y, x′, y′) B
∣∣∣∥x − x′∥2 − ∥y − y′∥2

∣∣∣ . (3.7)

A coupling π ∈ Π(µ0, µ1) solving (3.7) always exists [141, Corollary 10.1] and is called a

GW plan. If a GW plan is induced by a measurable map, T : Rd0 → Rd1 , we call T a

Gromov-Monge map. Of note is that D nullifies if and only if there exists an isometry

ι : spt(µ0) → spt(µ1) for which µ1 = ι♯µ0. When such a relationship holds, we say that

the mm spaces (Rd0 , ∥ · ∥, µ0) and (Rd1 , ∥ · ∥, µ1) are isomorphic. Furthermore, D defines

a metric on the quotient space of all Euclidean mm spaces whose measures have finite

fourth moments modulo the aforementioned isomorphism relation.

Recalling that µ̄i = (Id−Eµi[X])♯µi, for i = 0, 1, denotes the centered measures, it was

recently shown in [223] (see Corollary 1 in that work) that D admits the variational form,

D(µ0, µ1)2 = D(µ̄0, µ̄1)2 = S1(µ̄0, µ̄1) + S2(µ̄0, µ̄1) (3.8)

S1(µ0, µ1)=
∫
∥x − x′∥4dµ0 ⊗ µ0(x, x′)+

∫
∥y − y′∥4dµ1 ⊗ µ1(y, y′)−4M2(µ0)M2(µ1)

S2(µ0, µ1) = inf
A∈Rd0×d1

{
32∥A∥2F + OTA(µ0, µ1)

}
,
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where OTA(µ0, µ1) B OTcA(µ0, µ1) for cA : (x, y) 7→ −4∥x∥2∥y∥2 − 32x⊺Ay and the

equality D(µ0, µ1)2 = D(µ̄0, µ̄1)2 is due to translation invariance. In particular, S1 is an

explicit constant whereas S2 is a minimization problem with objective function,

Φ(µ0,µ1) : A ∈ Rd0×d1 7→ 32∥A∥2F + OTA(µ0, µ1). (3.9)

Further, if π⋆ solves (3.7), then A⋆ = 1
2

∫
xy⊺dπ⋆(x, y) solves (3.9) provided that µ0, µ1

are centered (see [223, Theorem 1]). Our first result refines the characterization of mini-

mizers of (3.9).

Theorem 8 (On minimizers of (3.9)). Let (µ0, µ1) ∈ P(Rd0) × P(Rd1) be compactly

supported. The following statements hold:

1. Φ(µ0,µ1) is locally Lipschitz continuous and coercive. If all OT plans, πA,

for OTA(µ0, µ1) admit the same cross-correlation matrix,
∫

xy⊺dπA(x, y), then

Φ(µ0,µ1) is Fréchet differentiable at A ∈ Rd0×d1 with
(
DΦ(µ0,µ1)

)
[A]

(B) = 64⟨A −
1
2

∫
xy⊺dπA(x, y),B⟩F.

2. If A⋆ minimizes (3.9), then 2A⋆ =
∫

xy⊺dπ⋆(x, y) ∈ BF(
√

M2(µ0)M2(µ1)) for some

OT plan π⋆ for OTA⋆(µ0, µ1). If µ0, µ1 are centered, then π⋆ solves (3.7).

Theorem 8, whose proof is provided in Section 3.8.1, shows that all minimizers of

(3.9) are contained in BF
( 1

2

√
M2(µ0)M2(µ1)

)
and, given such a minimizer, a solution to

(3.7) can be obtained. Although Point 1 appears to directly imply Point 2, since a global

minimizer of a differentiable coercive function must be a critical point, we stress that

if OTA(µ0, µ1) admits multiple OT plans, Φ(µ0,µ1) may fail to be differentiable at A. To

formalize this fact, the proof of Theorem 8 characterizes the Clarke subdifferential [49]

of Φ(µ0,µ1).

Remark 12 (Uniqueness of cross-correlation matrix). The condition that all OT plans for

OTA(µ0, µ1) share the same cross-correlation matrix seems nontrivial to verify in general
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and, in fact, fails in some cases. For instance, example given in Figure 1 of [223] indicates

that Φ(µ0,µ1) is nonsmooth for simple discrete measures on the line. With this, it appears

reasonable to impose the stronger condition that, for every A ∈ Rd0×d1 , OTA(µ0, µ1)

admits a unique optimal plan. However, standard results guaranteeing uniqueness of

OT plans generally require injectivity of ∇xc(x, ·), known as the twist condition, (see e.g.

Theorem 10.28 in [208]) among other assumptions. As ∇xcA(x, y) = −8x∥y∥2 − 32Ay,

this condition can fail even in anodyne situations (e.g. 0 ∈ int(spt(µ0)) and there exists

y, y′ ∈ spt(µ1) ∩ ker(A)). The failure of this condition constitutes a roadblock to proving

the existence of Gromov-Monge alignment maps for (3.7). Nevertheless, we demonstrate

in Section 3.4 that, in the semi-discrete case, a simple condition guarantees uniqueness of

OT plans and existence of OT maps for OTA(µ0, µ1). This enables us to prove existence of

Gromov-Monge maps for the semi-discrete GW problem, which adds to the few known

cases for which optimal alignment maps exist; [189, Theorem 9.21] and [204, Proposition

4.2.4].

The entropic GW distance between the Euclidean mm spaces (Rd0 , ∥ · ∥, µ0) and

(Rd1 , ∥ · ∥, µ1) is obtained by regularizing (3.7) using the Kullback-Leibler divergence,

analogously to EOT. Fixing ε > 0, the distance between µ0 ∈ P(Rd0), µ1 ∈ P(Rd1) with

finite fourth moments is given by

Dε(µ0, µ1)2 = inf
π∈Π(µ0,µ1)

{
∥∆∥2L2(π⊗π) + εDKL(π∥µ0 ⊗ µ1)

}
. (3.10)

This modification was introduced in [160, 186] due to computational considerations,

resulting in a heuristic iterative algorithm which involves solving an EOT problem at each

iterate. More recently, a gradient-based algorithm for solving the entropic GW problem

subject to non-asymptotic convergence guarantees was provided in [164] by leveraging

Theorem 23 ahead. We underscore that Dε(µ0, µ0) , 0 unless µ0 is a Dirac measure2

2DKL(π∥µ0 ⊗ µ0) ≥ 0 with equality if and only if π = µ0 ⊗ µ0 whereas
∫
∆dπ ⊗ π ≥ 0 with equality if

and only if π is induced by an isomorphism.
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so that Dε does not define a metric. Nevertheless, Dε is still invariant to isometric

transformations of the marginal spaces and always admits a solution.3 By analogy with

(3.8), the entropic GW problem also admits a variational form (obtained by replacing

OTA by OTA,ε B OTcA,ε in (3.8)) and Theorem 8 carries over to the entropic case with

the advantage that the measures need only be 4-sub-Weibull and that the objective Φ(µ0,µ1)

is everywhere Fréchet differentiable; see Section B.1.

3.3 Discrete Gromov-Wasserstein Distance

We first consider the GW distance between finitely discrete measures µ0 ∈ P(Rd0) and

µ1 ∈ P(Rd1). Throughout, we let X0 = (x(i))N0
i=1 = spt(µ0) and X1 = (y( j))N1

j=1 = spt(µ1).

Our analysis hinges on the variational formulation of the GW distance and the fact that

D(µ0, µ1)2 can be identified with the finite-dimensional quadratic program

inf
P∈RN0×N1

⟨P,∆(P)⟩F ,

s.t. P1N1 = m0,P⊺1N0 = m1,

Pi j ≥ 0, ∀(i, j) ∈ [N0] × [N1].

(3.11)

where ∆(P) ∈ RN0×N1 is the matrix with i j-th entry

(∆(P))i j =
∑

(k,l)∈[N0]×[N1]

∆
(
x(i), y( j), x(k), y(l)

)
Pkl,

and (m0,m1) ∈ RN0 × RN1 are the weight vectors for µ0 and µ1, respectively, i.e., (m0)i =

µ0({x(i)}) and (m1) j = µ1({y( j)}) for (i, j) ∈ [N0] × [N1]. Evidently, any P ∈ Rd0×d1

satisfying the constraints in (3.11) can be identified with a coupling πP ∈ Π(µ0, µ1) via

πP
({

(x(i), y( j))
})
= Pi j and it is clear that ⟨P,∆(P)⟩F =

∫
∆dπP ⊗ πP.

3The proof of Corollary 10.1 in [141] shows that the functional ϖ ∈ P(Rd0 × Rd1 ) 7→
∫
∆dϖ ⊗ ϖ

is continuous in the topology of weak convergence of probability measures. The conclusion follows by
noting that ϖ 7→ DKL(ϖ∥µ0 ⊗ µ1) is lower semicontinuous and that Π(µ0, µ1) is compact in this topology.
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3.3.1 Stability analysis

We explore the stability of the discrete GW functional along perturbations of the marginal

distributions. Combining this with the methodology from [106] will then result in

distributional limits for empirical GW in the discrete setting. In order to preserve the

structure of (3.11) along the perturbations

µ0,t B µ0 + t(ν0 − µ0), µ1,t B µ1 + t(ν1 − µ1), t ∈ [0, 1]

appearing in Proposition 16 ahead, we require that νi ∈ P(Xi), for i ∈ {0, 1}, is such that

D(µ0,t, µ1,t)2 can be written as (3.11) with the corresponding weight vectors in place of

m0,m1. For any (ν0, ν1) ∈ P(X0)×P(X1), we have 1
2

√
M2(ν0)M2(ν1) ≤ 1

2∥X0∥∞∥X1∥∞, so

that all minimizers of Φ(ν0,ν1) are contained in BF(M) for M B 1
2∥X0∥∞∥X1∥∞. Moreover,

M2(ν̄i) = M2(νi) − ∥Eνi[X]∥2 ≤ M2(νi), for i ∈ {0, 1}, so that the minimizers of Φ(ν̄0,ν̄1) are

also contained in BF(M).

Stability properties of D(µ0, µ1)2 along valid perturbations of the marginals are es-

tablished by studying a type of linearization of this quadratic programs which is related

to OTA(µ0, µ1), as defined in Section 3.2.4, for some choice of A ∈ Rd0×d1 . To state the

subsequent stability property, set

Fi B
{
f : Xi → R : ∥ f ∥∞,Xi ≤ 1

}
, i ∈ {0, 1},

F ⊕ B { f0 ⊕ f1 : f0 ∈ F0, f1 ∈ F1} .

Theorem 9 (Stability for discrete GW). LetA = argminBF(M)Φ(µ̄0,µ̄1). Then, for any pairs

(ν0, ν1), (ρ0, ρ1) ∈ Pµ0 ×Pµ1 , we have
∣∣∣D(ν0, ν1)2 − D(ρ0, ρ1)2

∣∣∣ ≤ C∥ν0 ⊗ ν1 − ρ0 ⊗ ρ1∥∞,F ⊕ ,

for some constant C > 0 which is independent of (ν0, ν1), (ρ0, ρ1). Further,

d
dt

D(µ0,t, µ1,t)2
∣∣∣
t=0
= inf

A∈A
inf
π∈Π̄⋆A

sup
(φ0,φ1)∈D̄A

{∫
( f0 + g0,π + φ̄0)d(ν0 − µ0)

+

∫
( f1 + g1,π + φ̄1)d(ν1 − µ1)

}
,
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where, for x ∈ Rd0 ,

f0(x) = 2
∫
∥x − x′∥4dµ0(x′) − 4M2(µ̄1)∥x − Eµ0[X]∥2, g0,π(x) = 8x⊺E(X,Y)∼π[∥Y∥2X],

with f1, g1,π defined symmetrically by interchanging x ∈ Rd0 and y ∈ Rd1 , X and Y , and

µ0 and µ1. Further, φ̄i = φi(· − Eµi[X]) for i ∈ {0, 1}, and, for A ∈ BF(M), Π̄⋆A ⊂ Π(µ̄0, µ̄1)

is the set of all OT plans, π⋆, for OTA(µ̄0, µ̄1) satisfying A = 1
2

∫
xy⊺dπ⋆(x, y), while D̄A

is the set of all corresponding OT potentials.

The proof of Theorem 9 (see Section 3.8.2) employs a linearization of the GW

quadratic program (3.11) along certain perturbations of its marginals. The approach

builds on directional differentiability results for the optimal value function in nonlinear

programming (see Section 4.3.2 in [27]) while utilizing stability properties of solutions

to perturbed (finite-dimensional) quadratic programs [124]. We note that the results

from [27] do not apply directly to the problem at hand as the directional regularity

condition, used to enforce strong duality for the linearized problem, does not hold due to

the structure of the GW coupling set (see Remark 19). Nevertheless, we show that the

dual variables correspond to OT potentials for OTA(µ̄0, µ̄1), where A = 1
2

∫
xy⊺dπ(x, y)

for some GW plan π, and use the fact that dual OT potentials can always be replaced

with a bounded version thereof without changing the objective to restrict optimization to

a bounded constraint set.

Remark 13 (Comparison with OT stability). To compare GW stability to that of OT, let

(X, dX) be a finite metric space and set µ0, µ1 ∈ P(X) and (ν0, ν1) ∈ Pµ0 × Pµ1 . Adopting

the notation of Theorem 9, Theorem 3.1 in [85] yields

d
dt

OTdp
X
(µ0,t, µ1,t)

∣∣∣
t=0
= sup

(φ0,φ1)∈Dp

{∫
φ0d(ν0 − µ0) +

∫
φ1d(ν1 − µ1)

}
,

whereDp is the set of OT potentials for OTdp
X
(µ0, µ1). This observation was used in [187]

to derive limit distributions for the p-Wasserstein distance on a finite space via the delta
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method. A similar term appears in the GW stability result (Theorem 9), along with (i)

a minimization overA, (ii) a minimization over corresponding OT plans, and (iii) the

terms f0 and f1 which depend only on µ0 and µ1. The first occurs due to the minimization

over matrices in the variational form, the second is due to the centering required to access

the variational form, while the third accounts for the term S1 in the variational form (3.8).

3.3.2 Distributional limits

The characterization of the stability profile of the discrete GW problem with respect to

perturbations of the weights given in Theorem 9 is the driving force behind the subsequent

limit theorem once the following assumption is made.4

Assumption 1. (µ0,n, µ1,n)n∈N ⊂ Pµ0 ×Pµ1 is such that
√

n(µ0,n ⊗ µ1,n − µ0 ⊗ µ1)
d
→ χµ0⊗µ1

in ℓ∞(F ⊕) where χµ0⊗µ1 is tight.

The canonical statistical setting that fulfills Assumption 1 is when µ̂0,n and µ̂1,n are the

empirical measures of i.i.d. observations X0,1, . . . , X0,n from µ0 and X1,1, . . . , X1,n from

µ1, where the two collections of samples are independent and the function classes are

Donsker.

Theorem 10 (Limit distributions for discrete GW). In the setting of Theorem 9, if

(µ0,n, µ1,n)n∈N satisfy Assumption 1, then

√
n
(
D(µ0,n, µ1,n)2 − D(µ0, µ1)2

)
d
→ inf

A∈A
inf
π∈Π̄⋆A

sup
(φ0,φ1)∈D̄A

{
χµ0⊗µ1

(
( f0 + g0,π + φ̄0) ⊕ ( f1 + g1,π + φ̄1)

)}
.

In particular, if (µ0,n, µ1,n) = (µ̂0,n, µ̂1,n), we have χµ0⊗µ1(g0 ⊕ g1) = Gµ0(g0) +Gµ0(g1) for

any g0 ⊕ g1 ∈ F
⊕, where Gµi is a tight µi-Brownian bridge in ℓ∞(Fi) for i ∈ {0, 1}.

4Assumption 1 will be used when stating limit laws beyond the discrete case, the function class F ⊕

should be understood based on the context.
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Given Assumption 1 and Theorem 9, Theorem 10 is a direct consequence of the

delta method-based framework developed in [106, Proposition 1], included herein for

completeness as Proposition 16 in Section B.4. Complete details are provided in Sec-

tion 3.8.2.

Remark 14 (Extension of limits). In Theorem 10, the distributional limit χµ0⊗µ1 is

evaluated at ξ0 ⊕ ξ1 for ξ0 B f0 + g0,π + φ̄0 and ξ1 B f1 + g1,π + φ̄1, respectively, for

some choice of OT plan and pair of OT potentials. Though ξ0 and ξ1 are not necessarily

elements of F0 and F1, it is easy to see that ∥ξ0∥∞,X0 and ∥ξ1∥∞,X1 can be bounded by

a constant C which depends only on ∥X0∥∞ and ∥X1∥∞ (up to choosing the versions

of the OT potentials which are bounded and noting that the direct sum is the same

for all versions, see Lemma 12). It follows that (C−1ξ0,C−1ξ1) ∈ F0 × F1 whereby
√

n(µ0,n ⊗ µ1,n − µ0 ⊗ µ1)(ξ0 ⊕ ξ1) = C
√

n(µ0,n ⊗ µ1,n − µ0 ⊗ µ1)(C−1ξ0 ⊕ C−1ξ1)
d
→

Cχµ0⊗µ1(C
−1ξ0 ⊕C−1ξ1). We thus identify χµ0⊗µ1(ξ0 ⊕ ξ1) with Cχµ0⊗µ1(C

−1ξ0 ⊕C−1ξ1).

Remark 15 (Removing the square). Although the limit distribution in Theorem 10 is

presented for the squared distance D2, the asymptotics for D can be obtained by a second

application of the delta method with the function
√

(·), assuming that D(µ0, µ1) , 0.

Remark 16 (Estimating the limit). When the derivative established in Theorem 9 fails to

be linear as a function of (ν0 − µ0, ν1 − µ1), the limit distribution in Theorem 10 cannot be

estimated via the naïve bootstrap [74]. To guarantee that the derivative be linear, it would

suffice to show thatA = {A⋆} is a singleton, that the OT plan for OTA⋆(µ̄0, µ̄1) is unique,

and that the corresponding OT potentials are unique (up to versions). In this discrete

setting under the null, these conditions imply that µ0 and µ1 are Dirac delta distributions,

rendering the limit trivial. We overcome this predicament by developing an efficient

direct method for estimating the limit under the null using linear programming, described

in Section 3.3.3 ahead.
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Under the null hypothesis D(µ0, µ1) = 0 (i.e. µ0 = µ1 up to isometries), the obtained

limit distribution simplifies as follows.

Corollary 5 (Limit distribution under the null). In the setting of Theorem 10, assume

that µ0 is not a point mass and that D(µ0, µ1) = 0. If T̄ is the set of all GW maps between

µ̄0 and µ̄1, then

√
nD(µ0,n, µ1,n)2 d

→ inf
T∈T̄

sup
h∈H

{
χµ0⊗µ1

(
h(· − Eµ0[X]) ⊕ −h(T−1(· − Eµ0[X]))

)}
C Lµ0 ,

H =
{
h : spt(µ̄0)→ R | h(x) − h(x′) ≤

2(∥x∥2 − ∥x′∥2)2 + 8(x − x′)⊺Σµ̄0(x − x′),∀x, x′ ∈ spt(µ̄0)
}
.

If (µ0,n, µ1,n) = (µ̂0,n, µ̂1,n), the above result holds and Lµ0 =
√

2∥Gµ0∥∞,H̄ , where H̄ =

{h(· − Eµ0[X]) : h ∈ H}.

Corollary 5 follows from Theorem 10 upon characterizing the OT potentials under

the null and simplifying the resulting expressions. Note that if h ∈ H , so too is h − a,

and the value of the direct sum in the limit distribution is invariant to translation. Thus,

the direct sum can always be chosen such that it lies in F ⊕ up to a dilation by e.g. setting

h(x) = 0 for some x ∈ spt(µ̄0). See Section 3.8.2 for complete details.

3.3.3 Direct estimation of the limit

As the distribution Lµ0 in Corollary 5 admits a reasonably simple expression in the case

of empirical measures, we may consider estimating it directly as an alternative to the

bootstrap. To this end, let (x̄(i))Nn
i=1 = spt( ¯̂µ0,n) and set

Hn =
{
u ∈ RNn | ui − u j ≤ 2(∥x̄(i)∥2 − ∥x̄( j)∥2)2

+ 8(x̄(i) − x̄( j))⊺Σ ¯̂µ0,n(x̄(i) − x̄( j)), i , j ∈ [Nn]
}
.
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Algorithm 1 Sampling from Ln

Given samples X1, . . . , Xn from µ0, construct µ̂0,n,
1: Let (x̄(i))Nn

i=1 = spt( ¯̂µ0,n).
2: Let bn ∈ R

Nn(Nn−1) and A ∈ RNn(Nn−1)×Nn be such thatHn = {u ∈ RNn : Au ≤ bn}.
3: Sample Zn ∼ N(0,Σmn) and solve

√
2 supu∈Hn

Z⊺n u ∼ Ln; repeat Step 3 to generate
new samples.

Letting m0 denote the weight vector for µ0, it is useful to set u f = ( f (x(1)), . . . , f (x(N0)))

for f ∈ F0 so that µ0( f ) = m⊺0 u f . With this, Gµ0( f ) = Z⊺u f for f ∈ F0 and Z ∼ N(0,Σm0),

where, for a probability vector r ∈ RN , Σr ∈ R
N×N is the covariance matrix of the

multinomial distribution with 1 trial and probability vector r, whose entries are given by

(Σr)i j =


ri(1 − ri), if i = j,

−rir j, if i , j,
(3.12)

Taking Zn ∼ N(0,Σmn) and writing mn for the weight vector associated with µ̂0,n, the

above suggests estimating Lµ0 as

Ln =
√

2 sup
u∈Hn

Z⊺n u, (3.13)

Algorithm 1 summarizes the procedure for sampling from Ln. It is worth mentioning

that, as soon as µ̂0,n is supported on more than one point,Hn has non-empty interior (see

Lemma 13), but is unbounded. However, the samples Zn are almost surely orthogonal to

the vector of ones, so that each instance of the linear program admits a bounded solution.5

We now establish that this procedure is consistent for estimating the distribution of

Lµ0 .

Theorem 11. In the setting of Corollary 5 and Assumption 2,

lim
n→∞

sup
t≥0

∣∣∣P(Ln ≤ t|X1, X2, . . . , Xn) − P(Lµ0 ≤ t)
∣∣∣ = 0,

5In practice, it is recommended to add a box constraint on the first variable, −δ ≤ h(x(1)) ≤ δ for any
δ > 0, even if the entries of Zn sum to one with probability one to account for numerical error. This
modification results in a bounded feasible region, but does not effect the optimal value obtained, see the
proof of Theorem 11.
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for almost every realization of X1, X2, . . . provided that µ0 is not a point mass.

The proof of Theorem 11, included in Section 3.8.2, leverages the stability properties

of the optimal value function for linear programs when viewed as a function of the cost

and constraint vectors [99]. Using this result we show that, conditionally on X1, X2, . . . ,

we have Ln
d
→ Lµ0 for almost every realization of the data. The result is established by

noting that Lµ0 has a continuous distribution function. We highlight that this result holds

beyond the setting of empirical measure, i.e., when other weakly convergent estimators

of the population distributions are employed. Indeed, the proof is carried out under

general conditions which encompass both the empirical measure and the estimator used

for testing graph isomorphisms, introduced in Section 3.6.

We find it noteworthy that while Lµ0 is the weak limit of a sequence of optimal values

for random nonconvex quadratic programs (NP-hard), Theorem 11 shows that it can be

approximated by solving linear programs. By contrast, the naïve bootstrap estimator may

fail to be consistent as the directional derivative provided in Theorem 10 is nonlinear (see

Proposition 1 in [74] or Corollary 3.1 in [79]). The m-out-of-n bootstrap [161, 17] may

prove consistent, but its computational overhead and the required tuning of m render it

computationally costly and unattractive compared to the direct estimator.

Remark 17 (Computational considerations). Estimating the distribution of Ln given

X1, . . . , Xn requires solving multiple instances of a linear program with a fixed feasible

set, but with varying cost vectors. Software for numerical resolution of linear programs,

both open-source and commercial, are plentiful (see e.g. [86, 116, 107] for benchmarks

of linear programming solvers) and are based on variants of the interior-point method

[121], which has polynomial time complexity and the simplex method [54], which has

exponential worst case complexity, but performs as well or better than the interior-point

method on most problems.
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3.4 Semi-Discrete Gromov-Wasserstein Distance

In this section, we consider the semi-discrete setting for the GW distance, where µ0 ∈

P(Rd0) is supported in X0, an open ball centered at 0 with finite radius, and µ1 ∈ P(Rd1)

is supported on the points X1 B
(
y(i)

)N

i=1
. To establish limit distributions for the semi-

discrete GW cost, we again require stability of the solution set. However, unlike the

discrete case, we can no longer rely on an analysis of finite-dimensional quadratic

programs. Rather, we prove that, under mild conditions, the semi-discrete (2, 2)-GW

problem is solved by a Gromov-Monge map—a result of independent interest. This,

in turn, allows us to deduce the desired stability.

To arrive at the main structural results concerning the existence of Gromov-Monge

maps, we start by specializing some results for semi-discrete OT to the family of costs cA

figuring in the variational form of the GW distance (3.8). To that end, recall the so-called

semi-dual form of the semi-discrete OT problem,6

OTc(µ0, µ1) = sup
z∈RN

 N∑
i=1

ziµ1
({

y(i)}) + ∫
min
1≤i≤N

{
c
(
·, y(i)) − zi

}
dµ0

 . (3.14)

We call a solution to (3.14) an optimal vector for OTc(µ0, µ1).

3.4.1 Existence of Gromov-Monge maps

A standard approach for establishing the existence of OT maps for OTc(µ0, µ1) employs

the so-called twist condition, which guarantees injectivity of ∇xc(x, ·) [208, Theorem

10.28]. We leverage a version of the twist condition for semi-discrete OT with a generic

6This representation is obtained by recasting the dual OT problem in (3.3) as
supφ1∈C(X1)

{∫
φc

1dµ0 +
∫
φ1dµ1

}
, where φc

1 : x ∈ X0 7→ infy∈X1 {c(x, y) − φ1(y)} is the c-transform
of φ1. In the semi-discrete case, one then identifies the OT potential φ1 with a vector z ∈ RN to arrive at
(3.14).
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cost from [122] to identify a primitive condition for OTA(µ0, µ1) to admit a Monge map,

uniformly in A. Once this proviso is met, Theorem 8 guarantees the existence of a

Gromov-Monge map for the semi-discrete GW problem.

Theorem 12 (Existence of Gromov-Monge maps). Assume without loss of generality

that (µ0, µ1) are centered and let A⋆ minimizeΦ(µ0,µ1). IfX1 is such that y(i)−y( j) < ker(A⋆)

for every i , j ∈ [N] with ∥y(i)∥ = ∥y( j)∥, then there exists a GW plan for D(µ0, µ1) which

is induced by the µ0-a.e. unique map

TA⋆ : x ∈ X 7→ y(I
zA⋆ (x)), for IzA⋆ (x) ∈ argmin

1≤i≤N

(
cA⋆(x, y(i)) − zA⋆

i

)
,

where zA⋆

i is an optimal vector for OTA⋆(µ0, µ1). Further, letting LagzA⋆ ,i denote the

set {x ∈ X0 : i ∈ argmin1≤i≤N

(
cA⋆(x, y(i)) − zA⋆

i

)
}, A⋆ = 1

2

∑N
i=1

∫
Lag

zA⋆ ,i
xdµ0(x)

(
y(i)

)⊺
.

A sufficient condition for the assumption on X1 to hold at every A ∈ Rd0×d1 is that

∥y(i)∥ , ∥y( j)∥ for every i , j ∈ [N].

The proof of Theorem 12, given in Section 3.8.3, shows that the condition on the

support of µ1 is equivalent to a variant of the standard twist condition. This, in turn,

guarantees that the corresponding OT problem admits a unique OT plan that is induced

by a map and the result follows using the dual form (3.8). We emphasize that, for given

µ0, µ1, it is easy to verify the sufficient condition that ∥y(i)∥ , ∥y( j)∥ for every i , j ∈ [N],

whereas the general condition may be difficult to check as argminRd Φ(µ0,µ1) is a priori

unknown.

Remark 18 (Semi-discrete Gromov-Monge map).Existence (and optimality) of Gromov-

Monge maps for the GW problem (3.7) is known only in a few cases. Theorem 4.1.2

in [204] shows that it suffices to optimize over permutations when µ0, µ1 are both uniform

probability measures supported on the same (finite) number of points, while Theorem 3.2

in [75] treats the inner product GW problem (i.e., when the cost function in (3.7) is set to
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∆(x, y, x′, y′) = ⟨x, x′⟩ − ⟨y, y′⟩) between compactly supported and absolutely continuous

distributions. The only results for the quadratic cost considered herein require additional

high-level assumptions, such as that µ0 and µ1 be absolutely continuous and rotationally

invariant about their barycenter [189, Theorem 9.21] or a priori knowledge that the

cross-correlation matrix of some GW plan for D(µ0, µ1) is of full rank [204, Proposition

4.2.4]. While such conditions are restrictive and hard to verify in practice, they may hold

beyond the semi-discrete setting. Theorem 12 presents a new instance of the existence of

Gromov-Monge maps for the quadratic GW problem, assuming the semi-discrete setting

with the primitive geometric condition on the magnitude of the discrete support points.

3.4.2 Stability and limit distributions

We now derive the asymptotic distribution of the empirical semi-discrete GW distance.

To that end, we first study stability of D by leveraging the fact that the same condition

guaranteeing existence of Gromov-Monge maps for the semi-discrete case, also imply the

uniqueness of the OT plan for OTA(µ̄0, µ̄1) for every A ∈ argminRd0×d1 Φ(µ0,µ1). As in the

fully discrete case, we set M := 1
2∥X0∥∞∥X1∥∞ so that, for any (ν0, ν1) ∈ P(X0) × P(X1),

all minimizers of Φ(ν̄0,ν̄1) are contained in BF(M)

To apply the unified approach described in Proposition 16, we define the function

class
F ⊕ B { f0 ⊕ f1 : ( f0, f1) ∈ F0 × F1} , for F0 = BCk(X0) + G ∪ {0},

F1 B
{
f : X◦1 → R : ∥ f ∥∞,X1 ≤ 1

}
,

where k = ⌊d/2⌋ + 1, BCk(X0) denotes the unit ball in Ck(X0), and

G =
{
x ∈ X0 7→ min

1≤i≤N

{
cA

(
x − ξ, y(i) − ζ

)
− zi

}
: A ∈ BF(M), z ∈ RN , ∥z∥∞ ≤ K, ζ ∈ Rd1 , ∥ζ∥ ≤ ∥X1∥∞, ξ ∈ X0

}
,
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These definitions are motivated by the regularity of the OT potentials (Lemma 19).

Theorem 13 (Stability for semi-discrete GW). LetA = argminBF(M)Φ(µ̄0,µ̄1). Then, for

any pairs (ν0, ν1), (ρ0, ρ1) ∈ Pµ0 ×Pµ1 ,
∣∣∣D(ν0, ν1)2 − D(ρ0, ρ1)2

∣∣∣ ≤ C∥ν0⊗ ν1−ρ0⊗ρ1∥∞,F ⊕

for some constant C > 0 which is independent of (ν0, ν1), (ρ0, ρ1), and, if µ̄0, µ̄1 verify the

conditions of Theorem 12 at every A ∈ A and int(spt(µ̄0)) is connected with negligible

boundary, we further have

d
dt

D
(
µ0,t, µ1,t

)2∣∣∣
t=0
= inf

A∈A

{∫
( f0 + g0,πA + φ̄A

0 )d(ν0 − µ0)

+

∫
( f1 + g1,πA + φ̄A

1 )d(ν1 − µ1)
}
,

where f0, f1, g0,π, g1,π, µ0,t, and µ1,t are as defined in Theorem 9, φ̄A
i = φ

A
i (· − Eµi[X]) for

i = 0, 1, and, for A ∈ A, πA is the unique OT plan for OTA(µ̄0, µ̄1), and (φA
0 , φ

A
1 ) is any

choice of corresponding OT potentials.

The proof of Theorem 13 relies on the decomposition D(ν̄0, ν̄1)2 = S1(ν̄0, ν̄1) +

S2(ν̄0, ν̄1). The desired right differentiability and Lipschitz continuity of S1 is rela-

tively straightforward, whereas that of S2 requires a more careful analysis. This is

since S2 includes an infimum, and the fact that µ̄0,t and µ̄1,t may not share the same

support as µ̄0 and µ̄1, respectively. This complicates the comparison of OT poten-

tials corresponding to different marginals. We address this issue by first computing

the right derivative of OTA(ν̄0, ν̄1) at (µ̄0, µ̄1) for a fixed A, and then use the fact that

A ∈ BF(M) 7→ OTA(µ̄0,t, µ̄1,t) converges uniformly to A ∈ BF(M) 7→ OTA(µ̄0, µ̄1), which

enables evaluating the derivative of the infimum. Complete details are included in

Section 3.8.3.

Compared to Theorem 9, Theorem 13 includes neither an infimum over OT couplings

nor a supremum over OT potentials. This distinction is a consequence of the uniqueness

of OT couplings for OTA(µ̄0, µ̄1) for A ∈ A under the conditions of Theorem 12 and the
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uniqueness (up to versions) of the OT potentials resulting from the assumption on spt(µ̄0),

see Lemma 19. This latter condition is standard in the literature [61, 62].

Armed with the stability result, we obtain the distributional limit for semi-discrete

GW by invoking the unified approach from Proposition 16.

Theorem 14 (Limit distributions for semi-discrete GW). In the setting of Theorem 13,

let (µ0,n, µ1,n) satisfy Assumption 1. Then,

√
n
(
D(µ0,n, µ1,n)2−D(µ0, µ1)2

) d
→ inf

A∈A

{
χµ0⊗µ1

(
( f0+g0,π+ φ̄

A
0 )⊕ ( f1+g1,π+ φ̄

A
1 )

)}
.

If (µ0,n, µ1,n) = (µ̂0,n, µ̂1,n), Assumption 1 is met and χµ0⊗µ1(g0 ⊕ g1) = Gµ0(g0) +Gµ0(g1)

for any g0 ⊕ g1 ∈ F
⊕, where Gµi is a tight µi-Brownian bridge in ℓ∞(Fi) for i ∈ {0, 1}.

As in the discrete case, we slightly abuse notation by identifying χµ0⊗µ1 with its

extension to a certain dilation of F ⊕, see Remark 14 for details. The approach outlined

in Remark 15 can also be applied in this case to obtain a limit distribution for D (without

the square). Finally, as discussed in Remark 16, the consistency of the naïve bootstrap

for the limit in Theorem 14 can be established ifA is a singleton. At present, sufficient

conditions for such a result to hold are unknown.

3.5 Entropic Gromov-Wasserstein Distance

To go beyond the fully discrete and semi-discrete settings, we consider the entropic

GW distance under the sole assumption that µ0, µ1 are 4-sub-Weibull with parameter σ2.

Note that if (µ0, µ1) ∈ P4,σ(Rd0) × P4,σ(Rd1), then µ̄0 and µ̄1 are 4-sub-Weibull with

parameter σ̄2 B 82+log 2
log 2 σ

2 and 1
2

√
M2(µ̄0)M2(µ̄1) ≤ σ, these auxiliary results are proved

in Section 3.8.5. We thus set M = σ so that BF(M) contains all minimizers of Φ(µ̄0,µ̄1) (see
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Theorem 23). The derivation is similar to the semi-discrete case, as the EOT problem

that appears in the entropic GW variational form (see Section B.1) enjoys uniqueness of

EOT plans and potentials.

The sub-Weibull assumption stems from the regularity theory for EOT potentials

from Lemma 4 of [223] (restated in Lemma 26 ahead), which motivates the choice of the

function class as F ⊕ B { f0 ⊕ f1 : ( f0, f1) ∈ F0 × F1}, where

Fi =
{
f ∈ Ck̄(Rdi) : | f | ≤ 1 + ∥ · ∥4, |Dα f | ≤ 1 + ∥ · ∥3k̄,∀α ∈ Nd

0 with 0 < |α| ≤ k̄
}
,

for k̄ = ⌊(d0 ∨ d1)/2⌋ + 1. We have the following stability theorem.

Theorem 15 (Stability for entropic GW). Let A = argminBF(M)Φ(µ̄0,µ̄1). Then, for any

pairs (ν0, ν1), (ρ0, ρ1) ∈ P4,σ(Rd0) × P4,σ(Rd1),
∣∣∣Dε(ν0, ν1)2 − Dε(ρ0, ρ1)2

∣∣∣ ≤ C∥ν0 ⊗ ν1 −

ρ0 ⊗ ρ1∥∞,F ⊕ for some constant C > 0 which is independent of (ν0, ν1), (ρ0, ρ1), and,

d
dt

Dε

(
µ0,t, µ1,t

)2∣∣∣
t=0
= inf

A∈A

{∫
( f0 + g0,πA + φ̄A

0 )d(ν0 − µ0)

+

∫
( f1 + g1,πA + φ̄A

1 )d(ν1 − µ1)
}
,

where fi, gi,π, µi,t φ̄
A
i , for i = 0, 1, as well as πA are all defined as in Theorem 13 with

OTA,ε(µ̄0, µ̄1) in place of OTA(µ̄0, µ̄1).

The proof of Theorem 15 follows similar lines as that of Theorem 13 with the

important distinction that the measures need only be 4-sub-Weibull. The regularity of

the EOT potentials and the strong structural properties of solutions to the EOT problem

enable treating measures with unbounded support. See Section 3.8.5 for complete details.

Invoking Proposition 16 now leads to the following characterization of distributional

limits for the entropic GW cost and bootstrap consistency when A is a singleton. For

XB
0,1, . . . , X

B
0,n and XB

1,1, . . . , X
B
1,n independent collections of i.i.d. samples from µ̂0,n and µ̂1,n,
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let µ̂B
k,n =

1
n

∑n
i=1 δXB

k,i
for k ∈ {0, 1} denote the bootstrap measures and PB the conditional

probability given the data.

Theorem 16 (Limit distributions for entropic GW and bootstrap consistency). In the

setting of Theorem 15, let (µ0,n, µ1,n)n∈N satisfy Assumption 1 with P4,σ(Rd0) × P4,σ(Rd1)

in place of Pµ0 × Pµ1 , then

√
n
(
Dε(µ0,n, µ1,n)2−Dε(µ0, µ1)2

) d
→ inf

A∈A

{
χµ0⊗µ1

(
( f0+g0,π+ φ̄

A
0 )⊕ ( f1+g1,π+ φ̄

A
1 )

)}
.

Moreover, if ε > 16
√

M4(µ̄0)M4(µ̄1),A is a singleton and the limit is a point evaluation.

If (µ0,n, µ1,n) = (µ̂0,n, µ̂1,n), then Assumption 1 is met and χµ0⊗µ1(g0 ⊕ g1) = Gµ0(g0) +

Gµ0(g1) for any g0 ⊕ g1 ∈ F
⊕, where Gµi is a tight µi-Brownian bridge in ℓ∞(Fi) for

i ∈ {0, 1}. Further, if A = {A} is a singleton, the limit is normal and the bootstrap is

consistent

sup
t∈R

∣∣∣∣PB
(√

n
(
D(µ̂B

0,n, µ̂
B
1,n)2 − D(µ̂0,n, µ̂1,n)2

)
≤ t

)
− P

(
N(0, v2

0 + v2
1) ≤ t

)∣∣∣∣ P→ 0,

for v2
0 = Varµ0( f0 + g0,π + φ̄

A
0 ) and v2

1 = Varµ1( f1 + g1,π + φ̄
A
1 ) provided that v2

0 + v2
1 > 0.

Again, we identify χµ0⊗µ1 with its extension to a certain dilation of F ⊕ , see Remark 14.

To obtain a limit distribution for Dε itself, the technique from Remark 15 can be used.

The condition on ε that guarantees thatA is a singleton stems from Theorem 6 in [164],

which shows that in that case the objective of the entropic GW variational is strictly

convex in A. Beyond this condition, it is unclear when A is a singleton so that the

consistency of the naïve bootstrap cannot be established in general (see Remark 16).

3.6 Testing for Graph Isomorphism

A key property of the GW distance is that it identifies distributions that are related

through an isometry. Armed with our limit theorems for GW distances, we consider an
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application to testing if two random graph models are isomorphic, based on samples

from them. As the limit distribution theory accounts for Euclidean mm space, to employ

it for graph isomorphism testing, we propose a framework for embedding distributions of

random graphs on N vertices into P(RN). Crucially, the embedding is constructed so that

the random graph are isomorphic if and only if the GW distance between the embedded

distributions nullifies. This allows casting the graph isomorphism testing question as a

test for equality of the embedded distributions under the GW distance.

3.6.1 Embedding of random graph distributions

Consider the set GN of all weighted undirected graphs on N vertices with nonnegative

weights and no self-loops. A graph G ∈ GN is specified by its matrix of weights

WG ∈ RN×N , which is defined as WG
i j = WG

ji = w if the nodes i and j are connected by

an edge with weight w for i , j ∈ [N]. We adopt the convention that a weight of 0

indicates the absence of an edge, which implies WG
ii = 0 for every i ∈ [N] since there are

no self-loops. With this, a distribution ν ∈ P(GN) can be specified by fixing N(N − 1)/2

univariate edge distributions, (ρi j)i, j∈[N]: i< j ⊂ P([0,∞)), and setting law(WG
i j) = ρi j for

G ∼ ν. Such a distribution treats each edge independently, and we write Pind(GN) to

denote the set of all such distributions to emphasize this fact.

To formulate the comparison of two distributions ν0, ν1 ∈ Pind(GN) with associated

edge distributions (ρ0,i j)i, j∈[N]: i< j, (ρ1,i j)i, j∈[N]: i< j in terms of the Euclidean GW distance

considered herein, we introduce the following embedding ι : P([0,∞))N(N−1)/2 → P(RN),

ι : (ρi j)i, j∈[N]
i< j
7→

1
N(N + 1)(N − 1)

N∑
i, j=1
i, j

ηρi j +
1

N + 1

N∑
i=1

δ−ei , (3.15)

where ηρi j(B) =
∫
1B(−ei + te j)dρi j(t), for every Borel set B ⊂ RN . To simplify notation,
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we identify ν ∈ Pind(GN) with its edge distributions, (ρi j)i, j∈[N]: i< j, and write ι(ν) in place

of ι applied to the edge distributions.

This construction enables a comparison of ν0 and ν1 up to a relabelling of the graph

nodes. Precisely, ν0 and ν1 are said to be isomorphic if there exists a permutation

σ : [N]→ [N] for which ρ1,i j = ρ0,σ(i)σ( j) for every i , j ∈ [N] under the convention that

ρ0,i j = ρ0, ji for every i , j. This notion of isomorphic graph distributions coincides with

the standard notion of isomorphic graphs when ν0 and ν1 are Dirac distributions. We now

establish that ν0 and ν1 are isomorphic if and only if ι(ν0) and ι(ν1) are identified under

the GW distance.

Proposition 8 (Identification of isomorphic graph distributions).For ν0, ν1 ∈ Pind(GN),

µ0 = ι(ν0), and µ1 = ι(ν1), then D(µ0, µ1) = 0 if and only if ν0 and ν1 isomorphic.

The proof of Proposition 8, included in Section 3.8.6, uses the particular construction

of the embedding in (3.15). Notably, the first term in (3.15) compares the individual edge

distributions, whereas the second term ensures that the only possible isometry relating µ0

and µ1 is a permutation of coordinate axes.

3.6.2 GW testing for graph isomorphism

We are ready to set up the statistical GW-based test for graph isomorphism. Given

mutually independent collections of sample graphs G0,1, . . . ,G0,n ∼ ν0 ∈ Pind(GN) and

G1,1, . . . ,G1,n ∼ ν1 ∈ Pind(GN), we seek to test between the hypotheses:

H0 : ν0 and ν1 are isomorphic vs. H1 : ν0 and ν1 are not isomorphic.

Given Proposition 8, this amounts to testing H0 : D(ι(ν0), ι(ν1)) = 0 versus the alternative

H1 : D(ι(ν0), ι(ν1)) > 0. To formulate the proposed test statistic, let ρ̂k,i j,n =
1
n

∑n
l=1 δW

Gk,l
i j

,
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for k ∈ {0, 1} and i, j ∈ [N] with i < j, which corresponds to the empirical edge

distribution, and let ν0,n and ν1,n denote the corresponding distributions on GN . With this,

the test statistic is given by
√

nD
(
ι(ν0,n), ι(ν1,n)

)2 and the critical value for the asymptotic

level α ∈ (0, 1) is given by qn,1−α, the conditional (1 − α) quantile of the direct estimator

Ln =
√

2 supu∈Hn
Z⊺n u for Zn ∼ N(0,Σn) as defined in (3.35), where µ0,n = ι(ν0,n) and Σn

is the empirical analogue of ΣZ defined in (3.59). Using the machinery developed in our

study of the empirical discrete GW distance from Section 3.3, we prove in Section 3.8.6

that the proposed test is consistent.

Theorem 17 (Test consistency and asymptotic distribution). Let ν0, ν1 ∈ Pind(GN) be

such that their edge distributions, (ρ0,i j)N
i, j=1: i< j and (ρ1,i j)N

i, j=1: i< j, are supported in [0,K].

Then, with µk = ι(νk) and µk,n = ι(νk,n) for k ∈ {0, 1}, we have

E[|D(µ0,n, µ1,n)2 − D(µ0, µ1)2|] ≲ (1 + 2K4)n−
1
2 .

Furthermore, if (ρ0,i j)N
i, j=1: i< j and (ρ0,i j)N

i, j=1: i< j are finitely supported, then with the notation

of Theorem 10, there exists Gaussian processes χµ0 in ℓ∞(F0) and χµ1 in ℓ∞(F1) with

√
n
(
D(µ0,n, µ1,n)2 − D(µ0, µ1)2

)
d
→ inf

A∈A
inf
π∈Π̄⋆A

sup
(φ0,φ1)∈D̄A

{
χµ0( f0 + g0,π + φ̄0)+χµ1( f1 + g1,π + φ̄1)

}
.

If, in addition, D(µ0, µ1) = 0, then
√

nD(µ0,n, µ1,n)2 d
→
√

2∥χµ0∥∞,H̄ , where H̄ is as

defined in Corollary 5 and the test which rejects the null hypothesis, H0 : ν0 and ν1 are

isomorphic, if
√

nD(µ0,n, µ1,n)2 > qn,1−α is asymptotically consistent with level α.

3.6.3 Computational framework

To test if two random graph models are isomorphic by using the GW-based approach,

the distance D(µ0,n, µ1,n) should be computed exactly to obtain statistically significant
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results. As computing this statistic is NP-hard in general, we propose to apply a local

subgradient-based solver with a particular warm-start strategy.

Recalling (3.8), D(η0, η1)2 = S1(η̄0, η̄1) + infA∈Rd0×d1 Φ(η0,η1)(A) for any (η0, η1) ∈

P(Rd0) × P(Rd1), whereby D(η0, η1)2 can be computed by minimizing Φ(η0,η1). This

approach was explored in the context of the entropic GW problem in [164], where the

minimization problem is smooth, but possibly nonconvex. We adapt Algorithm 2 in that

work to the nonsmooth case by substituting the subgradient of Φη̄0,η̄1 , derived in Lemma 7,

in place of the gradient (see Algorithm 2). Though the convergence guarantees presented

in [164, Theorem 11] no longer apply in the current setting, in the experiments presented

in Section 3.7, Algorithm 2 always returns a point at which a subgradient with norm less

than 5 × 10−8 exists when L is set to 128.

A warm-start for Algorithm 2 consists of a particular choice for the initialization C0.

Our proposed warm-start methods are motivated by the fact that, under the null, the set

of optimizers for Φ(µ̄0,µ̄1) is a subset of all matrices of the form AT =
1
2

∫
xT (x)⊺dµ̄0(x),

where T : RN → RN is an isometry corresponding to a permutation of the coordinate

axes. We write T for the set of all such isometries. The fact that any limit point of a

sequence of minimizers ofΦ(µ̄0,n,µ̄1,n) minimizesΦ(µ̄0,µ̄1) with probability 1 (see Section B.2)

suggests numerically estimating D(µ0,n, µ1,n)2 via an exhaustive search. Namely, initialize

Algorithm 2 at all such matrices AT , record the output of the subgradient method as

ΛT , and return minT∈T ΛT as an estimate for the GW distance. The exhaustive search

is accurate under the null for large n, but onerous given that it requires solving N!

optimization problems, which limits its usage to small scale problems.
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Algorithm 2 Subgradient method for estimating D(η0, η1)2

Given the initialization C0 ∈ DM, tolerance δ > 0, and L > 0, fix βk =
1

2L , γk =
k

4L ,
τk =

2
k+2 , k = 1.

1: A1 ← C0

2: G1 ← 64A1 + 32
∫

xy⊺dπA1(x, y) for any OT plan πA1 of OTA1(η̄0, η̄1)
3: while ∥Gk∥F ≥ δ do
4: Bk ← min

(
1, M

2∥Ak−βkGk∥F

)
(Ak − βkGk)

5: Ck ← min
(
1, M

2∥Ck−1−γkGk∥F

)
(Ck−1 − γkGk)

6: Ak+1 ← τkCk + (1 − τk)Bk

7: Gk+1 ← 64Ak+1 + 32
∫

xy⊺dπAk+1(x, y) for any OT plan πAk+1 of OTAk+1(η̄0, η̄1)
8: k ← k + 1
9: return S1(η̄0, η̄1) + Φ(η̄0,η̄1)(Bk)

Relaxed graph matching

To scale up the computation of D(µ0,n, µ1,n)2 to larger problems, we proposed an alter-

native approach to the exhaustive search, applicable for unweighted graphs. Consider

the related problem of directly aligning the empirical probabilities p̂0,i j and p̂1,i j of two

unweighted graphs by defining

P̂0 =



0 p̂0,12 p̂0,13 . . . p̂0,1N

p̂0,21 0 p̂0,23 . . . p̂0,2N

...
...

...
...

...

p̂0,N1 p̂0,N2 p̂0,N3 . . . 0


P̂1 =



0 p̂1,12 p̂1,13 . . . p̂1,1N

p̂1,21 0 p̂1,23 . . . p̂1,2N

...
...

...
...

...

p̂1,N1 p̂1,N2 p̂1,N3 . . . 0


,

and solving the problem minE∈E ∥EP̂0 − P̂1E∥2F, where E is the set of all permutation

matrices on RN . This is known as the graph matching problem and, whose exact solution

generally requires an exhaustive search, though the objective can be evaluated quickly.

A common relaxation of the graph matching problem replaces E by its convex hull,

known as the Birkhoff polytope, conv(E) =
{
E ∈ RN×N : E ≥ 0,E1N0 = E⊺1N0 = 1N0

}
,

which yields the convex relaxation minR∈conv(E) ∥RP̂0 − P̂1R∥2F. As a solution, R⋆, to

this relaxed problem need not be a permutation matrix, a projection onto the set of
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permutation matrices is performed by solving maxE∈E⟨R⋆,E⟩F, which is known as the

linear assignment problem and can be solved efficiently. The permutation matrix E⋆

obtained by performing these two steps is called a relaxed graph matching. The approach

is summarized in Algorithm 3 below.

Algorithm 3 Relaxed graph matching

Given µ0,n, µ1,n, construct P̂0 and P̂1,
1: Obtain R⋆ ∈ argminR∈conv(E)∥RP̂0 − P̂1R∥2F using convex optimization software.
2: Obtain E⋆ ∈ argmaxE∈E⟨R⋆,E⟩F using a linear assignment problem solver.
3: return output of Algorithm 2 initialized at AT⋆ , where T⋆ is the permutation of axes

corresponding to E⋆.

Remarkably, there are settings where this relaxed graph matching is known to coincide

with the solution of the original graph matching problem.

Proposition 9 (Theorem 2 in [2]). Fix δ, ϵ > 0 and suppose that the eigenvalues of

P̂0, (λi)N
i=1, satisfy mini, j∈[N], i, j |λi − λ j| > δ, maxi∈[N] |λi| = 1, and its eigenvectors (vi)N

i=1

satisfy ϵ ≤ v⊺i 1N ≤
1
ϵ

for i ∈ [N]. If ∥E⋆P̂0 − P̂1E⋆∥F <
δ2ϵ4

12N1.5 , then the graph matching

problem and its relaxation are equivalent.

The assumptions of Proposition 9 effectively guarantee that both the relaxed and

original problems admit a unique solution (in particular, the only isomorphism relating P̂0

to itself must be the identity). Observe that the conditions concerning P̂0 can be verified

a priori, and both P̂0 and P̂1 can be normalized such that the condition maxi∈[N] |λi| = 1

holds. Consequently, upon obtaining E⋆, it suffices to verify that ∥E⋆P̂0− P̂1E⋆∥F satisfies

the final condition to confirm if the relaxation E⋆ solves the graph matching problem.

Although Proposition 9 is only applicable in certain settings, the underlying optimiza-

tion problems can be solved efficiently thus enabling the matching of moderately sized

graphs. Moreover, this approach may still yield good solutions beyond the theoretical

guarantees. This graph matching approach is well-suited for unweighted graphs, but
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appears difficult to generalize to weighted case. By contrast, exhaustive search can

easily be applied to weighted graphs, but is much more costly to implement and hence is

limited to small-scale problems. A thorough numerical study of the performance of the

exhaustive search procedure and Algorithm 3 in provided in Section B.3.

3.7 Numerical Experiments

The experiments in this section serve to verify the different results presented in the paper.

We examine settings for graph isomorphism testing and present results that numerically

validate the developed limit distribution theory.

3.7.1 Testing for graph isomorphism

The following experiments serve to empirically validate Theorem 17 by studying the

type 1 and type 2 errors of the proposed test for graph isomorphism. As the problem

is inherently discrete, we operate under the framework of Section 3.3 and focus on the

consistency of the direct estimator Ln of the limit, which employs linear programming

(see Section 3.3.3). We implement the test which rejects the null hypothesis (ν0 and ν1

are isomorphic) if
√

nD(µ0,n, µ1,n)2 > qn,1−α, where qn,1−α is the (1 − α) quantile of Ln and

α is the significance level.

Unweighted graphs

Figure 3.1 presents the underlying distributions ν0, ν1, and ν2 on the set of binary graphs

on 10 vertices. Here, ν0 and ν1 are chosen to be isomorphic whereas ν2 is set to be equal
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Figure 3.1: Distributions from Section 3.7.1. ν0 is generated by sampling (p0,i j)i, j∈[N]
i< j

from the uniform distribution on [0, 1]. ν1 is obtained from ν0 by a randomly chosen
permutation. The modified probability for ν2 is highlighted in orange. Edge probabilities
are presented with two significant figures for ease of reading.

to ν1 save for the fact that we set p2,12 = p1,13, resulting in ν0 and ν2 not being isomorphic.

We generate datasets of n ∈ {10, 25, 50, 100, 500, 1000, 5000} graphs from each of

these distributions and construct the estimators µ0,n, µ1,n, and µ2,n as ι(ν0,n), ι(ν1,n), and

ι(ν2,n). We then compute D(µ0,n, µ1,n)2 and D(µ0,n, µ2,n)2 approximately via Algorithm 3.

Next, we generate 200 samples from Ln using Algorithm 4 (an extension of Algorithm 1

to estimators other than the empirical measures, as employed herein) and estimate

qn,1−α for α ∈ {k/9}9k=0. With this, we record if
√

nD(µ0,n, µ1,n)2 > qn,1−α, i.e., the test

spuriously rejects the null hypothesis, or if
√

nD(µ0,n, µ2,n)2 ≤ qn,1−α, whence the test fails

to reject the null when the alternative is true. To estimate the type 1 and type 2 errors,

we perform 100 repetitions of this procedure and report the fraction of repetitions for

which
√

nD(µ0,n, µ1,n)2 > qn,1−α as the estimated type 1 error and the fraction for which
√

nD(µ0,n, µ2,n)2 ≤ qn,1−α as the estimated type 2 error. These results are compiled in

Figure 3.2.

Figure 3.2 validates Theorem 17. Notably, even for a small number of samples,
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Figure 3.2: These plots compile the type 1 and type 2 error of the proposed test for
varying numbers of samples and desired significance levels by following the methodology
described in Section 3.7.1.

the graph of the estimated rejection probability as a function of the significance level

approaches the graph of the identity function, as expected. In the low sample regime,

n = 10, the type 1 error is significantly higher than expected whereas the type 2 error

is lower than that for n = 25 and n = 50. This can be explained by the fact that

Algorithm 3 is prone to overestimating the GW distance when few samples are available

(see Section B.3.1 for additional discussion).

Graphs with finitely many weights

We now consider the case of weighted graphs whose edges may take on the values

{0, 1, 2, 3}. Figure 3.3 depicts isomorphic distributions ν0, ν1 on this space of graphs

along with a distribution, ν2, which is identical to ν1 except for ρ2,12 which is set to equal

ρ1,13 so that ν0 and ν2 are not isomorphic. The methodology for estimating the type

1 and type 2 error of this statistic is identical to Section 3.7.1, up to the fact that we

use the exhaustive search to estimate the GW distances (given that the relaxed graph

matching approach is limited to unweighted graphs). The results are compiled in Figure
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3.4, presenting similar trends to those discussed above with the notable exception that the

performance of the test in the case n = 10 does not deviate heavily from the performance

obtained with larger sample sizes.

Figure 3.3: Distributions from Section 3.7.1. First, edge weight probabilities for ν0

were sampled from the Dirichlet distribution, then a random permutation was chosen to
generate ν1 from ν0 as depicted. Edge weight probabilities are given as vectors whose k-th
entry is the probability that the edge takes the weight k − 1 (truncated to two significant
figures).

Figure 3.4: These plots compile the type 1 and type 2 error of the proposed test for
varying numbers of samples and desired significance levels by following the methodology
described in Section 3.7.1.
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Figure 3.5: Distributions from Section 3.7.2. Here Ba,b denotes the beta distribution with
parameters (a, b) whereasU is the uniform distribution on [0, 1].

3.7.2 Simulating limit distributions

We next set to illustrate the structure of the limit distributions under the different settings

studied in this paper.

Graphs with compactly supported weight distributions

This experiment explores the law of
√

nD(µ0,n, µ1,n)2 when the underlying distributions

on the edge weights are isomorphic. While Theorem 16 only accounts for finitely sup-

ported distributions, we go beyond that setting and consider here continuous, compactly

supported distributions, as shown in Figure 3.5. The ground truth permutation relating

these distributions is taken to be the identity, and, given n sampled graphs, we estimate

D(µ0,n, µ1,n)2 using the subgradient method (Algorithm 2) initialized at 1
2

∫
xx⊺dµ̄0,n(x).

To generate additional samples from D(µ0,n, µ1,n)2, we draw a new set of n graphs and

repeat this procedure. As the underlying distributions are isomorphic, D(µ0, µ1) = 0 and

there is no need to center the statistic.
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Figure 3.6: Estimated distribution of
√

nD(µ0,n, µ1,n)2 for different values of n.

The results of this experiment, presented in Figure 3.6, appear to indicate that the

distribution of
√

nD(µ0,n, µ1,n)2 is stable as n increases, this finding indicates that the

derived limit distribution results from Theorem 17 may extend to the compact case.

Moreover, the mean rate of convergence provided in that result is in line with these

simulations.

Entropic Gromov-Wasserstein distance

As noted in Theorem 16, Dε(µ̂0,n, µ̂1,n)2 is asymptotically normal under proper scaling and

centering and the bootstrap is consistent once ε > 16
√

M4(µ̄0)M4(µ̄1). To illustrate this

finding numerically, we fix µ0 to be the uniform distribution on [−1, 1]3 and µ1 to be the

uniform distribution on the unit sphere in R3 and let ε = 16.2
√

19
15 > 16

√
M4(µ̄0)M4(µ̄1),

where 19
15 is the value of the product of the fourth moments. Then, we generate n = 2500

samples from both distributions to form the empirical measures µ̂0,n, µ̂1,n and compute

Dε(µ̂0,n, µ̂1,n)2 using Algorithm 1 in [164]. It is verified numerically that this choice

of ε satisfies ε > 16
√

M4(µ̄0,n)M4(µ̄1,n) for each computation so that Theorem 11 in

[164] guarantees that a nearly optimal value is obtained using this procedure. Finally,

the boostrapped empirical measures are constructed by sampling XB
0,1, . . . , X

B
0,n from

µ̂0,n, XB
1,1, . . . , X

B
1,n from µ̂1,n, and setting µ̂B

0,n B
1
n

∑n
i=1 δXB

0,i
, µ̂B

1,n B
1
n

∑n
i=1 δXB

1,i
. The

distribution of
√

n
(
Dε(µ̂B

0,n, µ̂
B
1,n)2 − Dε(µ̂0,n, µ̂1,n)2

)
for fixed X1, . . . , Xn is then estimated

from 1500 repetitions. The resulting histogram is presented in Figure 3.7 and is seen to
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Figure 3.7: Histogram of the bootstrap estimator for the entropic GW distance limit
distribution in the setting of Section 3.7.2 along with a kernel density estimator.

be approximately normal.

3.8 Proofs of Main Results

3.8.1 Proof of Theorem 8

To simplify the proof of Theorem 8, we separately prove each statement as its own

lemma.

Lemma 4. Φ(µ0,µ1) is Fréchet differentiable at A ∈ Rd0×d1 with derivative

(
DΦ(µ0,µ1)

)
[A]

(B) = 64⟨A −
1
2

∫
xy⊺dπA(x, y),B⟩F

provided all optimal couplings for OTA(µ0, µ1) admit the same cross-correlation matrix

1
2

∫
xy⊺dπA(x, y).
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Proof. It is easy to see that ∥ · ∥2F is Fréchet differentiable at A with derivative 2⟨A, ·⟩F.

For any H ∈ Rd0×d1 , we have that

OTA+H(µ0, µ1) − OTA(µ0, µ1) ≤
∫

cA+HdπA −

∫
cAdπA = −32

∫
x⊺HydπA(x, y),

(3.16)

for any choice of OT plan πA for OTA(µ0, µ1). Similarly,

OTA+H(µ0, µ1) − OTA(µ0, µ1) ≥ −32
∫

x⊺HydπA+H(x, y), (3.17)

for any choice of optimal coupling πA+H for OTA+H(µ0, µ1). Now, consider an arbitrary

sequence Hn converging to 0. Note that

sup
x∈spt(µ0)
y∈spt(µ1)

∣∣∣cA+Hn(x, y) − cA(x, y)
∣∣∣ = sup

x∈spt(µ0)
y∈spt(µ1)

|32x⊺Hny|

≤ 32 sup
spt(µ0)

∥ · ∥ sup
spt(µ1)

∥ · ∥∥Hn∥F → 0,

hence cA+Hn → cA uniformly on spt(µ0) × spt(µ1). It follows from Theorem 5.20 in [208]

that, for any subsequence n′ of n there exists a further subsequence n′′ along which

πA+Hn′′

w
→ π for some optimal coupling π for OTA(µ0, µ1). Thus

∫
xy⊺dπA+Hn′′ (x, y) →∫

xy⊺dπ(x, y) =
∫

xy⊺dπA(x, y) by assumption. As the limit is the same regardless of

the choice of subsequence, conclude that
∫

xy⊺dπA+H(x, y)→
∫

xy⊺dπA(x, y) as H→ 0,

thus

∥H∥−1
F

∣∣∣∣∣OTA+H(µ0, µ1) − OTA(µ0, µ1) + 32
∫

x⊺HydπA(x, y)
∣∣∣∣∣

≤ 32
∥∥∥∥∥∫ xy⊺dπA+H(x, y) −

∫
xy⊺dπA(x, y)

∥∥∥∥∥
F
→ 0,

which proves the claim. □

Lemma 5. For any π ∈ Π(µ0, µ1),
∫

xy⊺dπ(x, y) ∈ BF(
√

M2(µ0)M2(µ1)).

Proof. By Jensen’s inequality,∥∥∥∥∥∫ xy⊺dπ(x, y)
∥∥∥∥∥

F
≤

∫
∥xy⊺∥F dπ(x, y) =

∫
∥x∥∥y∥dπ(x, y).
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This final term is bounded above by
√∫
∥x∥2dπ(x, y)

∫
∥y∥2dπ(x, y) =

√
M2(µ0)M2(µ1)

by the Cauchy-Schwarz inequality. □

Lemma 6. Φ(µ0,µ1) is locally Lipschitz continuous and coercive.

Proof. Fix a compact set K ⊂ Rd0×d1 . For any A,A′ ∈ K, it follows from (3.16) and

(3.17) that,

OTA′(µ0, µ1) − OTA(µ0, µ1) ≤ −32
∫

x⊺(A′ − A)ydπA(x, y)

≤ 32∥A′ − A∥F
∥∥∥∥∥∫ xy⊺dπA(x, y)

∥∥∥∥∥
F
,

OTA′(µ0, µ1) − OTA(µ0, µ1) ≥ −32∥A′ − A∥F
∥∥∥∥∥∫ xy⊺dπA′(x, y)

∥∥∥∥∥
F
,

that is,

|OTA′(µ0, µ1) − OTA(µ0, µ1)|

≤ 32∥A′ − A∥F
(∥∥∥∥∥∫ xy⊺dπA′(x, y)

∥∥∥∥∥
F

∨∥∥∥∥∥∫ xy⊺dπA(x, y)
∥∥∥∥∥

F

)
.

Applying Lemma 5, we obtain

|OTA′(µ0, µ1) − OTA(µ0, µ1)| ≤ 32
√

M2(µ0)M2(µ1)∥A′ − A∥F.

Further,
∣∣∣∥A∥2F − ∥A′∥2F∣∣∣ = (∥A∥F + ∥A′∥F) |∥A∥F − ∥A′∥F| ≤ 2 supK ∥ · ∥F∥A − A′∥F.

To show coercivity, observe that, for any A ∈ Rd0×d1 and π ∈ Π(µ0, µ1),∫
−4∥x∥2∥y∥2 − 32x⊺Aydπ(x, y) ≥ −4

√
M4(µ0)M4(µ1) − 32

√
M2(µ0)M2(µ1)∥A∥F

Hence 32∥A∥F + OTA(µ0,µ1)
∥A∥F

→ ∞ as ∥A∥F → ∞ proving coercivity. □

Lemma 7. The Clarke subdifferential of Φ(µ0,µ1) at A ∈ Rd0×d1 is given by

∂Φ(µ0,µ1)(A) =
{

64A − 32
∫

xy⊺dπA(x, y) : πA is an OT plan for OTA(µ0, µ1)
}
. (3.18)
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Proof. We first establish that ∂Φ(µ0,µ1) is a subset of the right hand side in (3.18). By

Rademacher’s theorem, local Lipschitz continuity of Φ(µ0,µ1) (Lemma 6) guarantees that

it is differentiable on a set Λ of full measure and, by Theorem 8.1 in [48], the Clarke

subdifferential of Φ(µ0,µ1) at A ∈ Rd0×d1 can be defined as

∂Φ(µ0,µ1)(A) = conv
({

lim
Ω∋An→A

(DΦ(µ0,µ1))[An]

})
where Ω is any subset of Λ for which Λ\Ω is negligible and it is presupposed that

the limit converges (here conv denotes the convex hull operation on a set). From

Lemma 4, (DΦ(µ0,µ1))[An] can be identified with 64
(
An −

1
2

∫
xy⊺dπAn(x, y)

)
where

πAn is any OT plan for OTAn(µ0, µ1) (by assumption all such cross-correlation ma-

trices are identical). As An → A, it follows from the proof of Lemma 4 that

πAn

w
→ πA up to a subsequence, where πA is some OT plan for OTA(µ0, µ1). Thus,

∂Φ(µ0,µ1)(A) = 64A − 32 conv
({∫

xy⊺dπA(x, y) : ∃ πAn

w
→ πA,An ∈ Ω

})
. If A ∈ Λ,

∂Φ(µ0,µ1)(A) = D
(
Φ(µ0,µ1)

)
[A]

, whereas if A < Λ, the previous convex hull is a subset

of the set of all cross-correlation matrices for some OT plan for OTA(µ0, µ1), noting that

any convex combination of OT plans is also an OT plan.

Now, we show that ∂Φ(µ0,µ1) is a superset of the right hand side in (3.18). To this end,

note that A ∈ Rd0×d1 7→ −OTA(µ0, µ1) is convex by Theorem 5.5 in [167] as it can be

expressed as the pointwise supremum of a collection of linear functions of A. By (3.16),

it follows that

−OTA′(µ0, µ1) − (−OTA(µ0, µ1)) ≥
〈
32

∫
xy⊺dπA(x, y),A′ − A

〉
F
,

for any A′ ∈ Rd0×d1 and any choice of OT plan, πA, for OTA(µ0, µ1) so that the subdif-

ferential of −OT(·)(µ0, µ1) at A (in the sense of convex analysis) contains all matrices

of the form 32
∫

xy⊺dπA(x, y). Note, however, that the Clarke subdifferential coincides

with the (convex) subdifferential in this context (see Proposition 2.2.7 in [50]) and that
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∂Φ(µ0,µ1)(A) = 64A − ∂(−OT(·)(µ0, ν1))(A) by Proposition 2.3.1 and Corollary 1 on p.39

of [50], proving the complementary inclusion. □

We now prove point 2, concluding the proof of Theorem 8.

Proof of Theorem 8 (2). By Proposition 2.3.2 in [50], if Ā is a local minimizer forΦ(µ0,µ1),

then 0 ∈ ∂Φ(µ0,µ1)(Ā), characterized in Lemma 7. Thus, there exists an OT plan πĀ for

OTĀ(µ0, µ1) satisfying 2Ā =
∫

xy⊺dπĀ(x, y) ∈ BF(
√

M2(µ0)M2(µ1)) by Lemma 5. By

coercivity, proved in Lemma 6, at least one local minimizer is globally optimal.

Now, assume that µ0, µ1 are centered. It is straightforward to see that if A⋆ solves

(3.9), then the associated OT plan πA⋆ satisfies

S1(µ0, µ1) + S2(µ0, µ1) =
" ∣∣∣∥x − x′∥2 − ∥y − y′∥2

∣∣∣2 dπA⋆ ⊗ πA⋆(x, y, x′, y′),

such that πA⋆ is optimal for (3.7) (see Section 5.1 in [223] for details). □

3.8.2 Proofs for Section 3.3

Proof of Theorem 9

We first show that the OT potentials for OTA(ν0, ν1) can be chosen as to satisfy uniform

bounds for any choice of (ν0, ν1) ∈ Pµ0 × Pµ1 and A ∈ BF(M).

Lemma 8. For any (ν0, ν1) ∈ Pµ0 × Pµ1 , A ∈ BF(M), and any choice of OT potentials

(φ0, φ1) for OTA(ν0, ν1), there exists a version, (φ̃0, φ̃1), of (φ0, φ1) satisfying ∥φ̃0∥∞,X0 ∨

∥φ̃1∥∞,X1 ≤ K where K depends only on ∥X0∥∞ and ∥X1∥∞.

Proof. In the discrete setting, OTA(ν0, ν1) can be identified with a finite dimensional

linear program. By the complementary slackness conditions, any pair OT potentials
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(φ0, φ1) for OTA(ν0, ν1) satisfies φ0(x)+φ1(y) = cA(x, y) at all points (x, y) ∈ X0×X1 where

π({(x, y)}) > 0 for any choice of OT plan π for OTA(ν0, ν1). As π ∈ Π(ν0, ν1) and spt(νi) =

Xi for i = 0, 1, for every x ∈ X0 there exists yx ∈ X1 for which φ0(x) + φ1(yx) = cA(x, yx)

and, similarly, for every y ∈ X1 there exists xy ∈ X0 for which φ0(xy) + φ1(y) = cA(xy, y).

Moreover, yx ∈ argminX1
{cA(x, ·) − φ1} and xy ∈ argminX0

{cA(·, y) − φ0}, as φ0⊕φ1 ≤ cA.

Whence,

−∥cA∥∞,X0×X1 − sup
X1

φ1 ≤ φ0(x) = inf
X1
{cA(x, ·) − φ1} ≤ ∥cA∥∞,X0×X1 − sup

X1

φ1,

−∥cA∥∞,X0×X1 − sup
X0

φ0 ≤ φ1(y) = inf
X0
{cA(·, y) − φ0} ≤ ∥cA∥∞,X0×X1 − sup

X0

φ0.

Let (φ̃0, φ̃1) = (φ0 + C, φ1 − C) for C = − supX0
φ0 + ∥cA∥∞,X0×X1 such that supX0

φ̃0 =

∥cA∥∞,X0×X1 . From the prior display, we have ∥φ̃1∥∞,X1 ≤ 2∥cA∥∞,X0×X1 , ∥φ̃0∥∞,X0 ≤

∥cA∥∞,X0×X1 .

It suffices, therefore, to bound ∥cA∥∞,X0×X1 . To this end, for any (x, y) ∈ X0 × X1,

|cA(x, y)| = | − 4∥x∥2∥y∥2 − 32x⊺Ay| ≤ 4∥X0∥
2
∞∥X1∥

2
∞ + 32∥X0∥∞∥X1∥∞M, (3.19)

where the inequality is due to the triangle inequality and the fact that |x⊺Ay| =

|⟨xy⊺,A⟩F| ≤ ∥xy⊺∥F∥A∥F = ∥x∥∥y∥∥A∥F ≤ ∥X0∥∞∥X1∥∞M as A ∈ BF(M). □

Next, we address the failure of the directional regularity condition from [27]. In what

follows, we assume without loss of generality that µ0 and µ1 are centered. In the case

that µ0, µ1 are not centered, observe that the limit in (3.22) can be written as

lim
t↓0

D(µ0,t, µ1,t)2 − D(µ0, µ1)2

t

= lim
t↓0

D((Id−Eµ0[X])♯µ0,t, (Id−Eµ1[X])♯µ1,t)2 − D(µ̄0, µ̄1)2

t
,

by translation invariance of the Gromov-Wasserstein distance. As the subsequent argu-

ments only require that the perturbed measures and the base measures are supported on
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the same points and that the base measures are centered, we may apply the same result to

the limit on the right hand side to prove the general claim.

Our proof technique is inspired by the arguments presented in Section 4.3.2 of [27].

However, we highlight that the results contained therein are not applicable to the current

setting as the so-called directional regularity condition does not hold.

Remark 19 (Failure of directional regularity). Consider the perturbed problem

inf
P∈RN0×N1

⟨P,∆(P)⟩F ,

s.t. P1N1 = m0,t,

P⊺1N0 = m1,t,

Pi j ≥ 0, ∀(i, j) ∈ [N0] × [N1],

(3.20)

where (m0,t,m1,t) ∈ RN0 × RN1 are the weight vectors for µ0,t and µ1,t for t ∈ [0, 1]. To

establish stability of the optimal value of (3.20) at t = 0, Theorem 4.24 in [27] can be

applied provided that the directional regularity condition holds.

According to Theorem 4.9 in [27], the directional regularity condition for the problem

(3.20) holds at a point P ∈ RN0×N1 which is feasible for (3.20) at t = 0 in the direction

d = (n0 − m0, n1 − m1, 0) where n0, n1 are the weight vectors for ν0, ν1 if and only if

0 ∈ int
(
G(P, (m0,m1))+DG[(P,(m0,m1))](RN0×N1 , {t(n0−m0, n1−m1) : t ≥ 0})−K

)
, (3.21)

where G(Q, (r0, r1)) = (Q1N1 − r0,Q⊺1N0 − r1,Q) and K = {0} × {0} × [0,∞)N0×N1 . It is

easy to see that

DG[(P,(m0,m1))](RN0×N1 , {t(n0 − m0, n1 − m1) : t ≥ 0})

=
{
(Q1N1 − t(n0 − m0),Q⊺1N0 − t(n1 − m1),Q) : Q ∈ RN0×N1 , t ≥ 0

}
,

so that condition (3.21) reads

0 ∈ int
({

(Q1N1 − t(n0 − m0),Q⊺1N0 − t(n1 − m1),P +Q − S)

: Q ∈ RN0×N1 , S ∈ [0,∞)N0×N1 , t ≥ 0
})
.
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We remark that the first and second coordinates of any triple in the above set satisfy

1
⊺
N1

(
Q1N1 − t(n0 − m0)

)
= 1

⊺
N1

Q1N0 = 1
⊺
N1

Q⊺1N0 = 1
⊺
N1

(
Q⊺1N0 − t(n1 − m1)

)
,

as n0 − m0 and n1 − m1 have total mass zero. It follows that this set has empty interior

and thus condition (3.21) fails.

For ease of presentation, we separate the proof of Theorem 9 into a number of

lemmas.

Lemma 9. Fix (ν0, ν1) ∈ Pµ0 × Pµ1 and let ρi = νi − µi, µi,t = µi + tρi for t ∈ [0, 1] and

i ∈ {0, 1}. Then,

d
dt

D(µ0,t, µ1,t)2
∣∣∣
t=0
= inf

A∈A
inf
π∈Π̄⋆A

sup
(φ0,φ1)∈D̄A

{∫
( f0 + g0,π + φ̄0)dρ0

+

∫
( f1 + g1,π + φ̄1)dρ1

}
,

(3.22)

where
f0 = 2

∫
∥ · −x∥4dµ0(x) − 4M2(µ̄1)∥ · −Eµ0[X]∥2,

f1 = 2
∫
∥ · −y∥4dµ0(y) − 4M2(µ̄0)∥ · −Eµ1[X]∥2,

g0,π = 8E(X,Y)∼π[∥Y∥2X]⊺(·),

g1,π = 8E(X,Y)∼π[∥X∥2Y]⊺(·),

φ̄i = φi(· − Eµi[X]) for i = 0, 1, and, for A ∈ BF(M), Π̄⋆A is the set of all OT plans for

OTA(µ̄0, µ̄1), and D̄A is the set of all corresponding OT potentials.

Proof. Assume without loss of generality that µ0 and µ1 are centered. We begin by

establishing an upper bound on the limit. To this end, let π̄ ∈ Π(µ0, µ1) be an arbitrary

GW plan for D(µ0, µ1), and let γ be a finite signed measure on X0 × X1 with first

marginal ν0 − µ0, second marginal ν1 − µ1, and with γ({(x(i), y( j))}) ≥ 0 for every (i, j) ∈
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I(π̄) :=
{
(i, j) ∈ [N0] × [N1] : π̄({(x(i), y( j))}) = 0

}
. With this, π̄ + tγ ∈ Π(µ0,t, µ1,t) for

every t ∈ [0, 1] sufficiently small, whence

D(µ0,t, µ1,t)2 − D(µ0, µ1)2 ≤

∫
∆d (π̄ + tγ) ⊗ (π̄ + tγ) −

∫
∆dπ̄ ⊗ π̄

= 2t
∫
∆dπ̄ ⊗ γ + t2

"
∆dγ ⊗ γ,

(3.23)

for all such t.

We now tighten the right hand side of (3.23) by optimizing over the choice of

γ in the first term of the last line. To this end, define C ∈ RN0×N1 as Ci j =

2
∫
∆

(
x(i), y( j), x, y

)
dπ̄(x, y) for (i, j) ∈ [N0] × [N1] and consider the linear program

inf
G∈RN0×N1

⟨C,G⟩F

subject to G1N1 = n0 − m0,

G⊺1N0 = n1 − m1,

Gi j ≥ 0, ∀ (i, j) ∈ I(π̄),

(3.24)

where 1Ni is the vector of all 1’s of length Ni for i = 0, 1, and the vectors n0,m0 ∈

RN0 , n1,m1 ∈ R
N1 contain the weights of ν0, µ0, ν1, and µ1 respectively. The corresponding

dual problem is given by

sup
y∈RN0 ,z∈RN1

(S i j)(i, j)∈I(π̄)

y⊺(n0 − m0) + z⊺(n1 − m1)

subject to yi + z j = Ci j, ∀ (i, j) < I(π̄),

yi + z j + S i j = Ci j, ∀ (i, j) ∈ I(π̄),

S i j ≥ 0.

(3.25)
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Since µ0, µ1 are centered we have, for (i, j) ∈ [N0] × [N1], Ci j is given by

2
∫
∥x(i) − x∥4 − 2∥x(i) − x∥2∥y( j) − y∥2 + ∥y( j) − y∥4dπ̄(x, y)

= 2
∫
∥x(i) − x∥4dµ0(x) + 2

∫
∥y( j) − y∥4dµ1(y) − 4M2(µ1)∥x(i)∥2 − 4M2(µ0)∥y( j)∥2

+ 8
∫
⟨x(i), x⟩∥y∥2dπ̄(x, y) + 8

∫
∥x∥2⟨y( j), y⟩dπ̄(x, y) − 4

∫
∥y∥2∥x∥2dπ̄(x, y)

− 4∥x(i)∥2∥y( j)∥2 − 16
∫
⟨x(i), x⟩⟨y( j), y⟩dπ̄(x, y),

where only the final two terms in the display depend simultaneously on x(i) and y( j).

Adopting the auxiliary variables r ∈ RN0 , s ∈ RN1 given by

ri = yi − 2
∫
∥x(i) − x∥4dµ0(x) − 8

∫
⟨x(i), x⟩∥y∥2dπ̄(x, y) + 4M2(µ1)∥x(i)∥2

s j = z j − 2
∫
∥y( j) − y∥4dµ1(y) − 8

∫
∥x∥2⟨y( j), y⟩dπ̄(x, y) + 4M2(µ0)∥y( j)∥2

+ 4
∫
∥y∥2∥x∥2dπ̄(x, y)

(3.26)

for every (i, j) ∈ [N0] × [N1], we obtain the equivalent dual problem

sup
r∈RN0 ,s∈RN1
(S i j)(i, j)∈I(π̄)

r⊺(n0 − m0) + s⊺(n1 − m1) + ςπ̄

subject to ri + s j = Ri j, ∀ (i, j) < I(π̄),

ri + s j + S i j = Ri j, ∀ (i, j) ∈ I(π̄),

S i j ≥ 0,

(3.27)

where Ri j = −4∥x(i)∥2∥y( j)∥2 − 16
∫
⟨x(i), x⟩⟨y( j), y⟩dπ̄(x, y) for (i, j) ∈ [N0] × [N1], and

ςπ̄ =

N0∑
i=1

(
2
∫
∥x(i)− x∥4dµ0(x)+8

∫
⟨x(i), x⟩∥y∥2dπ̄(x, y)−4M2(µ1)∥x(i)∥2

)
(n0−m0)i +

N1∑
j=1

(
2
∫
∥y( j)−y∥4dµ1(y)+8

∫
∥x∥2⟨y( j), y⟩dπ̄(x, y)−4M2(µ0)∥y( j)∥2

)
(n1−m1) j ,

the term involving 4
∫
∥y∥2∥x∥2dπ̄(x, y) is omitted, as n1 − m1 sums to 0.
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If (r, s) is feasible for (3.27), ri + s j ≤ Ri j for every (i, j) ∈ [N0] × [N1] with equality

when (i, j) ∈ I(π̄) (i.e. when (x(i), y( j)) ∈ spt(π̄)). Recall from Section 3.2.4 that, as π̄ is

optimal for D(µ0, µ1), it is also optimal for OTAπ̄
(µ0, µ1), where Aπ̄ =

1
2

∫
xy⊺dπ̄(x, y). It

follows that r⊺m0 + s⊺m1 =
∫

cAπ̄
dπ̄ such that (r, s) can be identified with a pair of OT

potentials for OTAπ̄
(µ0, µ1). As the objective in (3.27) is invariant to the transformation

(r, s) 7→ (r +C, s −C) and any choice of OT potential for OTAπ̄
(µ0, µ1) admits a version

which is bounded (see Lemma 8), the feasible set in (3.27) can be restricted to a bounded

set. Conclude that (3.27) (and hence (3.25)) admit optimal solutions so that strong duality

holds between the problems (3.27) and (3.24) holds (i.e. their optimal values coincide).

Given these deliberations, it follows from (3.23) that

lim sup
t↓0

D(µ0,t, µ1,t)2 − D(µ0, µ1)2

t

≤ ςπ̄ + sup
(φ0,φ1)∈DAπ̄

{∫
φ0d(ν0 − µ0) +

∫
φ1d(ν1 − µ1)

}
,

which can be further tightened by minimizing the right hand side over all optimal

couplings for D(µ0, µ1)2. Alternatively, if A ∈ argminBF(M)

(
Φ(µ0,µ1)

)
, then any optimal

coupling, π⋆, for OTA(µ0, µ1) with A = 1
2

∫
xy⊺dπ⋆(x, y) is optimal for D(µ0, µ1)2 by

Theorem 8 (as aforementioned, any solution π to D(µ0, µ1)2 also solves OTA(µ0, µ1) for

A = 1
2

∫
xy⊺dπ(x, y)) yielding

lim sup
t↓0

D(µ0,t, µ1,t)2 − D(µ0, µ1)2

t
≤

∫
f0dρ0 +

∫
f1dρ1

+ inf
A∈A

 inf
π∈Π̄⋆A

∫
g0,πdρ0 +

∫
g1,πdρ1 + sup

(φ0,φ1)∈D̄A

∫
φ̄0dρ0 +

∫
φ̄1dρ1

 ,
(3.28)

upon expanding the expression for ςπ̄.

We conclude by proving the complementary inequality. Let tn ↓ 0 be arbitrary, and

let πtn be any GW plan for D(µ0,tn , µ1,tn). In what follows, we write Ptn for the matrix with

entries
(
Ptn

)
i j = πtn

({
(x(i), y( j))

})
for (i, j) ∈ [N0] × [N1] and m0, n0,m1, n1 for the vectors
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of weights of µ0, ν0, µ1, ν1 as in the first half of the proof. With this, D(µ0,t, µ1,t)2 can be

viewed as a perturbation of the (finite dimensional) quadratic program D(µ0, µ1)2 given

in (3.11), where the equality constraints are of the form

{
P ∈ RN0×N1 : ⟨Λi,P⟩F = bi(t) for i ∈ [N0 + N1]

}
for some fixed matrices (Λi)

N0+N1
i=1 ⊂ RN0×N1 and a vector b(t) = (m0 + t(n0 − m0),m1 +

t(n1 − m1)) ∈ RN0+N1 . In this setting, the set of matrix solutions, S t, of D(µ0,t, µ1,t)2 for

t ∈ [0, 1] satisfies

S t ⊂ S 0 + γ ∥(m0,t,−m0,t, n0,t,−n0,t) − (m0,−m0, n0,−n0)∥︸                                                     ︷︷                                                     ︸
=t∥(m0−n0,n0−m0,m1−n1,n1−m1)∥

BF(1), (3.29)

for all t sufficiently small, where γ > 0 is a constant and the addition is understood in the

sense of Minkowski (see Theorem 3 in [124]).

By the Heine-Borel theorem, there exists a subsequence tn′ along which Ptn′ → P ∈

[0, 1]N0×N1 and, evidently, P ∈ S 0 by the previous arguments.7 It follows from (3.29) that,

for every n′ sufficiently large, there exists some P0
n′ ∈ S 0 with ∥P0

n′ − Ptn′ ∥F = O(tn′).

Let (yn′ , zn′ , (S n′
i j )(i, j)∈I(πn′ )) denote a solution to (3.25), where the set I(π̄) is replaced

by I(πn′) (where πn′ is the coupling with weights given by P0
n′), and the cost C is replaced

by Cn′ with (Cn′)i j = 2
∫
∆

(
x(i), y( j), x, y

)
dπn′(x, y) for (i, j) ∈ [N0] × [N1] (note that all

of the implications regarding (yn′ , zn′ , (S n′
i j )(i, j)∈I(πn′ )) derived in the first half of the proof

still hold, as πn′ is optimal for D(µ0, µ1)2). For notational convenience, let Sn′ ∈ R
N0×N1

be such that

(Sn′)i j =


S n′

i j = (Cn′)i j − (yn′)i − (zn′) j, if (i, j) ∈ I(πn′),

0, if (i, j) < I(πn′),

and observe that 0 = ⟨Sn′ ,P0
n′⟩F = ⟨Cn′ ,P0

n′⟩F − ⟨yn′ ,m0⟩ − ⟨zn′ , n0⟩ by definition, and

7Indeed, d(P, S 0) ≤ ∥P − Ptn′ ∥F + d(Ptn′ , S 0)→ 0 as tn′ ↓ 0, where d(·, S 0) = infQ∈S 0 {d(·,Q)}.
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⟨Sn′ ,B⟩F ≥ 0 for any B ∈ [0,∞)N0×N1 as S n′
i j ≥ 0. As such,

⟨Sn′ ,Ptn′ ⟩F = ⟨Cn′ ,Ptn′ ⟩F − ⟨yn′ ,m0 + tn′(n0 − m0)⟩ − ⟨zn′ ,m1 + tn′(n1 − m1)⟩

= ⟨Cn′ ,Pt′n − P0
n′⟩F − tn′⟨yn′ , n0 − m0⟩ − tn′⟨zn′ , n1 − m1⟩ ≥ 0.

(3.30)

Let a : P ∈ RN0×N1 7→
∑

i,k∈[N0]
j,l∈[N1]

Pi j∆(x(i), y( j), x(k), y(l))Pkl denote the quadratic form whose

minimization underlies the discrete Gromov-Wasserstein distance. As a is smooth with

(Fréchet) derivative Da[P](Q) = 2
∑

i,k∈[N0]
j,l∈[N1]

Pi j∆(x(i), y( j), x(k), y(l))Qkl, we have

a(Ptn′ ,Ptn′ ) − a(P0
n′ ,P

0
n′) − ⟨Cn′ ,Ptn′ − P0

n′⟩F = O
(
∥Pt′n − P0

n′∥
2
)
= O

(
t2
n′
)
,

so that, from (3.30),

D(µ0,tn′ , µ1,tn′ )
2 − D(µ0, µ1)2 ≥ a(Ptn′ ,Ptn′ ) − a(P0

n′ ,P
0
n′) − ⟨Sn′ ,Ptn′ ⟩F

= a(Ptn′ ,Ptn′ ) − a(P0
n′ ,P

0
n′) − ⟨Cn′ ,Ptn′ − P0

n′⟩F

+ tn′⟨yn′ , n0 − m0⟩ + tn′⟨zn′ , n1 − m1⟩

= tn′⟨yn′ , n0 − m0⟩ + tn′⟨zn′ , n1 − m1⟩ + o(tn′).

(3.31)

Recall from (3.26) and (3.27) and the surrounding discussion that (yn′ , zn′) satisfy

⟨yn′ , n0 − m0⟩ + ⟨zn′ , n1 − m1⟩

= sup
(φ0,φ1)∈D̄A(πn′ )

{∫
φ0d(ν0 − µ0) +

∫
φ1d(ν1 − µ1)

}
+ ςπn′

≥ inf
π∈Π̄⋆

 sup
(φ0,φ1)∈D̄A(π)

{∫
φ0d(ν0 − µ0) +

∫
φ1d(ν1 − µ1)

}
+ ςπ

 ,
(3.32)

where A(π) = 1
2

∫
xy⊺dπ, and Π̄⋆ denotes the set of optimal couplings for D(µ0, µ1)2. It

follows from (3.31) and (3.32) that

lim inf
tn′↓0

D(µ0,tn′ , µ1,tn′ )
2 − D(µ0, µ1)2

tn′

≥ inf
π∈Π̄⋆

 sup
(φ0,φ1)∈D̄A(π)

{∫
φ0d(ν0 − µ0) +

∫
φ1d(ν1 − µ1)

}
+ ςπ

 .
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As this final lower bound is independent of the choice of subsequence, and the initial

choice of sequence tn ↓ 0 was arbitrary,

lim inf
t↓0

D(µ0,t, µ1,t)2 − D(µ0, µ1)2

t

≥ inf
π∈Π̄⋆

 sup
(φ0,φ1)∈D̄A(π)

{∫
φ0d(ν0 − µ0) +

∫
φ1d(ν1 − µ1)

}
+ ςπ

 ,
the right hand side can be rewritten in the same form as the right hand side of (3.28) by

expanding ςπ and applying the same reasoning as the first part of the proof, proving the

claim. □

Lemma 10. For any pairs (ν0, ν1), (ρ0, ρ1) ∈ Pµ0 ×Pµ1 ,
∣∣∣D(ν0, ν1)2 − D(ν0, ν1)2

∣∣∣ ≤ C∥ν0 ⊗

ν1 − ρ0 ⊗ ρ1∥∞,F ⊕ for some constant C > 0 which is independent of (ν0, ν1), (ρ0, ρ1).

Proof. Analogously to the proof of Lemma 9, D(ν0, ν1)2 and D(ν0, ν1)2 represent the

optimal values of quadratic programs on RN0×N1 . Let n0, p0, n1, p1 denote the weight

vectors for ν0, ρ0, ν1, ρ1 respectively. By Theorem 3 in [124],

|D(ν0, ν1)2 − D(ν0, ν1)2| ≤ C′∥(n0,−n0, n1,−n1) − (p0,−p0, p1,−p1)∥

≤
√

2C′ (∥n0 − p0∥ + ∥n1 − p1∥) ,
(3.33)

for some constant C′ which is independent of n0, n1, p0, p1, as all vectors involved lie in

a bounded set and result in nonempty feasible sets for the relevant quadratic programs.

As F0,F1 are symmetric in the sense that if f ∈ F0, then − f ∈ F0, and similarly for F1,

∥ν0 ⊗ ν1−ρ0 ⊗ ρ1∥∞,F ⊕ = sup
f∈F0

|(ν0−ρ0)( f )|+ sup
f∈F1

|(ν1−ρ1)( f )|= ∥n0 − p0∥1 + ∥n1 − p1∥1.

As all norms on a finite dimensional space are equivalent, this display and (3.33) prove

the claim. □

Proof of Theorem 9. Theorem 9 follows directly from Lemmas 9 and 10. □
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Proof of Theorem 10

The generic limit theorems follow from Theorem 9 by applying the delta method, see

Proposition 16.

To see that the empirical measure satisfies the desired condition, note that, in this

setting, µ̂0,n and µ0 can be identified with vectors of weights m̂0,n and m0 ∈ R
N0 . By the

central limit theorem,
√

n
(
m̂0,n − m0

) d
→ N(0,Σm0),

where Σm0 is the multinomial covariance matrix

(Σµ0)i j =


(m0)i(1 − (m0)i), if i = j,

−(m0)i(m0) j, otherwise.

Thus,
√

n(µ̂0,n − µ0)
d
→ Gµ0 in ℓ∞(F0) where Gµ0 is a µ0-Brownian bridge. An

analogous result evidently holds for
√

n(µ̂1,n − µ1).

As the X0,i’s and X1,i’s are independent, Example 1.4.6 in [201] and Lemma 3.2.4 [73]

imply that

√
n
(
µ̂0,n − µ0, µ̂1,n − µ1

) d
→ (Gµ0 ,Gµ1), in ℓ∞(F0) × ℓ∞(F1).

As the map (l0, l1) ∈ ℓ∞(F0) × ℓ∞(F1) 7→ l0 ⊗ l1 ∈ ℓ
∞(F ⊕) is continuous it follows from

the continuous mapping theorem that

√
n
(
µ̂0,n ⊗ µ̂1,n − µ0 ⊗ µ1

) d
→ Gµ0⊗µ1 , in ℓ∞(F ⊕),

where Gµ0⊗µ1( f0 ⊕ f1) = Gµ0( f0) +Gµ1( f1) for every f0 ⊕ f1 ∈ F
⊕. □
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Proof of Corollary 5

Throughout we assume without loss of generality that d0 ≤ d1 and let ι : x ∈ Rd0 →

(x, 0, . . . , 0) ∈ Rd1 denote an isometric embedding of Rd0 into Rd1 .

Lemma 11. If T♯µ̄0 = µ̄1 for some isometry T : spt(µ̄0)→ spt(µ̄1) then T is inner product

preserving.

Proof. Let S : ι(spt(µ̄0))→ spt(µ̄1) be an isometry defined via S = T ◦ ι−1 and extend S

to an isometric self-map on Rd1 which we denote by the same symbol. By the Mazur-

Ulam theorem, S (y) = Uy + b for some orthogonal matrix U ∈ Rd1 × Rd1 and b ∈ Rd1 .

Observe that

0 = Eµ̄1[X] = Eµ̄0[T (X)] =
N∑

i=1

µ̄0({x(i)})
(
Uι(x(i)) + b

)
= b + U

N∑
i=1

µ̄0({x(i)})ι(x(i)).

As Eµ̄0[X] = 0,
∑N

i=1 µ̄0({x(i)})ι(x(i)) = ι(Eµ̄0[X]) = 0 so that b = 0. Conclude that, for any

x, x′ ∈ spt(µ̄0), T (x)⊺T (x′) = ι(x)⊺U⊺Uι(x′) = x⊺x′. □

Lemma 12. Suppose that T♯µ̄0 = µ̄1 for some isometry T : spt(µ̄0) → spt(µ̄1). Then,

for any A ∈ A and π ∈ Π̄⋆A, π is induced by an isometric alignment map Tπ, g0,π(x) =

8x⊺Eµ̄0[∥X∥
2X], g1,π(y) = 8y⊺Eµ̄1[∥Y∥

2Y], and every pair of OT potentials for OTA(µ̄0, µ̄1)

is of the form

φ0(x) = −2∥x∥4 − 8x⊺Σµ̄0 x + h(x), φ1(y) = −2∥y∥4 − 8y⊺Σµ̄1y − h(T−1
π (y))

for some h ∈ H .

Proof. Given that T♯µ̄0 = µ̄1, we have that D(µ̄0, µ̄1) = 0 whereby π is a GW plan

if and only if it is induced by a Gromov-Monge map Tπ : spt(µ̄0) → spt(µ̄1) which

may differ from T . In any case, g0,π(x) = 8x⊺E(X,Y)∼π

[
∥Y∥2X

]
= 8x⊺Eµ̄0

[
∥Tπ(X)∥2X

]
=
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8x⊺Eµ̄0

[
∥X∥2X

]
where we have used the fact that Tπ is inner product preserving and hence

norm preserving (see Lemma 11). The same arguments apply to g1,π.

From Theorem 8, A ∈ A if and only if A = 1
2

∫
xy⊺dπ(x, y) = 1

2

∫
zTπ(z)⊺dµ̄0(z) for

some GW plan π. The corresponding OT potentials (φ0,π, φ1,π) for OTA(µ̄0, µ̄1) satisfy

φ0,π(x) + φ1,π(y) ≤ −4∥x∥2∥y∥2 − 32x⊺Ay

for every (x, y) ∈ spt(µ̄0) × spt(µ̄1) with equality π-a.e. Observe that

−4∥x∥2∥y∥2 = 2
(
∥x∥2 − ∥y∥2

)2
− 2∥x∥4 − 2∥y∥4,

whereas

(x − T−1
π (y))⊺A(Tπ(x) − y) = −x⊺Ay +

1
2

x⊺Σµ̄0 x +
1
2

y⊺Σµ̄1y − x⊺Ay,

noting that x⊺ATπ(x) = 1
2

∫
x⊺zTπ(z)⊺Tπ(x)dµ̄0(z) = 1

2

∫
x⊺zz⊺xdµ̄0(z) = 1

2 x⊺Σµ̄0 x and

that

T−1
π (y)⊺ATπ(x) =

1
2

∫
y⊺Tπ(z)z⊺xdµ̄0(z) =

1
2

x⊺
∫

zTπ(z)⊺dµ̄0(z)y = x⊺Ay.

In sum,

φ0,π(x) + 2∥x∥4 + 8x⊺Σµ̄0 x + φ1,π(y) + 2∥y∥4 + 8y⊺Σµ̄1y

≤ 2
(
∥x∥2 − ∥y∥2

)2
+ 16(x − T−1

π (y))⊺A(Tπ(x) − y),

and, setting φ0,π(x) = −2∥x∥4 − 8x⊺Σµ̄0 x + h(x) and φ1,π(y) = −2∥y∥4 − 8y⊺Σµ̄1y + g(y)

for some functions h : spt(µ̄0)→ R and g : spt(µ̄1)→ R, since π = (Id, Tπ)♯µ̄0 we must

have that h(x) + g(Tπ(x)) = 0 for every x ∈ spt(µ̄0) hence g(y) = −h(T−1
π (y)). In order for

(φ0,π, φ1,π) to be OT potentials we further enforce that

h(x) − h(T−1
π (y)) ≤ 2

(
∥x∥2 − ∥y∥2

)2
+ 16(x − T−1

π (y))⊺A(Tπ(x) − y),

for every (x, y) ∈ spt(µ̄0) × spt(µ̄1). As T−1
π (y) = spt(µ̄0) conclude that

h(x) − h(x′) ≤ 2
(
∥x∥2 − ∥x′∥2

)2
+ 16 (x − x′)⊺A(Tπ(x) − Tπ(x′))︸                            ︷︷                            ︸

= 1
2 (x−x′)⊺Σµ̄0 (x−x′)

,

for every x, x′ ∈ spt(µ̄0) whereby h ∈ H . □
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Proof of Corollary 5. Applying Theorem 10 and the result of Lemma 12,

√
nD(µ̂0,n, µ̂1,n)2 d

→ inf
A∈A

inf
π∈Π̄⋆A

sup
(φ0,φ1)∈D̄A

{
χµ0⊗µ1

(
( f0 + g0,π + φ̄0) ⊕ ( f1 + g1,π + φ̄1)

}
,

where g0,π(x) = 8x⊺Eµ̄0[∥X∥
2X], g1,π(y) = 8y⊺Eµ̄1[∥Y∥

2Y] which are independent of π and

A. Furthermore, for any A ∈ A and π ∈ Π̄A, π is induced by an (isometric) alignment

map Tπ : spt(µ̄0)→ spt(µ̄1) and every pair of OT potentials for OTA(µ̄0, µ̄1) is of the form

φ0(x) = −2∥x∥4 − 8x⊺Σµ̄0 x + h(x), φ1(y) = −2∥y∥4 − 8y⊺Σµ̄1y − h(T−1
π (y))

for some h ∈ H .

We now set ψ0(x) = −2∥x∥4 − 8x⊺Σµ̄0 x, ψ1(y) = −2∥y∥4 − 8y⊺Σµ̄1 x and show that

f0+g0+ ψ̄0 is constant so that f1+g1+ ψ̄1 is constant by symmetry. Then,
√

n(µ0,n⊗µ1,n−

µ0⊗µ1)( f0+g0+φ̄0⊕ f1+g1+φ̄1) =
√

n(µ0,n⊗µ1,n−µ0⊗µ1)(h(·−Eµ0[X])⊕−h(T−1(·−Eµ1[X])))

so that

χµ0⊗µ1( f0 + g0,π + φ̄0 ⊕ f1 + g1,π + φ̄1) = χµ0⊗µ1

(
h(· − Eµ0[X]) ⊕ −h(T−1(· − Eµ1[X]))

)
.

To this end, we first expand f0(x) = 2
∫
∥x − x′∥4dµ0(x′) − 4

∫
∥x′ − Eµ0[X]∥2∥x −

Eµ0[X]∥2dµ0(x′) (recall that M2(µ̄0) = M2(µ̄1) in this case) using the formula

2
∫
∥x − x′∥4dµ0(x′)

= 2
∫ (
∥x − Eµ0[X]∥2 + 2(x − Eµ0[X])⊺(Eµ0[X] − x′) + ∥Eµ0[X] − x′∥2

)2
dµ0(x′),

= 2
∫
∥x − Eµ0[X]∥4 + 4

∣∣∣(x − Eµ0[X])⊺(Eµ0[X] − x′)
∣∣∣2 + ∥Eµ0[X] − x′∥4dµ0(x′)

+ 4
∫
∥x − Eµ0[X]∥2∥Eµ0[X] − x′∥2 + 2(x − Eµ0[X])⊺(Eµ0[X] − x′)∥Eµ0[X] − x′∥2

+ 2(x − Eµ0[X])⊺(Eµ0[X] − x′)∥x − Eµ0[X]∥2dµ0(x′),

and note that ψ̄0(x) = −2∥x − Eµ0[X]∥4 − 8
∫ ∣∣∣(x − Eµ0[X])⊺(Eµ0[X] − x′)

∣∣∣2 dµ0(x′), and

g0(x) = 8(x − Eµ0[X])⊺Eµ0[∥X − Eµ0[X]∥2(X − Eµ0[X])] + 8Eµ0[X]⊺Eµ0[∥X − Eµ0[X]∥2(X −
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Eµ0[X])], whence

f0 + g0 + ψ̄0 =

∫
∥Eµ0[X] − x′∥4dµ0(x′) + 8Eµ0[X]⊺Eµ0[∥X − Eµ0[X]∥2(X − Eµ0[X])]

+ 8
∫
∥x − Eµ0[X]∥2(x − Eµ0[X])⊺(Eµ0[X] − x′)dµ0(x′)︸                                                             ︷︷                                                             ︸

=0

,

(3.34)

proving the claim.

Conclude that
√

nD(µ0,n, µ1,n)2 d
→ inf

A∈A
inf
π∈Π̄⋆A

sup
h∈H

{
χµ0⊗µ1

(
h(· − Eµ0[X]) ⊕ −h(T−1

π (· − Eµ1[X]))
)}

= inf
T∈T̄

sup
h∈H

{
χµ0⊗µ1

(
h(· − Eµ0[X]) ⊕ −h(T−1(· − Eµ1[X]))

)}
,

proving the first claim.

Specifying this result for the empirical measures, we have from Theorem 10 that

χµ0⊗µ1( f0 ⊕ f1) = Gµ0( f0) + Gµ1( f1) for every f0 ⊕ f1 ∈ F
⊕. It remains to show that

Gµ1

(
− h(T−1(· − Eµ1[X]))

)
= Gµ0

(
− h(· − Eµ0[X])

)
for any T ∈ T̄ . To this end, note that

if f1(· − Eµ1[X]), f ′1(· − Eµ1[X]) ∈ F1,

Cov(Gµ1( f1(· − Eµ1[X])),Gµ1( f ′1(· − Eµ1[X])))

= Covµ̄0( f1 ◦ T, f ′1 ◦ T )

= Cov
(
Gµ0

(
f1(T (· − Eµ0[X]))

)
,Gµ0( f ′1(T (· − Eµ0[X]))

))
,

thus
√

nD(µ̂0,n, µ̂1,n)2 d
→ suph∈H

{
Gµ0(h(· − Eµ0[X])) +G′µ0

(−h(· − Eµ0[X]))
}
, where G′µ0

is an independent copy of Gµ0 . As H is symmetric in the sense that if h ∈ H , then

−h ∈ H , this limit can be expressed as
√

2∥Gµ0∥∞,H̄ . □

Proof of Theorem 11

We will prove that the direct estimation approach proposed in Section 3.3.3 for estimating

the limit Lµ0 in Theorem 10 is consistent under the following, general, conditions. This
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enables us to treat both, by the same token, the empirical measures and the measures

defined in Section 3.6 for testing graph isomorphisms.

Assumption 2. The first set of assumptions regard the structure of χµ0⊗µ1 from Assump-

tion 1.

• χµ0⊗µ1( f0 ⊕ f1) = χµ0( f0) + χµ1( f1) for f0 ⊕ f1 ∈ F
⊕, where χµ0 and χµ1 are tight

mean-zero Gaussian processes on F0 and F1,

• For any Gromov-Monge map T between µ̄0 and µ̄1, it holds that χµ1(g1(· −Eµ0[X])) =

χµ0(g1(T (· − Eµ1[X]))) whenever g1(· − Eµ0[X]) ⊕ g1(T (· − Eµ1[X])) ∈ F ⊕,

• There exists a mean-zero Gaussian vector, Z ∈ RN0 , with covariance ΣZ for which

χµ0(h) = Z⊺uh for every h ∈ H̄ , where uh = (h(x̄(1)), . . . , h(x̄(N0))) ∈ RN0 for (x̄(i))N0
i=1 =

spt(µ̄0).

The remaining assumptions pertain to the construction of the direct estimator.

• µ0,n and Σn are estimators of µ0 and ΣZ constructed from samples Y1, . . . ,Yn from an

auxiliary distribution ν on some (perhaps distinct) space,

• Conditionally on Y1, Y2, . . . , Eµ0,n[X]→ Eµ0[X], Σµ̄0,n → Σµ̄0 , and Σn → ΣZ determin-

istically given almost every realization of Y1, Y2, . . .

Under Assumption 2, Lµ0 =
√

2∥χµ0∥∞,H̄ =
√

2 suph∈H̄ Z⊺uh as follows from the proof

of Corollary 5. This suggests setting (x̄(i))Nn
i=1 = spt(µ̄0,n) and estimating Lµ0 as

Ln =
√

2 sup
u∈Hn

Z⊺n u for Zn ∼ N(0,Σn) and

Hn =
{
u ∈ RNn | ui − u j ≤ 2(∥x̄(i)∥2 − ∥x̄( j)∥2)2

+ 8(x̄(i) − x̄( j))⊺Σµ̄0,n(x̄(i) − x̄( j)), i , j ∈ [Nn]
}
,

(3.35)
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Algorithm 4 Generate samples from Ln

Given samples Y1, . . . ,Yn from ν,
1: Let (x̄(i))Nn

i=1 = spt(µ̄0,n).
2: Let bn ∈ R

Nn(Nn−1) and A ∈ RNn(Nn−1)×Nn be such thatHn = {u ∈ RNn : Au ≤ bn}.
3: Sample Zn ∼ N(0,Σn) and solve

√
2 supu∈Hn

Z⊺n u ∼ Ln, padding u by zeros if neces-
sary. Repeat step 3 to generate more samples.

Algorithm 4 summarizes the procedure for sampling from Ln.

We now establish the following generalization of Theorem 11

Theorem 18. In the setting of Corollary 5 and Assumption 2, if P(Z⊺n 1N0 = 0) =

P(Z⊺1N0 = 0) = 1 for all n sufficiently large and Z is not a point mass, then

lim
n→∞

sup
t≥0

∣∣∣P(Ln ≤ t|Y1, Y2, . . . ,Yn) − P(Lµ0 ≤ t)
∣∣∣ = 0,

for almost every realization of Y1, Y2, . . .

The proof of Theorem 18 depends on the following technical lemmas.

Lemma 13. H , treated as a subset of RN0 , has empty interior if and only if µ0 is a point

mass.

Proof. For any x, x′ ∈ spt(µ̄0),

(x − x′)⊺Σµ̄0(x − x′) =
∑

z∈spt(µ̄0)

µ̄0({z})(x − x′)⊺zz⊺(x − x′)

=
∑

z∈spt(µ̄0)

µ̄0({z})(z⊺x − z⊺x′)2,

so that (x − x′)⊺Σµ̄0(x − x′) = 0 if and only if x = x′. To see this, observe that, for distinct

points x, x′ ∈ spt(µ̄0), one of ∥x∥2 − x⊺x′ or ∥x′∥2 − x⊺x′ is nonzero as otherwise ∥x∥2 =

∥x′∥2 = x⊺x′ which holds if and only if x = x′. Let C = 8 minx,x′∈spt(µ̄0)
x,x′

(x− x′)⊺Σµ̄0(x− x′),

then any function, h, on spt(µ̄0) taking values in [a, a + C] for any a ∈ R is such that

h ∈ H . □

109



We proceed with the proof of Theorem 18 by setting some notation. For any c ∈ RN0

and any strictly positive vector b = (bi j)i, j∈[N0]
i, j
∈ RN0(N0−1)

>0 , let LP(c, b) denote the linear

program

sup
u∈RN0

⟨c, u⟩

subject to ui − u j ≤ bi j,∀i, j ∈ [N0], i , j,

v(c, b) denote the corresponding optimal value, and D = RN0 × RN0(N0−1)
>0 denote the set

of all such pairs (c, b). Remark that if u satisfies the constraints of LP(c, b) then so

too does u + a for any a ∈ RN0 . As such, LP(c, b) is unbounded and, unless c⊺1N0 = 0,

v(c, b) = ∞. On the other hand, if c⊺1N0 = 0 we have that, for any feasible u, ũ = u−u1+a

achieves the same objective value as u for any fixed a ∈ R. Observe that ũ1 = a and

ũi ∈ [a − b1i, bi1 + a] for every i , 1. We thus consider the auxiliary problem LPδ(c, b)

given by

sup
u∈RN0

⟨c, u⟩

subject to ui − u j ≤ bi j,∀i, j ∈ [N0], i , j,

u1 ≤ δ,−u1 ≤ δ,

for any δ > 0. For any strictly positive b, this problem is feasible and bounded hence

solvable and, if c⊺1N0 = 0, its optimal value function vδ(c, b) coincides with v(c, b).

It is useful to note that this orthogonality condition is satisfied if c ∼ N(0,Σp), where

Σp is the covariance matrix in (3.12) and p is a vector of probabilities.

Lemma 14. Fix a nonnegative vector p ∈ RN0 whose entries sum to 1. If Z ∼ N(0,Σp),

then Z⊺1N0 = 0 almost surely.

Proof. The k-th entry of the vector Σp1N0 is given by pk(1−pk)−
∑

j,k pk p j = pk(1−1) = 0.

Conclude that Z⊺1N0 has mean and variance zero so that it takes the value 0 with

probability one. □
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By the previous discussion and the assumption that P(Z⊺n 1N0 , 0) = 0 for all

n sufficiently large, v(Zn, bn) = vδ(Zn, bn) is almost surely finite for large n, where

bn = (bi j,n)i, j∈[N0]
i, j

is the vector with

bi j,n = 2(∥x̄(i)∥2 − ∥x̄( j)∥2)2 + 8(x̄(i) − x̄( j))⊺Σµ̄0,n(x̄(i) − x̄( j)), i, j ∈ [N0], i , j,

which is known to be positive once µ0,n is not a point mass (see Lemma 13), here

x̄(i) = x(i) − Eµ0,n[X] for i = 1, . . . ,N0. We define b̄ by analogy with µ0 in place of µ0,n and

remark that the same implications hold for LP(Z, b̄) with Z ∼ N(0,ΣZ).

We now establish some technical lemmas which will be useful in the sequel.

Lemma 15. Fix δ > 0, c ∈ RN0 and β ∈ RN0(N0−1)
>0 satisfying βi j ∈ (β, β) for some

0 < β < β for i, j ∈ [N0], i , j. Then any dual solution, p⋆, to LPδ(c, β) satisfies

∥p⋆∥1 ≤
∥c∥1(δ+β)
min{β,δ} and any primal solution u⋆ satisfies ∥u⋆∥∞ ≤ δ + β.

Proof. The dual problem to LPδ(c, β) is given by

inf
p∈RN0(N0−1)+2

⟨(β, δ, δ), p⟩

subject to A⊺p = c, p ≥ 0,

where A is the constraint matrix from the primal problem. By definition, p⋆ satisfies

vδ(c, β) = ⟨(β, δ, δ), p⋆⟩ ≥ min(β, δ, δ)∥p⋆∥1 so that ∥p⋆∥1 ≤
vδ(c,β)

min{β,δ} .

By the discussion at the beginning of this section, a solution to the primal problem,

u⋆, satisfies |u⋆1 | ≤ δ and u⋆i ∈ [−δ − β, δ + β] so that ∥u⋆∥∞ ≤ δ + β. Conclude from

Hölder’s inequality that vδ(c, β) ≤ ∥c∥1(δ + β). □

Lemma 16. Fix δ > 0, 0 < β < β, and let D(β,β) = {β ∈ R
N0(N0−1) : βi j ∈ (β, β), i, j ∈

[N0], i , j}. Then, if βn → β ∈ D(β,β), vδ(·, βn)→ vδ(·, β) uniformly on compact sets.
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Proof. Applying Theorem 5.2 in [99] along with Lemma 15, we have that the map

(c, β) ∈ RN0 ×D[β,β] 7→ vδ(c, β) is locally Lipschitz. As such, for any compact set K ⊂ RN0 ,

there exists a constant LK for which

|vδ(c, βn) − vδ(c, β)| ≤ LK∥βn − β∥

for every c ∈ K and n sufficiently large that βn ∈ D(β,β), proving the claim. □

Proof of Theorem 18. By assumption, we have that, conditionally on Y1, Y2, . . . ,

Eµ0,n[X] → Eµ0[X], Σµ̄0,n → Σµ̄0 , and Σn → ΣZ deterministically given almost every

realization of Y1, Y2, . . . so that bn → b and Zn ∼ N(0,Σn)
d
→ Z ∼ N(0,ΣZ) condi-

tionally on the data. It follows from the proof of Lemma 13 that b ∈ D(b,b) for some

0 < b < b. By Lemma 16, vδ(·, bn)→ vδ(·, b) uniformly on compact sets conditionally on

the data so that, applying the continuous mapping theorem, conditionally on Y1, Y2, . . . ,

vδ(Zn, bn)
d
→ vδ(Z, b) given almost every realization of Y1, Y2, . . . As Z⊺1N0 = 0 and

Z⊺n 1N0 = 0 with probability 1 for n sufficiently large, vδ can be replaced by v so that,

conditionally on Y1, Y2, . . . , Ln
d
→ Lµ0 given almost every realization of Y1, Y2, . . . The

first claim follows by applying Lemma 2.11 in [200], noting that the distribution function

of Lµ0 is continuous as follows from Proposition 12.1 in [57].

□

Proof of Theorem 11. If µ0,n = µ̂0,n and Σn = Σmn , it follows from the law of large

numbers that, conditionally on Y1, Y2, . . . , Eµ0,n[X]→ Eµ0[X], Σµ̄0,n → Σµ̄0 , and Σmn → Σm,

given almost every realization of Y1, Y2, . . . , where m is the weight vector for µ0. By

applying Lemma 14, the orthogonality condition for Zn and Z always hold. The remaining

assumptions regarding the structure of χµ0⊗µ1 are verified in the proof of Corollary 5 save

for the fact that Gµ0(h) = Z⊺uh for every h ∈ H̄ where Z ∼ N(0,Σm), but this follows

directly from the fact that Gµ0 is a µ0-Brownian bridge process. □
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3.8.3 Proofs for Section 3.4

Throughout, we will assume that the following variant of the twist condition holds.

Assumption 3. µ0 ∈ P(X0) is absolutely continuous with respect to the Lebesgue

measure and, for every i , j with i, j ∈ {1, . . . ,N} and t ∈ R, we have that

µ0

((
c(·, y(i)) − c(·, y( j))

)−1
(t)

)
= 0.

Specializing to cA(x, y) = −4∥x∥2∥y∥2 − 32x⊺Ay from (3.8), the condition above is

related to X1 and holds under the following primitive condition.

Lemma 17 (Necessary and sufficient condition on X1). Let µ0 ∈ P(X0) be absolutely

continuous with respect to the Lebesgue measure. Then, Assumption 3 is satisfied with cA

at A ∈ Rd0×d1 if and only if X1 is such that y(i) − y( j) < ker(A) for every i , j ∈ {1, . . . ,N}

with ∥y(i)∥ = ∥y( j)∥. In particular, if ∥y(i)∥ , ∥y( j)∥ for every i , j, then Assumption 3 holds

for any A ∈ Rd0×d1 .

Proof. Fix i , j ∈ {1, . . . ,N} and A ∈ Rd0 × Rd1 . Then, cA(x, y(i)) − cA(x, y( j)) =

−4∥x∥2(∥y(i)∥2 − ∥y( j)∥2) − 32x⊺A(y(i) − y( j)) so that cA(x, y(i)) − cA(x, y( j)) is constant as a

function of x on an open set U ⊂ Rd0 if and only if −8x(∥y(i)∥2 − ∥y( j)∥2) = 32A(y(i) − y( j))

for every x ∈ U. Observe that the prior equality holds on a nonnegligible set with respect

to the Lebesgue measure if and only y(i) − y( j) ∈ ker(A) and ∥y(i)∥ = ∥y( j)∥. Given that µ0

is absolutely continuous with respect to the Lebesgue measure Assumption 3 holds at A

if and only if y(i) − y( j) < ker(A) whenever ∥y(i)∥ = ∥y( j)∥. □

Lemma 17 provides a necessary and sufficient condition for Assumption 3 to hold at

every A ∈ Rd0×d1 simultaneously. This is crucial for our study of limit distributions of

the empirical semi-discrete GW distance to guarantee, e.g., uniqueness of OT plans for
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OTA(µ0, µ1) uniformly in A. This uniqueness will lead to a substantial simplification for

the resulting limit, as compared to the discrete case (Theorem 10).

Under Assumption 3, solutions of OTA(µ0, µ1) admit the following characterization.

Lemma 18 (On solutions of OTA(µ0, µ1)). Fix A ∈ Rd0×d1 and let zA be an optimal vector

for OTA(µ0, µ1). Under Assumption 3, the OT plan is unique and is induced by the map

TA : x ∈ X 7→ y(IzA (x)), where IzA(x) ∈ argmin
1≤i≤N

(
cA(x, y(i)) − zA

i

)
, (3.36)

which is uniquely defined µ0-a.e.

Proof. We first address uniqueness of the OT plan. For any z ∈ RN , let ϕz : x ∈

X0 7→ min1≤i≤N

{
cA(x, y(i)) − zi

}
. If x ∈ X0 is such that ϕz(x) + ϕc

z(y
(i)) = cA(x, y(i))

and ϕz(x) + ϕc
z(y

( j)) = cA(x, y( j)) for some i , j ∈ [N], then cA(x, y( j)) − cA(x, y(i)) =

ϕc
z(y

( j)) − ϕc
z(y

(i)). Assumption 3 guarantees that the previous equality occurs on a µ0-

negligible set so that we can apply Theorem 5.30 in [208] whereby the OT plan for

OTA(µ0, µ1) is unique and induced by a map.

We now derive the expression for the optimal map. Let zA be an optimal vector for

OTA(µ0, µ1) and φA
0 be the corresponding OT potential. For convenience, set ζ(y(i)) = zA

i

for i = 1, . . . ,N. By strong duality,∫
φA

0 (x) + ζ(y) − cA(x, y)dπA(x, y) = 0.

As φA
0 (x) + ζ(y) ≤ cA(x, y) for every (x, y) ∈ X0 × X1 by definition, it follows that

φA
0 (x) + ζ(y) = cA(x, y) πA-a.e. As πA is induced by a map TA : X0 → X1, φA

0 (x) =

cA(x, TA(x)) − ζ(TA(x)) µ0-a.e. Since φA
0 (x) = min1≤i≤N

{
cA(x, y(i)) − ζ(y(i))

}
, it holds that

TA(x) = yIzA (x) (recalling that IzA(x) ∈ argmin1≤i≤N

{
cA(x, y(i)) − ζ(y(i))

}
). Assumption 3

further guarantees that IzA(x) is a singleton for µ0-a.e. x ∈ X0.

□
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Theorem 12 is a direct consequence of Lemmas 17 and 18.

Proof of Theorem 13

In this section, the centering required to access the variational form of the GW distance

(3.8) will play a prominent role. Of note is that if (ν0, ν1) ∈ P(X0) × P(X1), we generally

do not have that spt(ν̄0) or spt(ν̄1) are contained in X0 and X1 respectively. In order to

compare OT potentials arising in the relevant variational forms, we thus extend them to

sets containing X0 − Eν0[X] and X1 − Eν1[X].

Definition 6 (Extended OT potentials). For i = 0, 1, let X◦i be open balls centered at 0

with radius r > 2∥Xi∥∞. Fix arbitrary (ν0, ν1) ∈ P(X0) × P(X1) and A ∈ Rd0×d1 , let zA be

an optimal vector for OTA(ν̄0, ν̄1). Then, the extended OT potentials for OTA(ν̄0, ν̄1) are

given by

φA
0 : x ∈ X◦0 7→ min

1≤i≤N

{
cA

(
x, y(i) − Eν1[X]

)
− zA

i

}
,

φA
1 : y ∈ X◦1 7→ inf

x∈X◦0

{
cA(x, y) − φA

0 (x)
}
.

As φA
1 is simply the cA-transform of φA

0 , (φA
0 , φ

A
1 ) is still a pair of OT potentials for

OTA(ν̄0, ν̄1). The definitions of X◦0 and X◦1 are motivated by the fact that if νi ∈ P(Xi),

then ∥Eνi[X]∥ ≤ Eνi[∥X∥] ≤ ∥Xi∥∞ for i ∈ {0, 1}, so that Xi − Eνi[X] ⊂ X◦i and thus

ν̄i ∈ P(X◦i ).

We first establish some useful properties for the extended OT potentials.

Lemma 19 (Properties of extended OT potentials). Fix (ν0, ν1) ∈ P(X0) × P(X1) and

A ∈ BF(M). Let zA be an optimal vector for OTA(ν̄0, ν̄1) and (φA
0 , φ

A
1 ) be the extended OT

potentials. Then,

1. φA
0 and φA

1 are Lipschitz continuous with a shared constant, L, depending only on
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M, ∥X◦0∥∞, ∥X
◦
1∥∞.

2. the triple (zA, φA
0 , φ

A
1 ) can be chosen such that ∥zA∥∞ ∨ ∥φ

A
0 ∥∞,X◦0 ∨ ∥φ

A
1 ∥∞,X◦1 ≤ K,

where K depends only on M, ∥X◦0∥∞, ∥X
◦
1∥∞.

3. if int(spt(ν0)) is connected with (Lebesgue) negligible boundary and ν0 is absolutely

continuous with respect to the Lebesgue measure, then the pair (φA
0 , φ

A
1 ) is unique up

to additive constants on spt(ν0) × spt(ν1).

Proof. For (1), fix x, x′ ∈ X◦0 and observe that

∣∣∣φA
0 (x) − φA

0 (x′)
∣∣∣ ≤ max

1≤i≤N

∣∣∣∣cA
(
x, y(i) − Eν1[X]

)
− cA

(
x′, y(i) − Eν1[X]

)∣∣∣∣
= max

1≤i≤N

∣∣∣−4∥x∥2∥y(i) − Eν1[X]∥2 − 32x⊺A(y(i) − Eν1[X])

+4∥x′∥2∥y(i) − Eν1[X]∥2 + 32x′⊺A(y(i) − Eν1[X])
∣∣∣

≤ 4|∥x∥2 − ∥x′∥2|
N

max
i=1
∥y(i) − Eν1[X]∥2

+ 32∥x − x′∥M
n

max
i=1
∥y(i) − Eν1[X]∥

≤ L0∥x − x′∥,

as |∥x∥2 − ∥x′∥2| = |(∥x∥ + ∥x′∥)(∥x∥ − ∥x′∥)| ≤ 2∥X◦0∥∞∥x − x′∥ due to the reverse triangle

inequality. Since ∥y(i) − Eν1[X]∥ ≤ ∥X◦1∥∞, L0 may be chosen independently of A, ν0, ν1.

The same approach can be used to derive a Lipschitz constant for φA
1 ; the maximum of

the two Lipschitz constants serves as a shared Lipschitz constant for both OT potentials.

For (2), fix a solution (zA, φA
0 , φ

A
1 ) for OTA(ν̄0, ν̄1) and assume that spt(ν1) = X1 such

that ∫
φA

0 dµ̄0 +

N∑
i=1

zA
i µ̄1({y(i)}) =

∫
φA

0 dµ̄0 +

∫
φA

1 dµ̄1 = OTA(µ̄0, µ̄1)

which, coupled with the condition φA
0 ⊕φ

A
1 ≤ cA, implies that φA

0 ⊕φ
A
1 = cA π

A-a.e. for any

choice of optimal coupling πA for OTA(µ̄0, µ̄1) and similarly for (zA, φA
0 ). In particular, if
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spt(ν1) = X1 there exists some x(i) ∈ spt(µ̄0) for which φA
0 (x(i))+ zA

i = cA(x(i), y(i)−Eν1[X])

for every i ∈ [N] and φA
0 (x) ≤ cA(x, y(i) − Eν1[X]) − zA

i for any other x ∈ X◦0. Thus,

φA
1 (y(i) − Eν1[X]) = inf

x∈X◦0

{
cA(x, y(i) − Eν1[X]) − φA

0 (x)
}
≥ zA

i

with equality when x = x(i) i.e. φA
1 (y(i) − Eν1[X]) = zA

i for every i ∈ [N]. Now, let

C = −max1≤i≤N zA
i and set (z̃A, φ̃A

0 , φ̃
A
1 ) = (zA+C, φA

0−C, φA
1 +C) such that max1≤i≤N z̃A

i = 0.

With this normalization, for any (x, y) ∈ X◦0 × X
◦
1,

−∥cA∥∞,X◦0×X
◦
1
≤ φ̃A

0 (x) = min
1≤i≤N

{
cA(x, y(i) − Eν1[X]) − z̃A

i

}
≤ ∥cA∥∞,X◦0×X

◦
1
,

−∥cA∥∞,X◦0×X
◦
1
− sup

x∈X◦0

φ̃A
0 (x) ≤ φ̃A

1 (y) = inf
x∈X◦0

{
cA(x, y) − φ̃A

0 (x)
}

≤ ∥cA∥∞,X◦0×X
◦
1
− sup

x∈X◦0

φ̃A
0 (x),

so that ∥z̃A∥∞ ∨ ∥φ̃
A
0 ∥∞,X◦0 ∨ ∥φ̃

A
1 ∥∞,X◦1 ≤ 2∥cA∥∞,X◦0×X

◦
1

where, by the previous arguments,

∥z̃A∥∞ ≤ ∥φ̃
A
1 ∥∞,X◦1 . ∥cA∥∞,X◦0×X

◦
1

can be bounded as 4∥X◦0∥
2
∞∥X

◦
1∥

2
∞ + 32M∥X◦0∥∞∥X

◦
1∥∞ via

the Cauchy-Schwarz inequality, proving the claim.

If spt(ν1) , X1, one may set zA
i = 0 if y(i) < spt(ν1) and the previous arguments can

be applied to achieve the same bound, though the correspondence between φ̃A
1 and zA

will only hold on spt(ν̄1).

For (3), suppose that (φ̃A
0 , φ̃

A
1 ) is another pair of extended OT potentials.By

Rademacher’s theorem, φA
0 and φ̃A

0 are differentiable almost everywhere on X◦0 (in par-

ticular on int(spt(ν0))) so that Proposition 1.15 in [175] implies that ∇φA
0 = ∇φ̃

A
0 almost

everywhere on int(spt(ν0)). As φA
0 and φ̃A

0 are Lipschitz continuous, Theorem 2.6 in [61]

implies that φA
0 − φ̃

A
0 = a on int(spt(ν0)) for some constant a ∈ R. This equality extends

to spt(ν0) again due to Lipschitz continuity.

As for φA
1 and φ̃A

1 , it holds that φA
0 (x)+φA

1 (y) = cA(x, y) πA-almost everywhere, where
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πA is any OT plan for OTA(ν0, ν1). (φ̃A
0 , φ̃

A
1 ) satisfy the same equality so that

φA
0 (x) + φA

1 (y) = φ̃A
0 (x) + a + φA

1 (y) = φ̃A
0 (x) + φ̃A

1 (y)

πA- almost everywhere i.e. φ̃A
1 (y) = φA

1 (y) + a ν1-almost everywhere, proving the

claim. □

To compute the relevant directional derivative, we fix ν0 ⊗ ν1 ∈ Pµ0 × Pµ1 , set

µi,t = µi + t(νi − µi) for i = 0, 1 and t ∈ [0, 1], and decompose the limit as follows

lim
t↓0

D(µ0,t, µ1,t)2 − D(µ0, µ1)2

t

= lim
t↓0

D(µ̄0,t, µ̄1,t)2 − D(µ̄0, µ̄1)2

t

= lim
t↓0

S1(µ̄0,t, µ̄1,t) − S1(µ̄0, µ̄1)
t

+
S2(µ̄0,t, µ̄1,t) − S2(µ̄0, µ̄1)

t

as follows from the variational form. The following lemmas compute each limit sepa-

rately.

Throughout, all extended OT potentials are chosen as to satisfy the estimates from

Lemma 19.

Lemma 20. As t ↓ 0, we have that

S1(µ̄0,t, µ̄1,t) − S1(µ̄0, µ̄1)
t

→ 2
"
∥x − x′∥4dµ0(x)d(ν0 − µ0)(x′)

+ 2
"
∥y − y′∥4dµ1(y)d(ν1 − µ1)(y′)

− 4
"
∥x − Eµ0[X]∥2∥y − Eµ1[X]∥2d(ν0 − µ0)(x)dµ1(y)

− 4
"
∥x − Eµ0[X]∥2∥y − Eµ1[X]∥2dµ0(x)d(ν1 − µ1)(y).

Proof. For any probability measure η on Rdi (i = 0, 1) with finite fourth moment,"
∥x − x′∥4dη̄(x)dη̄(x) =

"
∥x − x′∥4dη(x)dη(x),
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hence, for i = 0, 1,"
∥x − x′∥4dµ̄i,t(x)dµ̄i,t(x′) −

"
∥x − x′∥4dµ̄i(x)dµ̄i(x′)

= 2t
"
∥x − x′∥4dµi(x)d(νi − µi)(x′) + t2

"
∥x − x′∥4d(νi − µi)(x)d(νi − µi)(x′).

(3.37)

On the other hand, letting fi(t) = Eµi[X] + t
(
Eνi[X] − Eµi[X]

)
for i = 0, 1 and t ∈ [0, 1],"

∥x∥2∥y∥2dµ̄0,t(x)dµ̄1,t(y)

=

"
∥x − f0(t)∥2∥y − f1(t)∥2dµ0,t(x)dµ1,t(y)

=

"
∥x − f0(t)∥2∥y − f1(t)∥2dµ0(x)dµ1(y)

+ t
"
∥x − f0(t)∥2∥y − f1(t)∥2d(ν0 − µ0)(x)dµ1(y)

+ t
"
∥x − f0(t)∥2∥y − f1(t)∥2dµ0(x)d(ν1 − µ1)(y)

+ t2
"
∥x − f0(t)∥2∥y − f1(t)∥2d(ν0 − µ0)(x)d(ν1 − µ1)(y).

As ∥x − fi(t)∥2 = ∥x − Eµi[X]∥2 − 2t⟨x − Eµi[X],Eνi[X] − Eµi[X]⟩ + t2∥Eνi[X] − Eµi[X]∥2

for i = 0, 1 and the term involving inner products integrates to 0 w.r.t. µi,"
∥x∥2∥y∥2dµ̄0,t(x)dµ̄1,t(y) =

"
∥x∥2∥y∥2dµ̄0(x)dµ̄1(y)

+ t
"
∥x − Eµ0[X]∥2∥y − Eµ1[X]∥2d(ν0 − µ0)(x)dµ1(y)

+ t
"
∥x − Eµ0[X]∥2∥y − Eµ1[X]∥2dµ0(x)d(ν1 − µ1)(y)

+ o(t).

The above display and (3.37) prove the claim. □

Lemma 21. For any pairs (ν0, ν1), (ρ0, ρ1) ∈ Pµ0 ×Pµ1 , |S1(ν̄0, ν̄1) − S1(ρ̄0, ρ̄1)| ≤ C∥ν0 ⊗

ν1 − ρ0 ⊗ ρ1∥∞,F ⊕ for some constant C > 0 which is independent of (ν0, ν1), (ρ0, ρ1).
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Proof. For i = 0, 1, we have that"
∥x − x′∥4dν̄i(x)dν̄i(x′) =

"
∥x − x′∥4dνi(x)dνi(x′)

=

"
∥x − x′∥4d(νi − ρi)(x)dνi(x′)

+

"
∥x − x′∥4d(νi − ρi)(x)dρi(x′)

+

"
∥x − x′∥4dρ̄i(x)dρ̄i(x′),

such that∣∣∣∣∣∣∣
1∑

i=0

"
∥x − x′∥4dν̄i(x)dν̄i(x′) −

"
∥x − x′∥4dρ̄i(x)dρ̄i(x′)

∣∣∣∣∣∣∣
=

1∑
i=0

(νi − ρi)
(∫
∥ · −x′∥4dνi(x′) +

∫
∥ · −x′∥4dρi(x′)

)
.

Observe that ξ0 : x ∈ X0 7→
∫
∥x − x′∥4dν0(x′) +

∫
∥x − x′∥4dρ0(x′) is smooth with

uniformly bounded derivatives of all orders so that there exists a positive constant

C0 which is independent of ν0, ρ0 for which C0ξ0 ∈ F0. Similarly, ξ1 : x ∈ X1 7→∫
∥x− x′∥4dν1(x′)+

∫
∥x− x′∥4dρ1(x′) is uniformly bounded so that there exists a positive

constant C1 which is independent of ν1, ρ1 for which C1ξ1 ∈ F1. Conclude that∣∣∣∣∣∣∣
1∑

i=0

"
∥x − x′∥4dν̄i(x)dν̄i(x′) −

"
∥x − x′∥4dρ̄i(x)dρ̄i(x′)

∣∣∣∣∣∣∣
=

∣∣∣C−1
0 (ν0 − ρ0)(C0ξ0) +C−1

1 (ν1 − ρ1)(C1ξ1)
∣∣∣

≤ C−1
0 |(ν0 − ρ0)(C0ξ0)| +C−1

1 |(ν1 − ρ1)(C1ξ1)|

≤ C−1
0 sup

f0∈F0

|(ν0 − ρ0)( f0)| +C−1
1 sup

f1∈F1

|(ν1 − ρ1)( f1)|

≤ (C−1
0 +C−1

1 )∥ν0 ⊗ ν1 − ρ0 ⊗ ρ1∥∞,F ⊕ ,

(3.38)

where we have used the fact that 0 ∈ F1 so that

sup
f0∈F0

|(ν0 − ρ0)( f0)| = sup
f0∈F0

|(ν0 − ρ0)( f0) + (ν1 − ρ1)(0)| ≤ ∥ν0 ⊗ ν1 − ρ0 ⊗ ρ1∥∞,F ⊕ , (3.39)

the same implications hold for sup f1∈F1
|(ν1 − ρ1)( f1)|.
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As for the other term,∫
∥x∥2dν̄0(x)

∫
∥x∥2dν̄1(x) =

∫
∥x − Eν0[X]∥2dν0(x)

∫
∥x − Eν1[X]∥2dν1(x)

=

∫
∥x − Eν0[X]∥2d(ν0 − ρ0)(x)

∫
∥x − Eν1[X]∥2dν1(x)

+

∫
∥x − Eν0[X]∥2dρ0(x)

∫
∥x − Eν1[X]∥2d(ν1 − ρ1)(x)

+

∫
∥x − Eν0[X]∥2dρ0(x)

∫
∥x − Eν1[X]∥2dρ1(x),

where ζ0 : x ∈ X0 7→ ∥x − Eµ0[X]∥2 is smooth with uniformly bounded derivatives of

all orders so that there exists a positive constant C′0 which is independent of ν0, ρ0 for

which C′0ζ0 ∈ F0. Similarly, ζ1 : x ∈ X1 7→
∫
∥x − Eν1[X]∥2 is uniformly bounded so that

there exists a positive constant C′1 which is independent of ν1, ρ1 for which C′1ζ1 ∈ F1.

Conclude that∣∣∣∣∣∫ ∥x∥2dν̄0(x)
∫
∥x∥2dν̄1(x) −

∫
∥x∥2dρ̄0(x)

∫
∥x∥2dρ̄1(x)

∣∣∣∣∣
=

∣∣∣∣∣M2(ν̄1)
∫
∥x − Eν0[X]∥2d(ν0 − ρ0)

+

∫
∥x − Eν0[X]∥2dρ0(x)

∫
∥x − Eν1[X]∥2d(ν1 − ρ1)(x)

∣∣∣∣∣
≤ M2(ν̄1) |(ν0 − ρ0)(ζ0)| +

∫
∥x − Eν0[X]∥2dρ0(x) |(ν1 − ρ1)(ζ1)|

≤

(
M2(ν̄1)(C′0)−1 +

∫
∥x − Eν0[X]∥2dρ0(x)(C′1)−1

)
∥ν0 ⊗ ν1 − ρ0 ⊗ ρ1∥∞,F ⊕ ,

where the final inequality is due to (3.39). This final constant can be bounded indepen-

dently of ρ0, ρ1, ν0, ν1 so that the above display and (3.38) yield the desired result. □

Lemma 22. If Assumption 3 holds at A ∈ Rd0×d1 and int(spt(µ̄0)) is connected with

negligible boundary, then

lim
t↓0

OTA(µ̄0,t, µ̄1,t) − OTA(µ̄0, µ̄1)
t

=

∫
φ̄A

0 + 8E(X,Y)∼πA[∥Y∥2X]⊺(·)d(ν0 − µ0)

+

∫
φ̄A

1 + 8E(X,Y)∼πA[∥X∥2Y]⊺(·)d(ν1 − µ1).
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Proof. Fix A ∈ Rd0×d1 and consider the limit

lim
t↓0

OTA(µ̄0,t, µ̄1,t) − OTA(µ̄0, µ̄1)
t

= lim
t↓0

(
OTA(µ̄0,t, µ̄1,t) − OTA(µ̃0,t, µ̃1,t)

t

+
OTA(µ̃0,t, µ̃1,t) − OTA(µ̄0, µ̄1)

t

)
where (µ̃0,t, µ̃1,t) =

(
(Id−Eµ0[X])♯µ0,t, (Id−Eµ1[X])♯µ1,t

)
. We compute each limit on the

right hand side separately.

First, let (φA
0 , φ

A
1 ) and (φA

0,t, φ
A
1,t) be OT potentials for OTA(µ̄0, µ̄1) and OTA(µ̃0,t, µ̃1,t)

satisfying the bounds from Lemma 19 (though (µ̃0,t, µ̃1,t) are not centered versions of

measures in P(X0) × P(X1), they are supported in P(X◦0) × P(X◦1) so that all relevant

results still hold for the OT potentials) and observe that

OTA(µ̃0,t, µ̃1,t) − OTA(µ̄0, µ̄1) ≤
∫

φA
0,tdµ̃0,t +

∫
φA

1,tdµ̃1,t −

∫
φA

0,tdµ̄0 −

∫
φA

1,tdµ̄1

= t
(∫

φ̄A
0,td(ν0 − µ0) +

∫
φ̄A

1,td(ν1 − µ1)
)
,

(3.40)

where, for a pair of functions (g0, g1), (ḡ0, ḡ1) = (g0(· − Eµ0[X]), g1(· − Eµ1[X])).

Now, fix an arbitrary sequence tn ↓ 0 and a subsequence tn′ ↓ 0. By the Arzèla-Ascoli

theorem, there is a further subsequence tn′′ ↓ 0 along which (φA
0,tn′′

, φA
1,tn′′

) converges

uniformly on X◦0 × X
◦
1 to a pair of continuous functions (φ0, φ1)8 and, as (µ̃0,t, µ̃1,t)

converge weakly to (µ̄0, µ̄1), Proposition 5.20 in [208] and the dominated convergence

theorem imply that∫
φ̄A

0,tn′′
dµ0,tn′′ +

∫
φ̄A

1,tn′′
dµ1,tn′′ →

∫
φ̄0dµ0 +

∫
φ̄1dµ1

OTA(µ̃0,tn′′ , µ̃1,tn′′ )→ OTA(µ̄0, µ̄1).

As both terms on the left are equal, conclude that
∫
φ0dµ̄0 +

∫
φ1dµ̄1 = OTA(µ̄0, µ̄1).

As the pointwise inequality φA
0,tn′′
⊕ φA

1,tn′′
≤ cA is preserved in the limit, conclude that

8 Indeed, these OT potentials extend uniquely to the closure of their domains whilst preserving the
uniform equicontinuity and equiboundedness properties.
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(φ0, φ1) is optimal for OTA(µ̄0, µ̄1) and that (φ0, φ1) = (φA
0 + a, φA

1 − a) for some a ∈ R by

Lemma 19 . It follows that

lim
tn′′↓0

∫
φ̄A

0,tn′′
d(ν0 − µ0) +

∫
φ̄A

1,tn′′
d(ν1 − µ1) =

∫
φ̄A

0 d(ν0 − µ0) +
∫

φ̄A
1 d(ν1 − µ1),

as ν0 −µ0 and ν1 −µ1 have total mass zero. As this final limit is independent of the choice

of original subsequence, (3.40) reads

lim sup
t↓0

OTA(µ̃0,t, µ̃1,t) − OTA(µ̄0, µ̄1)
t

≤

∫
φ̄A

0 d(ν0 − µ0) +
∫

φ̄A
1 d(ν1 − µ1).

On the other hand,

OTA(µ̃0,t, µ̃1,t) − OTA(µ̄0, µ̄1)
t

≥

∫
φ̄A

0 d(ν0 − µ0) +
∫

φ̄A
1 d(ν1 − µ1), (3.41)

which readily implies that

lim
t↓0

OTA(µ̃0,t, µ̃1,t) − OTA(µ̄0, µ̄1)
t

=

∫
φ̄A

0 d(ν0 − µ0) +
∫

φ̄A
1 d(ν1 − µ1). (3.42)

As for the other limit, note that if π̃ ∈ Π(µ̃0,t, µ̃1,t), then τ−t
♯
π̃ ∈ Π(µ̄0,t, µ̄1,t), and

if π̄ ∈ Π(µ̄0,t, µ̄1,t), then τt
♯
π̄ ∈ Π(µ̃0,t, µ̃1,t), where τt = (τt

0, τ
t
1) = (Id+t(Eν0[X] −

Eµ0[X]), Id+t(Eν1[X] − Eµ1[X])) for t ∈ [−1, 1]. Hence, letting π̃t and π̄t be OT plans for

OTA(µ̃0,t, µ̃1,t) and OTA(µ̄0,t, µ̄1,t), we have

OTA(µ̄0,t, µ̄1,t) − OTA(µ̃0,t, µ̃1,t) ≤
∫

cA ◦ τ
−t − cAdπ̃t,

OTA(µ̄0,t, µ̄1,t) − OTA(µ̃0,t, µ̃1,t) ≥
∫

cA − cA ◦ τ
tdπ̄t,

(3.43)

by expanding the expressions for the cost functions, we obtain

cA ◦ τ
t(x, y) = −4(∥x∥2 + 2⟨x, t(Eν0[X] − Eµ0[X])⟩ + t2∥Eν0[X] − Eµ0[X]∥2)

× (∥y∥2 + 2⟨y, t(Eν1[X] − Eµ1[X])⟩ + t2∥Eν1[X] − Eµ1[X]∥2)

− 32(x + t(Eν0[X] − Eµ0[X]))⊺A(y + t(Eν1[X] − Eµ1[X]))

= cA(x, y) − 8t⟨x,Eν0[X] − Eµ0[X]⟩∥y∥2 − 8t⟨y,Eν1[X] − Eµ1[X]⟩∥x∥2

− 32t
(
Eν0[X] − Eµ0[X]

)⊺
Ay − 32tx⊺A

(
Eν1[X] − Eµ1[X]

)
+ O(t2),

(3.44)
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such that

lim sup
t↓0

OTA(µ̄0,t, µ̄1,t) − OTA(µ̃0,t, µ̃1,t)
t

≤

∫
8⟨x,Eν0[X] − Eµ0[X]⟩∥y∥2

+ 8⟨y,Eν1[X] − Eµ1[X]⟩∥x∥2dπA(x, y),

lim inf
t↓0

OTA(µ̄0,t, µ̄1,t) − OTA(µ̃0,t, µ̃1,t)
t

≥

∫
8⟨x,Eν0[X] − Eµ0[X]⟩∥y∥2

+ 8⟨y,Eν1[X] − Eµ1[X]⟩∥x∥2dπA(x, y),

noting that π̃t and π̄t both converge weakly to the unique (under Assumption 3) OT plan

πA for OTA(µ̄0, µ̄1) as follows from Theorem 5.20 in [208], Lemma 5.2.1 in [6], and the

fact that µ̄0 and µ̄1 are mean-zero. This result, along with (3.42), proves the claim. □

Lemma 23. LetA = argminBF(M)Φ(µ̄0,µ̄1). If µ̄0, µ̄1 satisfy Assumption 3 at every A ∈ A

and int(spt(µ̄0)) is connected with negligible boundary,

d
dt

S2(µ̄0,t, µ̄1,t)|t=0 = inf
A∈A

{∫
g0,πA + φ̄A

0 d(ν0 − µ0) +
∫

g1,πA + φ̄A
1 d(ν1 − µ1)

}
,

where, for (x, y) ∈ Rd0 × Rd1 ,

g0,π(x) = 8E(X,Y)∼π[∥Y∥2X]⊺x,

g1,π(y) = 8E(X,Y)∼π[∥X∥2Y]⊺y,

φ̄A
i = φ

A
i (·−Eµi[X]) for i = 0, 1, and, for A ∈ A, πA is the unique OT plan for OTA(µ̄0, µ̄1),

and (φA
0 , φ

A
1 ) is any choice of corresponding OT potentials.

Proof. Let A⋆ ∈ A be arbitrary. From Lemma 22, we have that

S2(µ̄0,t, µ̄1,t) − S2(µ̄0, µ̄1)

≤ OTA⋆(µ̄0,t, µ̄1,t) − OTA⋆(µ̄0, µ̄1)

= t
(∫

g0,πA⋆ + φ̄A⋆

0 d(ν0 − µ0) +
∫

g1,πA⋆ + φ̄A⋆

1 d(ν1 − µ1)
)
+ o(t),

such that

lim sup
t↓0

S2(µ̄0,t, µ̄1,t) − S2(µ̄0, µ̄1)
t

≤ inf
A∈A

{∫
g0,πA + φ̄A

0 d(ν0 − µ0) +
∫

g1,πA + φ̄A
1 d(ν1 − µ1)

}
.

(3.45)
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For the opposite limit, observe that the solutions of S2(µ̄0,t, µ̄1,t) lie in BF(M) for

every t ∈ [0, 1] as follows from Theorem 8 and let At be optimal for each corresponding

problem. By Lemma 19 and equations (3.40), (3.41), (3.43), and (3.44),

∣∣∣OTA(µ̄0,t, µ̄1,t) − OTA(µ̄0, µ̄1)
∣∣∣ = O(t),

where the O(t) term can be chosen to be independent of A. Whence, A ∈ BF(M) 7→

∥A∥2F + OTA(µ̄0,t, µ̄1,t) converges uniformly to A ∈ BF(M) 7→ ∥A∥2F + OTA(µ̄0, µ̄1) as t ↓ 0.

Extending these functions by +∞ outside of BF(M), we may apply Proposition 7.15 and

Theorem 7.33 from [168] to obtain that any cluster point of (At)t↓0 is an element ofA

keeping in mind that these functions are continuous on BF(M) (see Theorem 8).

Now, let tn ↓ 0 be arbitrary and fix a subsequence tn′ . By the Bolzano-Weierstrass

theorem, there exists a further subsequence tn′′ ↓ 0 along which Atn′′ → A ∈ A. From

equations (3.41) and (3.43),

S2(µ̄0,tn′′ , µ̄1,tn′′ ) − S2(µ̄0, µ̄1)
tn′′

≥
OTAtn′′

(µ̄0,tn′′ , µ̄1,tn′′ ) − OTAtn′′
(µ̄0, µ̄1)

tn′′

≥

∫
φ̄

Atn′′

0 d(ν0 − µ0) +
∫

φ̄
Atn′′

1 d(ν1 − µ1)

+

∫
cAtn′′

− cAtn′′
◦ τtn′′dπ̄tn′′ ,

where (φ
Atn′′

0 , φ
Atn′′

1 ) are OT potentials for OTAtn′′
(µ̄0, µ̄1) and π̄tn′′ is an OT plan for

OTAtn′′
(µ̄0,tn′′ , µ̄1,tn′′ ). It remains to show that π̄tn′′ converges weakly to πA weakly and

that (φ̄
Atn′′

0 , φ̄
Atn′′

1 ) converges to (φ̄A
0 + a, φ̄A

1 − a) uniformly on X0 × X1 along a further

subsequence and some choice of a ∈ R to obtain that

lim inf
t↓0

S2(µ̄0,t, µ̄1,t) − S2(µ̄0, µ̄1)
t

≥

∫
g0,πA + φ̄A

0 d(ν0 − µ0) +
∫

g1,πA + φ̄A
1 d(ν1 − µ1),

recalling the expansion of the translated cost function from (3.44). The above display,

together with (3.45), yields the desired result.

Note that cAtn′′
converges uniformly to cA on X0 × X1 and (µ̄0,tn′′ , µ̄1,tn′′ ) converges
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weakly to (µ̄0, µ̄1) whereby πAtn′′′ converges to πA weakly along a further subsequence,

tn′′′ (see Theorem 5.20 in [208]).

Applying the Arzelà-Ascoli theorem, we may also assume that (φ
Atn′′′

0 , φ
Atn′′′

1 ) con-

verges uniformly to some pair of continuous functions (φ̄0, φ̄1) on X◦0 × X
◦
1 (see also

Footnote 8). Applying the dominated convergence theorem and the weak convergence of

the couplings, ∫
φ

Atn′′′

0 dµ̄0,tn′′′ +

∫
φ

Atn′′′

1 dµ̄1,tn′′′ →

∫
φ0dµ̄0 +

∫
φ1dµ̄1,

OTAtn′′′
(µ̄0,tn′′′ , µ̄1,tn′′′ )→ OTA(µ̄0, µ̄1).

As the two terms on the left hand side are equal,
∫
φ0dµ̄0 +

∫
φ1dµ̄1 = OTA(µ̄0, µ̄1) and,

as the inequalities φ
Atn′′′

0 ⊕φ
Atn′′′

1 ≤ cAtn′′′
are preserved in the limit, (φ0, φ1) is a pair of OT

potentials for OTA(µ̄0, µ̄1) and hence coincide with (φA
0 , φ

A
1 ) up to constants, concluding

the proof. □

Lemma 24. For any pairs (ν0, ν1), (ρ0, ρ1) ∈ Pµ0 ×Pµ1 , |S2(ν̄0, ν̄1) − S2(ρ̄0, ρ̄1)| ≤ C∥ν0 ⊗

ν1 − ρ0 ⊗ ρ1∥∞,F ⊕ for some constant C > 0 which is independent of (ν0, ν1), (ρ0, ρ1).

Proof. Observe that

|S2(ν̄0, ν̄1) − S2(ρ̄0, ρ̄1)| ≤ sup
A∈BF(M)

|OTA(ν̄0, ν̄1) − OTA(ρ̄0, ρ̄1)| . (3.46)

Let (φA
0,ν̄, φ

A
1,ν̄) and (φA

0,ρ̄, φ
A
1,ρ̄) be extended OT potentials for OTA(ν̄0, ν̄1) and OTA(ρ̄0, ρ̄1)

respectively satisfying the estimates from Lemma 19. We have that

OTA(ν̄0, ν̄1) − OTA(ρ̄0, ρ̄1) ≤
∫

φA
0,ν̄d(ν̄0 − ρ̄0) +

∫
φA

1,ν̄d(ν̄1 − ρ̄1),

OTA(ν̄0, ν̄1) − OTA(ρ̄0, ρ̄1) ≥
∫

φA
0,ρ̄d(ν̄0 − ρ̄0) +

∫
φA

1,ρ̄d(ν̄1 − ρ̄1).
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Fix i ∈ {0, 1} and observe that, for any L-Lipschitz function fi : X◦i → R,∫
fid(ν̄i − ρ̄i) =

∫
fi(· − Eνi[X])dνi −

∫
fi(· − Eρi[X])dρi

≤

∫
fi(· − Eρi[X])d(νi − ρi) + L∥Eνi[X] − Eρi[X]∥,∫

fid(ν̄i − ρ̄i) ≥
∫

fi(· − Eρi[X])d(νi − ρi) − L∥Eνi[X] − Eρi[X]∥.

As the coordinate projections are smooth with uniformly bounded derivatives of all

orders, there exists a positive constant C1 which is independent of ν0, ν1, ρ0, ρ1 such that

L∥Eνi[X] − Eρi[X]∥ ≤ L
√

di maxdi
j=1

∣∣∣∫ x jd(νi − ρi)(x)
∣∣∣ ≤ C1∥νi − ρi∥∞,Fi ≤ C1∥ν0 ⊗ ν1 −

ρ0 ⊗ ρ1∥∞,F ⊕ , where the final inequality follows from the fact that both F0 and F1 contain

the zero function. As the extended OT potentials are L-Lipschitz (see Lemma 19),

|OTA(ν̄0, ν̄1) − OTA(ρ̄0, ρ̄1)|

≤

(∣∣∣∣∣∫ φA
0,ν̄(· − Eρ0[X])d(ν0 − ρ0) +

∫
φA

1,ν̄(· − Eρ1[X])d(ν1 − ρ1)
∣∣∣∣∣∨ ∣∣∣∣∣∫ φA

0,ρ̄(· − Eρ0[X])d(ν0 − ρ0) +
∫

φA
1,ρ̄(· − Eρ1[X])d(ν1 − ρ1)

∣∣∣∣∣)
+ 2C1∥ν0 ⊗ ν1 − ρ0 ⊗ ρ1∥∞,F ⊕ .

Observe that φA
0,ν̄(· − Eρ0[X]), φA

0,ρ̄(· − Eρ0[X]) ∈ F0 by construction and that φA
1,ρ̄(· −

Eρ1[X]), φA
1,ν̄(· − Eρ1[X]) are bounded on X◦1 and hence are elements of F1 up to some

normalizing constant. It follows that the the term in brackets on the right hand side of the

display can be bounded as C2∥ν0 ⊗ ν1 − ρ0 ⊗ ρ1∥∞,F ⊕ for some positive constant C2 which

is independent of A, ν0, ν1, ρ0, ρ1. Applying these bounds in (3.46) proves the desired

Lipschitz continuity of S2. □

Proof of Theorem 13. By applying the variational form (3.8), the desired Gâteaux dif-

ferentiability follows from Lemmas 20 and 23 whereas the Lipschitz continuity follows

from Lemmas 21 and 24. □
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3.8.4 Proof of Theorem 14

Given Theorem 13, the first assertion of Theorem 14 follows from the unified approach

(Proposition 16).

Specializing to the empirical measures, the result will follow upon showing that the

function classes F0 and F1 are, respectively, µ0- and µ1-Donsker. Indeed, by applying

the same argument as in the end of Theorem 10, Donskerness of each class and the

independence assumption on the samples imply that
√

n(µ̂0,n − µ0)⊗ (µ̂1,n − µ1)
d
→ Gµ0⊗µ1

in ℓ∞(F ⊕) where Gµ0⊗µ1( f0 ⊕ f1) = Gµ0( f0) +Gµ1( f1) and Gµ0 , Gµ1 are, respectively, tight

µ0- and µ1-Brownian bridge processes in ℓ∞(F0) and ℓ∞(F1). We begin with F0.

By Corollary 2.7.2 and the surrounding discussion in [201], the unit ball in Ck(X0)

is universally Donsker provided that k = ⌊d/2⌋ + 1. As unions and pairwise sums of

Donsker classes are Donsker (see Example 2.10.7 in [201]), it suffices to show that G is

µ0-Donsker.

Let x, ξ, ξ′ ∈ X0, ζ, ζ′ ∈ Rd1 with ∥ζ∥, ∥ζ′∥ ≤ ∥X1∥∞, z, z′ ∈ RN with ∥z∥∞, ∥z′∥∞ ≤ K,

and A,A′ ∈ BF(M) be arbitrary. Observe that∣∣∣∣∣min
1≤i≤N

{
cA

(
x − ξ, y(i) − ζ

)
− zi

}
− min

1≤i≤N

{
cA′

(
x − ξ′, y(i) − ζ′

)
− z′i

}∣∣∣∣∣
≤ max

1≤i≤N

∣∣∣−4∥x − ξ∥2∥y(i) − ζ∥2 − 32(x − ξ)⊺A(y(i) − ζ) − zi

+4∥x − ξ′∥2∥y(i) − ζ′∥2 + 32(x − ξ′)⊺A′(y(i) − ζ′) + z′i
∣∣∣ .

By applying the reverse triangle inequality, we see that∣∣∣∥x − ξ∥2∥y(i) − ζ∥2 − ∥x − ξ′∥2∥y(i) − ζ′∥2
∣∣∣

≤
∣∣∣∥x − ξ∥2 − ∥x − ξ′∥2∣∣∣ ∥y(i) − ζ∥2 +

∣∣∣∥y(i) − ζ∥2 − ∥y(i) − ζ′∥2
∣∣∣ ∥x − ξ′∥2

≤ (∥x − ξ∥ + ∥x − ξ′∥)∥ξ − ξ′∥∥y(i) − ζ∥2 + (∥y(i) − ζ∥ + ∥y(i) − ζ′∥)∥ζ − ζ′∥∥x − ξ′∥2

≲X0,X1 ∥ξ − ξ
′∥ + ∥ζ − ζ′∥,
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whereas∣∣∣(x − ξ)⊺A(y(i) − ζ) − (x − ξ′)⊺A′(y(i) − ζ′)
∣∣∣

≤
∣∣∣(x − ξ)⊺(A − A′)(y(i) − ζ)

∣∣∣ + ∣∣∣(ξ′ − ξ)⊺A′(y(i) − ζ)
∣∣∣ + |(x − ξ′)⊺A′(ζ′ − ζ)|

≲M,X0,X1 ∥A − A′∥F + ∥ξ′ − ξ∥ + ∥ζ′ − ζ∥ ,

so that there exists a constant CM,X0,X1 < ∞ satisfying∣∣∣∣∣min
1≤i≤N

{
cA

(
x − ξ, y(i) − ζ

)
− zi

}
− min

1≤i≤N

{
cA′

(
x − ξ′, y(i) − ζ′

)
− z′i

}∣∣∣∣∣
≤ CM,X0,X1

(
∥A − A′∥F + ∥ξ′ − ξ∥ + ∥ζ′ − ζ∥ + ∥z − z′∥∞

)
whereby the function class G is Lipschitz with respect to the parameter (A, ξ, ζ, z) ∈

BF(M) × X0 × B(Rd1 ,∥·∥)(∥X1∥∞) × B(RN ,∥·∥∞)(K) C Q, where B(Rd1 ,∥·∥)(∥X1∥∞) is the closed

ball of radius ∥X1∥∞ in Rd1 with respect to ∥ · ∥, and B(RN ,∥·∥∞)(K) is defined analogously.

Let τ : (A, ξ, ζ, z) ∈ Q 7→ (A(·),1, A(·),2, . . . , A(·),d1 , ξ, ζ, z) ∈ Rd0d1+d0+d1+N , where A(·),i is

the i-th column of A for i ∈ [d1]; we endow this latter Euclidean space with the norm

∥(u, v,w, z)∥τQ = ∥u∥ + ∥v∥ + ∥w∥ + ∥z∥∞ where u ∈ Rd0d1 , v ∈ Rd0 , w ∈ Rd1 , and z ∈ RN .

By Theorem 2.7.11 in [201], N[ ](2ϵCM,X0,X1 ,G, L
2(µ0)) ≤ N(ϵ, τQ, ∥ · ∥τQ). It suffices,

therefore, to bound N(ϵ, τQ, ∥ · ∥τQ). To this end, observe that τQ ⊂ B∥·∥τQ(M + ∥X0∥∞ +

∥X1∥∞+K), the ball of radius M+∥X0∥∞+∥X1∥∞+K in Rd0d1+d0+d1+N with respect to ∥·∥τQ.

Let S ϵ be an ϵ-net for this ball with respect to ∥ · ∥τQ and note that ∪x∈S ε
(x + ϵ

2 BτQ(1)) ⊂

(M + ∥X0∥∞ + ∥X1∥∞ + K + ϵ
2)BτQ(1). As the sets on the left hand side of the previous

expression are disjoint,

|S ϵ |

(
ϵ

2

)d0d1+d0+d1+N
vol (BτQ(1))

≤

(
M + ∥X0∥∞ + ∥X1∥∞ + K +

ϵ

2

)d0d1+d0+d1+N
vol (BτQ(1))

whereby |S ϵ | ≤
(

2(M+∥X0∥∞+∥X1∥∞+K)
ϵ

+ 1
)d0d1+d0+d1+N

.

In sum, N(ϵ, τQ, ∥ · ∥τQ) ≤
(

2(M+∥X0∥∞+∥X1∥∞+K)
ϵ

∨
2 + 1

)d0d1+d0+d1+N
so that G is µ0-

Donsker provided that it admits a cover which is square integrable with respect to µ0 (see
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Theorem 3.7.38 in [96]). This last condition is evidently satisfied, as cA(x− ξ, y(i) − ζ)− zi

can be bounded by a constant independently of the choice of (A, ξ, ζ, z) ∈ Q, x ∈ X0, and

i ∈ [N].

As for F1, note that if f , g ∈ F1, then

∥ f − g∥2L2(µ1) =

N∑
i=1

( f (y(i)) − g(y(i)))2µ1({y(i)}) ≤ ∥z f − zg∥
2
∞

where z f = ( f (y(1)), . . . , f (y(N))) and zg is defined analogously. Thus, N(ϵ,F1, L2(µ1)) ≤

N(ϵ, {z ∈ RN : ∥z∥∞ ≤ K}, ∥ · ∥∞) ≤
(

2K
ϵ

∨
2 + 1

)N
, where the second inequality follows

from the first part of the proof. Conclude from Theorem 2.5.2 in [201] that F1 is

µ1-Donsker. □

3.8.5 Proofs for Section 3.5

Proof of Theorem 9

We first show that the centered measures are 4-sub-Weibull with a particular constant and

establish a bound on the second moment of a 4-sub-Weibull distribution.

Lemma 25. Fix ν ∈ P4,σ(Rd). Then, ν̄ ∈ P4,σ̄(Rd) for σ̄2 =
2+log 2

log 2 8σ2 and it holds that

M2(ν), M2(ν̄) ≤ 2σ.

Proof. As ν ∈ P4,σ(Rd),∫
e
∥·∥4

2σ̄2 dν̄ =
∫

e
∥·−Eν[X]∥4

2σ̄2 dν ≤ e
8∥Eν[X]∥4

2σ̄2

∫
e

8∥·∥4

2σ̄2 dν ≤ e
8∥Eν[X]∥4

2σ̄2

(∫
e
∥·∥4

2σ2 dν
) 8σ2

σ̄2

≤ e
32σ2

2σ̄2 2
8σ2

σ̄2 = 2,

where the first inequality follows from the triangle inequality and the inequality (|a| +

|b|)p ≤ 2p−1(|a|p + |b|p) for a, b ∈ R and p ≥ 1, the second is due to Jensen’s inequality,
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noting that 8σ2 ≤ σ̄2, and the final inequality follows from the 4-sub-Weibull assumption

and the fact that

2 ≥
∫

e
∥·∥4

2σ2 dν ≥
∫
∥ · ∥4

2σ2 dν = M4(ν)/(2σ2)

so that ∥Eν[X]∥4 ≤ Eν[∥X∥4] ≤ 4σ2 by Jensen’s inequality. This proves the first claim.

For the second claim, we have by Jensen’s inequality that M2
2(ν) ≤ M4(ν) ≤ 4σ2 as above.

Conclude by noting that M2(ν̄) = M2(ν) − ∥Eν[X]∥2 ≤ M2(ν). □

Consequently, we set M = σ and analyze the regularity properties of EOT potentials

for OTA,ε(ν0, ν1) for 4-sub-Weibull distributions with A ∈ BF(M).

Lemma 26 (Regularity of EOT potentials [223]). Fix σ > 0. Then, for any choice of

(ν0, ν1) ∈ P4,σ(Rd0) × P4,σ(Rd1) and A ∈ BF(M), there exists a pair of EOT potentials

(φA,ε
0 , φA,ε

1 ) for OTA,ε(ν0, ν1) satisfying the Schrödinger system (3.6) on Rd0 × Rd1 . Fur-

thermore, this pair is unique up to additive constants on Rd0 × Rd1 and, for every k ∈ N,

there exists a constant K depending only on k, d0, d1, σ, and ε for which

φA,ε
i ≤ K(1 + ∥ · ∥2), −φA,ε

i ≤ K(1 + ∥ · ∥4), |DαφA,ε
i | ≤ K(1 + ∥ · ∥3k),

for every nonzero multi-index α ∈ Ndi
0 with |α| ≤ k and i ∈ {0, 1}.

Proof. Lemma 4 in [223] asserts that there exists a pair of EOT potentials (φA,1
0 , φA,1

1 ) for

OTA,1(ν0, ν1) satisfying the Schrödinger system on Rd0 × Rd1 and, for any fixed k ∈ N,

there exists a constant K′ depending only on k, d0, d1, σ for which

φA,1
i ≤ K′(1 + ∥ · ∥2), −φA,1

i ≤ K′(1 + ∥ · ∥4), |DαφA,1
i | ≤ K′(1 + ∥ · ∥3k) (3.47)

for every nonzero multi-index α ∈ Ndi
0 with |α| ≤ k and i ∈ {0, 1}. To extend this result

to the general case ε > 0, observe that if (η0, η1) ∈ P(Rd0) × P(Rd1) have finite fourth

moments and π ∈ Π(η0, η1) with π ≪ η0 ⊗ η1, then∫
cAdπ + εDKL(π∥η0 ⊗ η1) = ε

(∫
cAdπε + DKL(πε∥ηε0 ⊗ η

ε
1)
)
,
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where πε = (ε−1/4 Id, ε−1/4 Id)♯π and similarly for ηε0 and ηε1. The above display im-

plies that OTA,ε(η0, η1) = εOTA,1(ηε0, η
ε
1), that if π⋆ is optimal for OTA,ε(η0, η1), then

πε⋆ is optimal for OTA,1(ηε0, η
ε
1), and dπ⋆

dη0⊗η1
= e

φ0⊕φ1−cA
ε where (φ0, φ1) are the associ-

ated EOT potentials whereas dπε⋆
dηε0⊗η

ε
1
= dπ⋆

dη0⊗η1
◦ (ε1/4 Id) = eε

−1(φ0(ε1/4·)⊕φ1(ε1/4·))−cA so that

ε−1(φ0(ε1/4·), φ1(ε1/4·)) is optimal for OTA,1(ηε0, η
ε
1). We also point out that if η0, η1 are

4-sub-Weibull with parameter σ2, then ηε0, η
ε
1 are 4-sub-Weibull with parameter σ2/ε.

The claimed estimates then follow readily from (3.47).

Finally, assume that (φ0, φ1) is another pair of EOT potentials for OTA,ε(ν0, ν1), then

(φ0, φ1) coincides with (φA,ε
0 , φA,ε

1 ) up to additive constants ν0 ⊗ ν1-a.s. Thus, there exists

some a ∈ R for which

e−
φ0(x)
ε =

∫
e
φ1−cA(x,·)

ε dν1 =

∫
e
φ

A,ε
1 −a−cA(x,·)

ε dν1 = e−
φ

A,ε
0 (x)+a

ε ,

for every x ∈ Rd0 so that φ0 coincides with φA,ε
0 + a on Rd0 . The same argument applies

to φ1. □

To prove Theorem 15, we adopt a similar strategy to the semi-discrete case (Theo-

rem 13). Namely, for i ∈ {0, 1}, we set µi,t = µi + t(νi − µi) for t ∈ [0, 1] and some

pair (ν0, ν1) ∈ P4,σ(Rd0) × P4,σ(Rd1) and utilize the variational form Dε(µ̄0, µ̄1)2 =

S1(µ̄1, µ̄1) + S2,ε(µ̄0, µ̄1) from (3.8). We make precise that, since µ0, µ1, ν0, ν1 are all

4-sub-Weibull with the same parameter σ, so too are µ0,t and µ1,t with the same parame-

ter.

Lemma 27. As t ↓ 0, we have that
S1(µ̄0,t, µ̄1,t) − S1(µ̄0, µ̄1)

t
→ 2

"
∥x − x′∥4dµ0(x)d(ν0 − µ0)(x′)

+ 2
"
∥y − y′∥4dµ1(y)d(ν1 − µ1)(y′)

− 4
"
∥x − Eµ0[X]∥2∥y − Eµ1[X]∥2d(ν0 − µ0)(x)dµ1(y)

− 4
"
∥x − Eµ0[X]∥2∥y − Eµ1[X]∥2dµ0(x)d(ν1 − µ1)(y).

132



The proof of Lemma 27 follows the same lines as the proof of Lemma 20. The only

distinction is that boundedness of all relevant integrals is justified using the 4-sub-Weibull

assumption rather than compact support. The proof is thus ommitted for brevity.

Lemma 28. For any pairs (ν0, ν1), (ρ0, ρ1) ∈ Pµ0 ×Pµ1 , |S1(ν̄0, ν̄1) − S1(ρ̄0, ρ̄1)| ≤ C∥ν0 ⊗

ν1 − ρ0 ⊗ ρ1∥∞,F ⊕ for some constant C > 0 which is independent of (ν0, ν1), (ρ0, ρ1).

Proof. The same arguments from the proof of Lemma 21 apply in this setting with

the distinction that the relevant integrals can be bounded (uniformly in the choice of

ν0, ν1, ρ0, ρ1) by appealing to the 4-sub-Weibull assumption.

For completeness, we underscore that the functions

ξ0 : x ∈ Rd0 7→

∫
∥x − x′∥4dν0(x′) +

∫
∥x − x′∥4dρ0(x′),

ξ1 : x ∈ Rd1 7→

∫
∥x − x′∥4dν1(x′) +

∫
∥x − x′∥4dρ1(x′),

ζ0 : x ∈ Rd0 7→ ∥x − Eµ0[X]∥2,

ζ1 : x ∈ Rd1 7→ ∥x − Eν1[X]∥2,

are smooth and have derivatives (of all orders) which can be bounded as 1 + ∥ · ∥4 up to a

multiplicative constant which is independent of ν0, ν1, ρ0, ρ1. Conclude that ξ0, ζ0 ∈ F0

and ξ1, ζ1 ∈ F1 so that the remainder of the proof follows analogously to the proof of

Lemma 21. □

Lemma 29. If (µ0, µ1) ∈ P4,σ(Rd0) ×P4,σ(Rd1) for some σ > 0, then, for any A ∈ BF(M),

lim
t↓0

OTA,ε(µ̄0,t, µ̄1,t) − OTA,ε(µ̄0, µ̄1)
t

=

∫
φ̄A,ε

0 + 8E(X,Y)∼πA,ε[∥Y∥2X]⊺(·)d(ν0 − µ0)

+

∫
φ̄A,ε

1 + 8E(X,Y)∼πA,ε[∥X∥2Y]⊺(·)d(ν1 − µ1).

Proof. Fix A ∈ BF(M). Proceeding as in the semi-discrete case (Lemma 22), consider

lim
t↓0

OTA,ε(µ̄0,t, µ̄1,t) − OTA,ε(µ̄0, µ̄1)
t

= lim
t↓0

(
OTA,ε(µ̄0,t, µ̄1,t) − OTA,ε(µ̃0,t, µ̃1,t)

t

+
OTA,ε(µ̃0,t, µ̃1,t) − OTA,ε(µ̄0, µ̄1)

t

)
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where (µ̃0,t, µ̃1,t) =
(
(Id−Eµ0[X])♯µ0,t, (Id−Eµ1[X])♯µ1,t

)
. We compute each limit on the

right hand side separately.

First, let (φ(ν0,ν1)
0 , φ(ν0,ν1)

1 ) be some choice of EOT potentials for OTA,ε(ν0, ν1) from

Lemma 26 for any choice of 4-sub-Weibull distributions (ν0, ν1) and observe that

OTA,ε(µ̃0,t, µ̃1,t) − OTA,ε(µ̃0,t, µ̄1)

≤

∫
φ

(µ̃0,t ,µ̃1,t)
0 dµ̃0,t +

∫
φ

(µ̃0,t ,µ̃1,t)
1 dµ̃1,t −

∫
φ

(µ̃0,t ,µ̃1,t)
0 dµ̃0,t

−

∫
φ

(µ̃0,t ,µ̃1,t)
1 dµ̄1 + ε

∫
e
φ

(µ̃0,t ,µ̃1,t )
0 ⊕φ

(µ̃0,t ,µ̃1,t )
1 −cA
ε dµ̃0,t ⊗ µ̄1 − ε

= t
∫

φ̄
(µ̃0,t ,µ̃1,t)
1 d(ν1 − µ1)

(3.48)

where we have used the fact that
∫

e
φ

(µ̃0,t ,µ̃1,t )
0 ⊕φ

(µ̃0,t ,µ̃1,t )
1 −cA
ε dµ̃0,t ≡ 1 on Rd1 (as the EOT

potentials solve the relevant Shrödinger systems) and we recall the notation (ḡ0, ḡ1) =

(g0(· − Eµ0[X]), g1(· − Eµ1[X])). Similarly,

OTA,ε(µ̃0,t, µ̃1,t) − OTA,ε(µ̃0,t, µ̄1) ≥ t
∫

φ̄
(µ̃0,t ,µ̄1)
1 d(ν1 − µ1),

OTA,ε(µ̃0,t, µ̄1) − OTA,ε(µ̄0, µ̄1) ≤ t
∫

φ̄
(µ̃0,t ,µ̄1)
0 d(ν0 − µ0),

OTA,ε(µ̃0,t, µ̄1) − OTA,ε(µ̄0, µ̄1) ≥ t
∫

φ̄
(µ̄0,µ̄1)
0 d(ν0 − µ0),

(3.49)

whereby∣∣∣OTA,ε(µ̃0,t, µ̃1,t) − OTA,ε(µ̄0, µ̄1)
∣∣∣

≤ t
(∣∣∣∣∣∫ φ̄

(µ̃0,t ,µ̄1)
0 d(ν0 − µ0) +

∫
φ̄

(µ̃0,t ,µ̃1,t)
1 d(ν1 − µ1)

∣∣∣∣∣∨ ∣∣∣∣∣∫ φ̄
(µ̄0,µ̄1)
0 d(ν0 − µ0) +

∫
φ̄

(µ̃0,t ,µ̄1)
1 d(ν1 − µ1)

∣∣∣∣∣)
(3.50)

It suffices, therefore to show that both terms in absolute values on the right hand side

converge to
∫
φ̄

(µ̄0,µ̄1)
0 d(ν0 − µ0) +

∫
φ̄

(µ̄0,µ̄1)
1 d(ν1 − µ1) as t ↓ 0.

To this end, fix an arbitrary sequence tn ↓ 0 and a subsequence tn′ ↓ 0. By the Arzèla-

Ascoli theorem, there is a subsequence tn′′ ↓ 0 along which (φ
(µ̃0,tn′′

,µ̃1,tn′′
)

0 , φ
(µ̃0,tn′′

,µ̃1,tn′′
)

1 )
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converges to (ψ0, ψ1) uniformly on compact sets (in particular pointwise) where (ψ0, ψ1)

is a pair of continuous functions. Given that the EOT potentials satisfy the estimates

from Lemma 26 and that µ0, µ1, ν0, ν1 are 4-sub-Weibull, we may apply the dominated

convergence theorem to obtain that, for every (x, y) ∈ Rd0 × Rd1 ,

e−
φ

(µ̃0,tn′′
,µ̃1,tn′′

)

0 (x)
ε =

∫
e
φ

(µ̃0,tn′′
,µ̃1,tn′′

)

1 −cA(x,·)
ε dµ̃1,tn′′ →

∫
e
ψ1−cA(x,·)

ε dµ̄1 = e−
ψ0(x)
ε ,

e−
φ

(µ̃0,tn′′
,µ̃1,tn′′

)

1 (y)
ε =

∫
e
φ

(µ̃0,tn′′
,µ̃1,tn′′

)

0 −cA(·,y)
ε dµ̃0,tn′′ →

∫
e
ψ0−cA(·,y)

ε dµ̄0 = e−
ψ1(y)
ε ,

so that (ψ0, ψ1) solve the Schrödinger system for OTA,ε(µ̄0, µ̄1) on Rd0 × Rd1 . Conclude

from Lemma 26 that (ψ0, ψ1) coincides with (φ(µ̄0,µ̄1)
0 , φ

(µ̄0,µ̄1)
1 ) up to additive constants

whence
∫
φ̄

(µ̃0,tn′′
,µ̃1,tn′′

)
1 d(ν1−µ1)→

∫
φ̄

(µ̄0,µ̄1)
1 d(ν1−µ1). By an analogous argument it holds

that
∫
φ̄

(µ̃0,tn′′′
,µ̄1)

0 d(ν0−µ0)→
∫
φ̄

(µ̄0,µ̄1)
0 d(ν0−µ0),

∫
φ̄

(µ̃0,tn′′′
,µ̄1)

1 d(ν1−µ1)→
∫
φ̄

(µ̄0,µ̄1)
1 d(ν1−µ1)

up to passing to a further subsequence tn′′′ . Conclude from equations (3.48) and (3.49)

that

lim
n′′′→∞

OTA,ε(µ̃0,tn′′′ , µ̃1,tn′′′ ) − OTA,ε(µ̄0, µ̄1)
tn′′′

=

∫
φ̄

(µ̄0,µ̄1)
0 d(ν0 − µ0) +

∫
φ̄

(µ̄0,µ̄1)
1 d(ν1 − µ1).

As the original choice of subsequence was arbitrary and the limit is independent of this

choice of subsequence, conclude that

lim
t↓0

OTA,ε(µ̃0,t, µ̃1,t) − OTA,ε(µ̄0, µ̄1)
t

=

∫
φ̄

(µ̄0,µ̄1)
0 d(ν0 −µ0)+

∫
φ̄

(µ̄0,µ̄1)
1 d(ν1 −µ1). (3.51)

On the other hand, adopting the notation τt from the proof of Lemma 22 and letting

π̄t, π̃t be optimal for OTA,ε(µ̄0,t, µ̄1,t) and OTA,ε(µ̃0,t, µ̃1,t) respectively, we have that

OTA,ε(µ̄0,t, µ̄1,t) − OTA,ε(µ̃0,t, µ̃1,t) ≤
∫

cA ◦ τ
−t − cAdπ̃t,

OTA,ε(µ̄0,t, µ̄1,t) − OTA,ε(µ̃0,t, µ̃1,t) ≥
∫

cA − cA ◦ τ
tdπ̄t,

(3.52)

as DKL is translation invariant. Using the characterization of the Radon-Nikodym deriva-
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tive of the EOT plan (see Section 3.2.3), we have∫
cA ◦ τ

−t − cAdπ̃t

=

∫
(cA ◦ τ

−t − cA)
dπ̃t

dµ̃0,t ⊗ µ̃1,t
dµ̃0,t ⊗ µ̃1,t

=

∫ (
(cA ◦ τ

−t − cA)e
φ̃0,t⊕φ̃1,t−cA

ε

)
(· − Eµ0[X], · − Eµ1[X])dµ0,t ⊗ µ1,t,

where (φ̃0,t, φ̃1,t) is a pair of EOT potentials for OTA,ε(µ̃0,t, µ̃1,t). Arguing as in the first part

of the proof, if we fix a sequence tn ↓ 0 and a subsequence tn′ ↓ 0, there exists a further

subsequence tn′′ ↓ 0 along which φ̃0,tn′′ ⊕ φ̃1,tn′′ → φ0 ⊕ φ1 pointwise on Rd0 × Rd1 where

(φ0, φ1) is a pair of EOT potentials for OTA,ε(µ̄0, µ̄1) so that e
φ̃0,tn′′

⊕φ̃1,tn′′
−cA

ε → e
φ0⊕φ1−cA

ε

pointwise and we highlight that e
φ0⊕φ1−cA

ε = dπA

dµ̄0⊗µ̄1
µ̄0 ⊗ µ̄1-a.e. where πA is the EOT plan

for OTA,ε(µ̄0, µ̄1). From (3.44), we have that

t−1 (
cA ◦ τ

−t(x, y) − cA(x, y)
)

→ 8⟨x,Eν0[X] − Eµ0[X]⟩∥y∥2 + 8⟨y,Eν1[X] − Eµ1[X]⟩∥x∥2

+ 32
(
Eν0[X] − Eµ0[X]

)⊺
Ay + 32x⊺A

(
Eν1[X] − Eµ1[X]

)
pointwise and, from the potential estimates, t−1 (

cA ◦ τ
−t(x, y) − cA(x, y)

)
e
φ̃0,t⊕φ̃1,t−cA

ε is

equiintegrable (in t ∈ [0, 1], A ∈ BF(M)) with respect to any product of 4-sub-Weibull

distributions. Letting h denote the limit in the above display, the dominated convergence

theorem yields

t−1
n′′

∫
(cA ◦ τ

−tn′′ − cA)dπ̃tn′′ →

∫ (
h

dπA

dµ̄0 ⊗ µ̄1

)
(· − Eµ0[X], · − Eµ1[X])dµ0 ⊗ µ1

=

∫
hdπA

=

∫
8⟨x,Eν0[X] − Eµ0[X]⟩∥y∥2

+ 8⟨y,Eν1[X] − Eµ1[X]⟩∥x∥2dπA(x, y),

as the marginals of πA are mean-zero. Since the limit is independent of the choice of

original subsequence, t−1
∫

(cA ◦ τ
−t − cA)dπ̃t converges to the same limit. The same
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arguments apply to
∫

cA − cA ◦ τ
tdπ̄t so that

OTA,1(µ̄0,t, µ̄1,t) − OTA,1(µ̃0,t, µ̃1,t)
t

→

∫
8⟨x,Eν0[X] − Eµ0[X]⟩∥y∥2

+ 8⟨y,Eν1[X] − Eµ1[X]⟩∥x∥2dπA(x, y).
(3.53)

Combining (3.51) and (3.53) proves the claim. □

Lemma 30. If (µ0, µ1) ∈ P4,σ(Rd0) × P4,σ(Rd1) for some σ > 0 and we set A=

argminBF(M)Φ(µ̄0,µ̄1), then

lim
t↓0

S2,ε(µ̄0,t, µ̄1,t) − S2,ε(µ̄0, µ̄1)
t

= inf
A∈A

{∫
g0,πA + φ̄A

0 d(ν0 − µ0)

+

∫
g1,πA + φ̄A

1 d(ν1 − µ1)
}
,

where
g0,π = 8E(X,Y)∼π[∥Y∥2X]⊺(·),

g1,π = 8E(X,Y)∼π[∥X∥2Y]⊺(·),

φ̄i = φi(· − Eµi[X]) for i = 0, 1, and, for A ∈ A, πA is the unique OT plan for OTA(µ̄0, µ̄1),

and (φA
0 , φ

A
1 ) is any choice of EOT potentials from Lemma 26.

Proof. Let A⋆ ∈ A be arbitrary. By Lemma 29,

S2,ε(µ̄0,t, µ̄1,t) − S2,ε(µ̄0, µ̄1)

≤ OTA⋆,ε(µ̄0,t, µ̄1,t) − OTA⋆,ε(µ̄0, µ̄1)

=

∫
g0,πA⋆ + φ̄A⋆

0 d(ν0 − µ0) +
∫

g1,πA⋆ + φ̄A⋆

1 d(ν1 − µ1) + o(t).

It follows that

lim sup
t↓0

S2,ε(µ̄0,t, µ̄1,t) − S2,ε(µ̄0, µ̄1)
t

≤ inf
A∈A

{∫
g0,πA + φ̄A

0 d(ν0 − µ0)

+

∫
g1,πA + φ̄A

1 (ν1 − µ1)
}
.

(3.54)
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To prove the complementary inequality, let At be optimal for S2,ε(µ̄0,t, µ̄1,t) for every

t ∈ [0, 1]. By the estimates for the EOT potentials, equations (3.50) and (3.52), and the

4-sub-Weibull assumption, A ∈ BF(M) 7→ 32∥A∥2F +OTA,ε(µ̄0,t, µ̄1,t) converges uniformly

to A ∈ BF(M) 7→ 32∥A∥2F+OTA,ε(µ̄0, µ̄1) as t ↓ 0. Proceeding as in the proof of Lemma 23

we obtain that any cluster point of (At)t↓0 is an element ofA.

Now, fix a sequence tn ↓ 0 and an arbitrary subsequence tn′ ↓ 0. By the Bolzano-

Weierstrass theorem, (Atn′ )n′∈N admits a cluster point A⋆ ∈ A. Observe that

S2,ε(µ̄0,tn′ , µ̄1,tn′ ) − S2,ε(µ̄0, µ̄1)
tn′

≥
OTAtn′

,ε(µ̄0,tn′ , µ̄1,tn′ ) − OTAtn′
,ε(µ̄0, µ̄1)

tn′

≥

∫
φ̄

Atn′
,(µ̄0,µ̄1)

0 d(ν0−µ0)+
∫

φ̄
Atn′

,(µ̃0,tn′
,µ̄1)

1 d(ν1−µ1)+t−1
n′

∫
cAtn′
−cAtn′

◦τtn′dπ̄Atn′

due to (3.49) and (3.52). It remains to show that the term above converges to∫
g0,πA⋆d(ν0 − µ0) +

∫
g1,πA⋆d(ν1 − µ1) and that (φ̄

Atn′
,(µ̄0,µ̄1)

0 , φ̄
Atn′

,(µ̃0,tn′
,µ̄1)

1 ) converges point-

wise to (φ̄A⋆,(µ̄0,µ̄1)
0 , φ̄

A⋆,(µ̄0,µ̄1)
1 ) (up to additive constants).

Given Lemma 26, the Arzelà-Ascoli theorem implies that there exists a subsequence

tn′′ along which (φ
Atn′′

,(µ̄0,tn′′
,µ̄1,tn′′

)
0 , φ

Atn′′
,(µ̄0,tn′′

,µ̄1,tn′′
)

1 ) converges to a pair (φ0, φ1) of continu-

ous functions uniformly on compact sets (hence pointwise); similar implications hold for

the other pairs of EOT potentials. Given that cAn′′ converges pointwise to cA⋆ and that

µ0, µ1, ν0, ν1 are 4-sub-Weibull it follows from the dominated convergence theorem that

e−
φ

Atn′′
,(µ̄0,tn′′

,µ̄1,tn′′
)

0 (x)
ε =

∫
e
φ

Atn′′
,(µ̄0,tn′′

,µ̄1,tn′′
)

1 −cAtn′′
(x,·)

ε dµ̄1,tn′′

→

∫
e
φ1−cA⋆ (x,·)

ε dµ̄1 = e−
φ0(x)
ε ,

e−
φ

Atn′′
,(µ̄0,tn′′

,µ̄1,tn′′
)

1 (y)
ε =

∫
e
φ

Atn′′
,(µ̄0,tn′′

,µ̄1,tn′′
)

0 −cAtn′′
(·,y)

ε dµ̄0,tn′′

→

∫
e
φ0−cA⋆ (·,y)

ε dµ̄0 = e−
φ1(y)
ε ,

so that (φ0, φ1) is an optimal pair for OTA⋆
ε
(µ̄0, µ̄1) and similarly for the other EOT
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potentials. Conclude that e
φ

Atn′′
,(µ̄0,tn′′

,µ̄1,tn′′
)

0 ⊕φ
Atn′′

,(µ̄0,tn′′
,µ̄1,tn′′

)

1 −cAtn′′
ε → e

φ0⊕φ1−cA⋆
ε pointwise on

Rd0 ×Rd1 and we recall that e
φ0⊕φ1−cA⋆

ε = dπA

dµ̄0⊗µ̄1
µ̄0 ⊗ µ̄1-a.e. so that, arguing as in the proof

of Lemma 29,

t−1
n′

∫
cAtn′
− cAtn′

◦ τtn′dπ̄Atn′ →

∫ (
8⟨x,Eν0[X] − Eµ0[X]⟩∥y∥2

+8⟨y,Eν1[X] − Eµ1[X]⟩∥x∥2
)

dπA⋆

(x, y).

Conclude that

S2,ε(µ̄0,tn′′ , µ̄1,tn′′ ) − S2,ε(µ̄0, µ̄1)
tn′′

→

∫
φ̄

A⋆,(µ̄0,µ̄1)
0 d(ν0 − µ0) +

∫
φ̄

A⋆,(µ̄0,µ̄1)
1 d(ν1 − µ1)

+

∫
8⟨x,Eν0[X] − Eµ0[X]⟩∥y∥2 + 8⟨y,Eν1[X] − Eµ1[X]⟩∥x∥2dπA⋆

(x, y),

≥ inf
A∈A

{∫
g0,πA + φ̄A

0 d(ν0 − µ0) +
∫

g1,πA + φ̄A
1 (ν1 − µ1)

}
.

Given that this final lower bound is independent of the original choice of subsequence,

lim inf
t↓0

S2,ε(µ̄0,t, µ̄1,t) − S2,ε(µ̄0, µ̄1)
t

≥ inf
A∈A

{∫
g0,πA + φ̄A

0 d(ν0 − µ0) +
∫

g1,πA + φ̄A
1 (ν1 − µ1)

}
which, in combination with (3.54) proves the claim. □

Lemma 31. For any pairs (ν0, ν1), (ρ0, ρ1) ∈ P4,σ(Rd0) × P4,σ(Rd1), we have that∣∣∣S2,ε(ν̄0, ν̄1) − S2,ε(ρ̄0, ρ̄1)
∣∣∣ ≤ C∥ν0 ⊗ ν1 − ρ0 ⊗ ρ1∥∞,F ⊕ for some constant C > 0 which is

independent of (ν0, ν1), (ρ0, ρ1).

Proof. Observe that

|S2,ε(ν̄0, ν̄1) − S2,ε(ρ̄0, ρ̄1)| ≤ sup
A∈BF(M)

∣∣∣OTA,ε(ν̄0, ν̄1) − OTA,ε(ρ̄0, ρ̄1)
∣∣∣
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and

OTA,ε(ν̄0, ν̄1) − OTA,ε(ρ̄0, ρ̄1) = OTA,ε(ν̄0, ν̄1) − OTA,ε(ν̄0, ρ̄1)

+ OTA,ε(ν̄0, ρ̄1) − OTA,ε(ρ̄0, ρ̄1)

≤

∫
φA,(ν̄0,ν̄1)

1 d(ν̄1 − ρ̄1) +
∫

φ
A,(ν̄0,ρ̄1)
0 d(ν̄0 − ρ̄0)

OTA,ε(ν̄0, ν̄1) − OTA,ε(ρ̄0, ρ̄1) ≥
∫

φ
A,(ν̄0,ρ̄1)
0 d(ν̄0 − ρ̄0) +

∫
φ

A,(ρ̄0,ρ̄1)
1 d(ν̄1 − ρ̄1).

(3.55)

By a Taylor expansion, for any x ∈ Rd1 ,

φA,(ν̄0,ν̄1)
1 (x−Eν1[X])=φA,(ν̄0,ν̄1)

1 (x−Eρ1[X])

+

d1∑
i=1

(Eρ1[X]−Eν1[X])i∂iφ
A,(ν̄0,ν̄1)
1 (x− (1−c)Eρ1[X]−cEν1[X]),

for some c ∈ (0, 1). It follows from the uniform bounds on the 4-th moments of 4-sub-

Weibull distributions established in Lemma 25 and the estimates on the derivatives on the

EOT potentials (see Lemma 26) that∣∣∣φA,(ν̄0,ν̄1)
1 (x − Eν1[X]) − φA,(ν̄0,ν̄1)

1 (x − Eρ1[X])
∣∣∣

=

∣∣∣∣∣∣∣
d1∑
i=1

(Eρ1[X] − Eν1[X])i∂iφ
A,(ν̄0,ν̄1)
1 (x − (1 − c)Eρ1[X] − cEν1[X])

∣∣∣∣∣∣∣
≤

d1∑
i=1

∣∣∣(Eρ1[X] − Eν1[X])i

∣∣∣ K1(1 + ∥x − (1 − c)Eρ1[X] − cEν1[X]∥3)

≤ C1(1 + ∥x∥3)
d1max
i=1

∣∣∣(Eρ1[X] − Eν1[X])i

∣∣∣ ,
where K1 is the constant from Lemma 26 corresponding to k = 1 and C1 is a constant

depending only on σ, d0, d1, and ε. It is easy to see that, for i ∈ [N], (Eρ1[X] − Eν1[X])i =∫
xid(ρ1 − ν1)(x) ≤ ∥ν0 ⊗ ν1 − ρ0 ⊗ ρ1∥∞,F ⊕ given that xi ∈ F1 and that 0 ∈ F0.

In sum,∫
φA,(ν̄0,ν̄1)

1 d(ν̄1 − ρ̄1) =
∫

φA,(ν̄0,ν̄1)
1 (· − Eν1[X]) − φA,(ν̄0,ν̄1)

1 (· − Eρ1[X])dν1︸                                                          ︷︷                                                          ︸
≤C1(1+M3(ν1))∥ν0⊗ν1−ρ0⊗ρ1∥∞,F⊕

+

∫
φA,(ν̄0,ν̄1)

1 (· − Eρ1[X])d(ν1 − ρ1).
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Analogous bounds hold for each of the integrals in (3.55) whereby∣∣∣OTA,ε(ν̄0, ν̄1) − OTA,ε(ρ̄0, ρ̄1)
∣∣∣

≤

(∣∣∣∣∣∫ φA,(ν̄0,ν̄1)
1 (· − Eρ1[X])d(ν1 − ρ1) +

∫
φ

A,(ν̄0,ρ̄1)
0 (· − Eρ0[X])d(ν0 − ρ0)

∣∣∣∣∣∨ ∣∣∣∣∣∫ φ
A,(ν̄0,ρ̄1)
0 (· − Eρ0[X])d(ν0 − ρ0) +

∫
φ

A,(ρ̄0,ρ̄1)
0 (· − Eρ1[X])d(ν1 − ρ1)

∣∣∣∣∣)
+C2∥ν0 ⊗ ν1 − ρ0 ⊗ ρ1∥∞,F ⊕ ,

where C2 depends only on σ, d0, d1, ε. As φA,(ν̄0,ρ̄1)
0 (· − Eρ0[X]) ⊕ φA,(ν̄0,ν̄1)

1 (· − Eρ1[X]) and

φ
A,(ν̄0,ρ̄1)
0 (· − Eρ0[X]) ⊕ φA,(ρ̄0,ρ̄1)

0 (· − Eρ1[X]) are elements of F ⊕ up to scaling by a constant

that does not depend on ν0, ν1, ρ0, ρ1, it follows that
∣∣∣OTA,ε(ν̄0, ν̄1) − OTA,ε(ρ̄0, ρ̄1)

∣∣∣ ≤
C3∥ν0 ⊗ ν1 − ρ0 ⊗ ρ1∥∞,F ⊕ for some C3 which is independent of ν0, ν1, ρ0, ρ1. □

Proof of Theorem 15. The claimed Gâteaux differentiability follows from Lemmas 27

and 30 whereas Lipschitz continuity follows from Lemmas 28 and 31 by applying the

variational form (3.8). □

Proof of Theorem 16

Given Theorem 15, the proof of the first statement in Theorem 16 follows directly from

Proposition 16. Under the assumption that ε > 16
√

M4(µ̄0)M4(µ̄1), Theorem 6 in [164]

asserts that Φ(µ̄0,µ̄1) is strictly convex so that it admits at most one minimizer, A⋆. Recall

from the discussion following (3.9) thatA is always non-empty so thatA = {A⋆} and

the limit distribution simplifies to χµ0⊗µ1(( f0 + g0,π + φ̄
A⋆

0 ) ⊕ ( f1 + g1,π + φ̄
A⋆

1 ))

As for the statement regarding the empirical measures, it will follow upon showing

that F0 and F1 are, respectively, µ0- and µ1-Donsker and that the empirical measures are 4-

sub-Weibull with some parameter with probability approaching one. As noted in the proof

of Theorem 10, Donskerness of the classes and the independence assumption imply that
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√
n(µ̂0,n − µ0)⊗ (µ̂1,n − µ1)

d
→ Gµ0⊗µ1 in ℓ∞(F ⊕) where Gµ0⊗µ1( f0 ⊕ f1) = Gµ0( f0) +Gµ1( f1)

and Gµ0 , Gµ1 are, respectively, tight µ0- and µ1-Brownian bridge processes in ℓ∞(F0) and

ℓ∞(F1).

Donskerness of F0 and F1 with respect to any 4-sub-Weibull distribution follows

from a direct adaptation of Lemma E.24 in [106] (see also Lemma 8 in [104]) and is thus

omitted.

Fixing i ∈ {0, 1} and some σ̃ > σ, the law of large numbers yields∫
e
∥·∥4

2σ̃2 dµ̂i,n →

∫
e
∥·∥4

2σ̃2 dµi ≤ 2
σ2

σ̃2 < 2

a.s. so that µ̂i,n is 4-sub-Weibull with parameter σ̃2 with probability approaching 1.

The proof of bootstrap consistency follows the same lines as the proof of Theorem 7

in [106] and is thus omitted for brevity. □

3.8.6 Proofs for Section 3.6

Proof of Proposition 8

If D(µ0, µ1) = 0, there exists an isometry T : spt(µ0)→ spt(µ1) for which T♯µ0 = µ1. For

any i ∈ [N], let T (−ei) = y and observe that, by construction,

1
(N − 1)N(N + 1)

N∑
i, j=1
i, j

ηρ0,i j(−ei) +
1

N + 1
= µ0(T−1({y})) = µ1(y),

where

µ1(y) =
1

(N − 1)N(N + 1)

N∑
i, j=1
i, j

ηρ1,i j(y) +
1

N + 1

N∑
i=1

δ−ei(y).
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Note that
∑N

i, j=1
i, j

ηρ1,i j(y) ≤ N(N − 1) with equality if and only if ηρ1,i j(y) = 1 for every

i, j ∈ [N] with i < j. Thus, if y < (−ei)N
i=1, it holds that µ1(y) ≤ 1

N+1 with equality if and

only if

1 = ηρ1,i j(y) =
∫

1{y}(−ei + te j)dρi j(t)

for every i, j ∈ [N], i < j i.e. y = −ei + se j for some s ∈ [0,∞) and ρi j({s}) = 1, evidently

this equality cannot hold simultaneously for all such i, j. Consequently, y ∈ (−ei)N
i=1 so

that, for every i ∈ [N], T (−ei) = −eσ′(i) for some permutation σ′ on N elements.

By extending the isometry to an isometric self-map on RN , we have by the Mazur-

Ulam theorem that T (x) = Ux + b for some orthogonal matrix U ∈ RN×N and b ∈ RN .

For any i ∈ [N],

1 = ∥T (−ei)∥2 = ∥ − Uei∥
2 + 2b⊺(U(−ei)) + ∥b∥2 = ∥ei∥

2 + 2b⊺(T (−ei) − b) + ∥b∥2

= 1 − ∥b∥2 − 2b⊺eσ′(i).

As the above equality holds for every i ∈ [N] and σ′ is a permutation, it follows that

∥b∥2 = −2bi for every i ∈ [N] i.e. b = − 2
N (1, . . . , 1) or b = (0, . . . , 0). Let t ∈ [0,∞) and

i , j ∈ [N] be arbitrary and observe that

T (−ei + te j) = U(−ei + te j) + b = −eσ′(i) − (U(−e j) + b) + b = −eσ′(i) + teσ′( j) + b.

Since T♯µ0 = µ1, for any Borel set I ⊂ [0,∞),

µ1(∪t∈I{−eσ′(i) + teσ′( j) + b}) = µ0(∪t∈IT−1({−eσ′(i) + teσ′( j) + b}))

= µ0(∪t∈I{−ei + te j}).

If b = − 2
N (1, . . . , 1), ∪t∈I

{
−eσ′(i) + teσ′( j) + b

}
has measure 0 with respect to µ1 whereas

µ0(∪t∈I

{
−ei + te j

}
) , 0 for some set I (e.g. 0 ∈ I). Conclude that b = 0 and, for every

measurable subset, I, of [0,∞) and every i, j ∈ [N] with i < j,

ρ0,i j(I)
N(N + 1)(N − 1)

+
1

N + 1
δ0(I) = µ1(∪t∈I{−eσ′(i) + teσ′( j)})

=
ρ1,σ′(i)σ′( j)(I)

N(N + 1)(N − 1)
+

1
N + 1

δ0(I).

143



It follows that ρ0,i j = ρ1,σ′(i)σ′( j) as measures on R or, equivalently, ρ1,i j = ρ0,σ(i)σ( j) where

σ is the inverse of σ′ for every i, j ∈ [N] with i , j

Conversely, if there exists a permutation σ for which ρ1,i j = ρ0,σ(i)σ( j) for every i, j ∈

[N] with i , j, consider the linear isometry T : (x1, . . . , xN) ∈ RN 7→ (xσ′(1), . . . , xσ′(N)) ∈

RN , where σ′ is the inverse of σ. For any Borel set A ⊂ RN ,

T♯µ0(A) =
1

N(N + 1)(N − 1)

N∑
i, j=1
i, j

ηρ0,i j(T
−1(A)) +

1
N + 1

N∑
i=1

δ−ei(T
−1(A)).

It is clear that
∑N

i=1 δ−ei(T
−1(A)) =

∑N
i=1 δ−eσ′(i)(A), whereas

ηρ0,i j(T
−1(A)) =

∫
1T−1(A)(−ei + te j)dρ0,i j(t) =

∫
1A(−eσ′(i) + teσ′( j))dρ0,i j(t)

=

∫
1A(−eσ′(i) + teσ′( j))dρ1,σ′(i)σ′( j)(t)

= ηρ1,σ′(i)σ′( j)(A),

the previous two displays imply that T♯µ0 = µ1 whereby D(µ0, µ1) = 0. □

Proof of Theorem 17

For a set A ⊂ RN , let F (A, L) denote the set of convex L-Lipschitz functions on A. For

an arbitrary f ∈ F ([−1,K]N , 1)

µ0,n( f ) =
1

(N − 1)N(N + 1)

N∑
i, j=1
i, j

ηρ̂0,i j,n( f ) +
1

N + 1

N∑
i=1

f (−ei),

=
1

(N − 1)N(N + 1)

N∑
i, j=1
i, j

1
n

n∑
k=1

f (−ei +MG0,k
i j e j) +

1
N + 1

N∑
i=1

f (−ei),

whereas

µ0( f ) =
1

(N − 1)N(N + 1)

N∑
i, j=1
i, j

∫
f (−ei + te j)dρ0,i j(t) +

1
N + 1

N∑
i=1

f (−ei),
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thus

(µ0,n − µ0)( f )

=
1

(N − 1)N(N + 1)

N∑
i, j=1
i, j

1
n

n∑
k=1

f (−ei +MG0,k
i j e j) −

∫
f (−ei + te j)dρ0,i j(t)


=

1
(N − 1)N(N + 1)

N∑
i, j=1
i, j

(ρ̂0,i j,n − ρ0,i j)
(

f (−ei + (·)e j)
)
.

(3.56)

In sum,

E

 sup
f∈F ([−1,K]N ,1)

|(µ0,n − µ0)( f )|


≤
1

(N − 1)N(N + 1)

N∑
i, j=1
i, j

E

 sup
f∈F ([−1,K]N ,1)

|(ρ̂0,i j,n − ρ0,i j)
(

f (−ei + (·)e j)
)
|


Since t ∈ [0,K] 7→ f (−ei + te j) is 1-Lipschitz and convex9 the supremum on the right

hand side can be replaced by a supremum over F ([0,K], 1), which admits an L∞ metric

entropy scaling as N(F ([0,K], 1), ϵ, L∞) ≲ ϵ−
1
2 (see Theorem 1 in [112]). Evidently,

the same result if µ0,n − µ0 is replaced by µ1,n − µ1. The remainder of the proof for the

expected rate of convergence follows by the same argument as the proof of Theorem 3

in [223] with only minor modifications.

The limit distribution results follow from the proofs of Theorem 9 and Corollary 5

upon characterizing the weak limit of
√

n(µ0,n − µ0); the arguments evidently also apply

to
√

n(µ1,n − µ1). We provide a general argument which applies to compactly supported

weight distributions and specialize to the finitely discrete case at the end, as the stability

results derived herein can only be applied in this case.

To this end, it was previously noted that N(F ([0,K], 1), ϵ, L∞) ≲ ϵ−
1
2 so that, by

Theorem 2.5.2 in [199], F ([0,K], 1) is ρ0,i j-Donsker for every i, j ∈ [N], i < j. As

9Indeed, for any t, s ∈ [0,K], | f (−ei + te j) − f (−ei + se j)| ≤ ∥te j − se j∥ = L|t − s| and, for λ ∈ [0, 1],
f (−ei + (tλ + (1 − λ)s)e j) = f (λ(−ei + te j) + (1 − λ)(−ei + se j)) ≤ λ f (−ei + te j) + (1 − λ) f (−ei + se j).
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the samples from different edges are independent, Example 1.4.6 in [201] and Lemma

3.2.4 [73] imply that

√
n((ρ̂0,12,n, . . . , ρ̂0,N(N−1),n) − (ρ0,12, . . . , ρ0,N(N−1)))

d
→ (Gρ0,12 , . . . ,Gρ0,N(N−1)) (3.57)

in
∏N

i, j=1
i< j

ℓ∞(F ([0,K], 1)), where, for i, j ∈ [N], i < j, Gρ0,i j is a ρ0,i j-Brownian bridge

process in ℓ∞(F ([0,K], 1)) and all processes are independent. Observe that the map

Υ :
∏N

i, j=1
i< j

ℓ∞ (F ([0,K], 1))→ ℓ∞(F ([−1,K]N , 1/2)), defined via

Υ : (η12, . . . , ηN(N−1))

7→

 f ∈ F ([−1,K]N , 1/2) 7→
N∑

i, j=1
i< j

ηi j

(
f (−ei + (·)e j) + f (−e j + (·)ei)

) ,
is continuous, so that, by (3.57), the representation of (µ0,n − µ0) furnished in (3.56), and

the continuous mapping theorem, we have that

√
n(µ0,n − µ0)

d
→

1
(N − 1)N(N + 1)

Υ
(
Gρ0,12 , . . . ,Gρ0,N(N−1)

)
in ℓ∞(F ([−1,K]N , 1/2)).

We highlight that, for any f ∈ ℓ∞(F ([−1,K]N , 1/2)),

Υ
(
Gρ0,12 , . . . ,Gρ0,N(N−1)

)
( f )=N

0,
∑N

i, j=1
i< j

Varρ0,i j( f (−ei + (·)e j) + f (−e j + (·)ei))

(N − 1)2N2(N + 1)2

 (3.58)

in distribution since, for any f ∈ F ([0,K], 1), Gρ0,i j( f ) = N(0,Varρ0,i j( f )) in distribution

(i, j ∈ [N], i < j).

In the case that each of the ρ0,i j are finitely discrete, we let (w(k)
i j )Ki j

k=1 denote the set

of support points and let (p(k)
i j )Ki j

k=1 be the corresponding probabilities p(k)
i j = ρ0,i j(w

(k)
i j ) for

k ∈ [Ki j] and any i, j ∈ [N] with i < j. Then, for any bounded measurable function g on

146



R, Varρ0,i j(g) is given by


g(w(1)

i j )
...

g(w(Ki j)
i j )



⊺



p(1)
i j (1 − p(1)

i j ) −p(1)
i j p(2)

i j . . . −p(1)
i j p(Ki j)

i j

−p(2)
i j p(1)

i j p(2)
i j (1 − p(2)

i j ) . . . −p(2)
i j p(Ki j)

i j

...
...

. . .
...

−p(Ki j)
i j p(1)

i j −p(Ki j)
i j p(2)

i j . . . p(Ki j)
i j (1 − p(Ki j)

i j )




g(w(1)

i j )
...

g(w(Ki j)
i j )


so that, if Bi j denotes the above multinomial covariance matrix, the variance in (3.58)

can be written in terms of a block diagonal matrix

f̌ ⊺ΣZ f̌ B
1

(N − 1)2N2(N + 1)2 f̌ ⊺


. . .

,

B12

B13

BN(N−1)


f̌ , (3.59)

where f̌ =
(
f12, . . . , fN(N−1)

)
, and

fi j =
(

f (−ei + w(1)
i j e j) + f (−e j + w(1)

i j ei), . . . , f (−ei + w(Ki j)
i j e j) + f (−e j + w(Ki j)

i j ei)
)
,

for i, j ∈ [N] with i < j. The limit theorem then follows from Theorem 10.

It remains to show that Assumption 2 holds in this setting. The expression for χµ0( f0)

is given in (3.58) for f0 ∈ {([−1,K]N , 1/2), an analogous expression holds for χµ1( f1) for

f1 in the same space. Now, assume that g1(· − Eµ1[X]) ∈ {([−1,K]N , 1/2) and let T be a

Gromov-Monge map between µ̄0 and µ̄1. In particular, T = S (· + Eµ0[X]) − Eµ1[X] where

S corresponds to a permutation of axes according to some permutation σ′ as follows

from Proposition 8. Then, letting σ denote the inverse of σ,

χµ1(g1(· − Eµ1[X]))

= N

0,
∑N

i, j=1
i< j

Varρ1,i j(g1(−ei + (·)e j − Eµ1[X]) + g1(−e j + (·)ei − Eµ1[X]))

(N − 1)2N2(N + 1)2

 ,
= N

0,
∑N

i, j=1
i< j

Varρ0,σ(i)σ( j)(g1(−ei + (·)e j − Eµ1[X]) + g1(−e j + (·)ei − Eµ1[X]))

(N − 1)2N2(N + 1)2

 .
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For any t ∈ R, −ei + te j − Eµ1[X] = T (−eσ(i) + tσ( j) − Eµ0[X]) so that

Varρ0,σ(i)σ( j)(g1(−ei+ (·)e j−Eµ1[X])+g1(−e j+ (·)ei−Eµ1[X]))

= Varρ0,σ(i)σ( j)(g1(T (−eσ(i) + (·)eσ( j) − Eµ0[X])) + g1(T (−eσ( j) + (·)eσ(i) − Eµ0[X]))),

and

χµ1(g1(· − Eµ1[X]))

= N

0,
∑N

i, j=1
i< j

Varρ0,i j(g1(T (−ei+ (·)e j−Eµ0[X]))+g1(T (−e j+ (·)ei−Eµ0[X])))

(N − 1)2N2(N + 1)2

 ,
= χµ0((g1 ◦ T )(· − Eµ0[X])),

as desired.

Letting ΣZ be the covariance matrix in (3.59), and Σn be the same covariance matrix

with the edge distributions ρ0,i j replaced by empirical estimates thereof, it is easy to see

that, conditionally on G0,1, . . . ,G0,n and G1,1, . . . ,G1,n Eµ0,n[X]→ Eµ0[X],Σµ0,n → Σµ0[X],

and Σn → ΣZ given almost every realization of the data. Moreover, it is easy to see that

ΣZ1N = Σn1N = 0 with probability 1 so that the required orthogonality condition holds.

The fact that the proposed test is of asymptotic level α then follows form Theorem 18.

Under the alternative, it is easy to see that the test statistic diverges to +∞ so that the test

is asymptotically consistent. □

3.9 Concluding Remarks

This work initiated the study of distributional limits for the GW problem, covering

both discrete and semi-discrete cases, as well as general 4-sub-Weibull distributions for

the entropically regularized GW distance. To this end, we characterized the stability

properties of the GW and entropic GW distances along perturbations of the marginal
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distributions, which may be of independent interest and offer utility beyond our statistical

exploration. As the derived limits are generally non-Gaussian, we prove the consistency of

a direct estimator of the limiting variable in the case of discrete distributions. Remarkably,

we can efficiently sample from the direct estimator using linear programming, in spite of

the fact that computing the empirical GW value is NP-complete in general. The developed

limit distribution theory was leveraged for an application to graph isomorphism testing.

To facilitate that, we proposed a framework for embedding distributions of random graphs

into P(RN), i.e., distributions over a Euclidean space. This allows casting the graph

isomorphism testing question as a test for equality of the embedded distributions under

the GW distance. We then leverage the derived limit laws to furnish an asymptotically

consistent test, and propose efficient procedures for (approximate) evaluation of the GW

test statistic. Numerical results validating the test performance on several random graph

models were provided, along with simulations of the derived limiting laws.

Future research directions stemming from this work are abundant. Firstly, although

we did not provide limit distributions for the empirical GW distance between compactly

supported distributions in low dimensions, the numerical experiments in Section 3.7.2

suggest that such a result may hold, at least under the null. Extending our current

proof technique to the compactly supported case would require, among other results,

proving that the OT potentials (φA
0,t, φ

A
1,t) for OTA((· −Eµ0[X])♯µ0,t, (· −Eµ1[X])♯µ1,t) where

A ∈ argminA∈Rd0×d1 Φ(µ̄0,µ̄1) converge pointwise as t ↓ 0 to a pair of OT potentials for

OTA(µ̄0, µ̄1) which maximizes Υ : (ψ0, ψ1) 7→
∫
ψ̄0d(ν0 − µ0) +

∫
ψ̄1d(ν1 − µ1) over

all such OR potentials. While it is straightforward to show that the sequence of OT

potentials converges along a subsequence to a pair of OT potentials for OTA(µ̄0, µ̄1), the

main challenge lies in proving that this pair is maximal for Υ.

Another promising direction pertains to isometry testing of heterogeneous datasets
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using the GW distance. Our approach to testing for graph isomorphisms, presented in

Section 3.6, relies on a particular embedding of random graph distributions into the

space of distributions on a Euclidean space. The key property of this construction is

that the embeddings are identified under the GW distance if and only if the distributions

on graphs are isomorphic. This embedding, provided in (3.15), consists of two terms:

the first compares the individual edge distributions, while the second ensures that the

embeddings can only be related by specific isometries. This hints at a broader strategy

for testing whether two datasets are generated from distributions that are related by

particular isometric transformations, but not others. We plan to explore this direction

further, aiming a general isometry testing methodology between heterogeneous datasets

via the GW distance.
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CHAPTER 4

ENTROPIC GROMOV-WASSERSTEIN DISTANCES: STABILITY AND

ALGORITHMS

This chapter is based on the paper “Entropic Gromov-Wasserstein Distances: Stability

and Algorithms” [164], published in the Journal of Machine Learning Research. This is

joint work with Ziv Goldfeld and Kengo Kato.

4.1 Introduction

The Gromov-Wasserstein (GW) distance compares probability distributions that are

supported on possibly distinct metric spaces by aligning them with one another. Given

two metric measure (mm) spaces (X0, d0, µ0) and (X1, d1, µ1), the (p, q)-GW distance

between them is

Dp,q(µ0, µ1) B inf
π∈Π(µ0,µ1)

(∫
X0×X1

∫
X0×X1

∣∣∣dq
0(x, x′) − dq

1(y, y′)
∣∣∣p dπ ⊗ π(x, y, x′, y′)

) 1
p

, (4.1)

where Π(µ0, µ1) is the set of couplings between µ0 and µ1. This approach, proposed

in [141], is an optimal transport (OT) based Lp-relaxation of the classical Gromov-

Hausdorff distance between metric spaces. The GW distance defines a metric on the

space of all mm spaces modulo measure preserving isometries.1 From an applied

standpoint, a solution to the GW problem between two heterogeneous datasets yields

not only a quantification of discrepancy, but also an optimal alignment π⋆ between

them. As such, alignment methods inspired by the GW problem have been proposed for

many applications, encompassing single-cell genomics [23, 67], alignment of language

models [5, 108], shape matching [140, 125], graph matching [217, 216], heterogeneous

1Two mm spaces (X0, d0, µ0) and (X1, d1, µ1) are isomorphic if there exists an isometry T : spt(µ0)→
spt(µ1) for which µ0 ◦T−1 = µ1 as measures. The quotient space is then the one induced by this equivalence
relation.
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domain adaptation [219], and generative modeling [32].

Exact computation of the GW distance is a quadratic assignment problem, which

is known to be NP-complete [51]. To remedy this, various computationally tractable

reformulations of the distance have been proposed. We postpone full discussion of such

methods to Section 4.1.2 and focus here on the entropic GW (EGW) distance [160, 186]

Sε
p,q(µ0, µ1) B inf

π∈Π(µ0,µ1)

" ∣∣∣dq
0(x, x′) − dq

1(y, y′)
∣∣∣p dπ ⊗ π(x, y, x′, y′) + εDKL(π∥µ0 ⊗ µ1),

which is at the center of this work. Entropic regularization by means of the Kullback-

Leibler (KL) divergence above transforms the linear Kantorovich OT problem [120] into

a strictly convex one and enables directly solving it using Sinkhorn’s algorithm [53].

Although the EGW problem is, in general, not convex, [186] propose to solve it via

an iterative approach with Sinkhorn iterations. This method is known to converge to

a stationary point of a tight (albeit non-convex) relaxation of the EGW problem, but

this is an asymptotic statement and the overall computational complexity is unknown.

Similar limitations apply for the popular mirror descent-based approach from [160].

To the best of our knowledge, there is currently no known algorithm for computing

the EGW distance subject to non-asymptotic convergence rate bounds, let alone global

optimality guarantees. Further, these methods do not account for the error incurred by

using Sinkhorn iterations, nor do they address the behaviour of the solutions they obtain

in the limit of vanishing regularization.

The goal of this work is to close the aforementioned computational gaps, targeting

algorithms with non-asymptotic guarantees, accounting for inexactness in Sinkhorn’s

algorithm, characterizing convexity regimes of the EGW problem, and establishing

convergence of stationary points to the EGW problem to stationary points of the GW

problem as ε ↓ 0. All of these will be achieved as a consequence of a new stability

analysis of the EGW variational representation from [223].

152



4.1.1 Contributions

Theorem 1 in [223] shows that the EGW distance with quadratic cost between the

Euclidean mm spaces (Rd0 , ∥ · ∥, µ0) and (Rd1 , ∥ · ∥, µ1) can be written as:

Sε
2,2(µ0, µ1) = Cµ0,µ1 + inf

A∈DM

{
32∥A∥2F + OTA,ε(µ0, µ1)

}
, (4.2)

where Cµ0,µ1 is a constant that depends only on the moments of the marginals,DM ⊂ R
d0×d1

is a compact rectangle, and OTA,ε(µ0, µ1) is an EOT problem with a particular cost

function that depends on the auxiliary variable A. This representation connects EGW

to the well-understood EOT problem, thereby unlocking powerful tools for analysis. To

exploit this connection for new computational advancements, we begin by analyzing

the stability of the objective in (4.2) in A and derive its first and second-order Fréchet

derivatives. This, in turn, enables us to derive its convexity and smoothness properties

and devise new algorithms for solving the EGW problem, subject to formal convergence

guarantees.

The Fréchet derivatives of the objective function from (4.2) in A reveal that this

problem falls under the paradigm of smooth constrained optimization. Indeed, the

derivatives imply, respectively, upper and lower bounds on the top and bottom eigenvalues

of the Hessian matrix of the objective; L-smoothness then follows from the mean value

inequality. By further requiring positive semidefiniteness of the Hessian we obtain a

sharp and primitive sufficient condition on ε under which (4.2) becomes convex. These

regularity properties are used to lift the accelerated first-order methods for smooth

(non-convex) optimization [89] and convex programming with an inexact oracle [55] to

the EGW problem. This yields the first algorithms with non-asymptotic convergence

guarantees toward global or local EGW solutions, depending on whether the problem

is convex or not (e.g., under the aforementioned condition). Our algorithms compute

not only the EGW cost, but also provide an approximate optimizer—namely a coupling,
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which serves as the alignment scheme that achieves the said cost.

Specifically, our method iteratively solves the optimization problem in the space of

auxiliary matrices A ∈ Rd0×d1 , with each iterate calling the Sinkhorn algorithm to obtain

an approximate solution (viz. the inexact oracle) to the corresponding EOT problem.

The time complexity of the Sinkhorn algorithm governs the overall runtime, which is

therefore O(N2), for µ0 and µ1 as distributions on N points. This presents a significant

speedup to the O(N3) runtime of popular iterative algorithms from [160, 186]. Under

certain low-rank assumptions on the cost matrix, [177] recently showed the mirror descent

approach from [160] can be sped up to run in O(N2) time, which is comparable to our

method. Nevertheless, our algorithms are coupled with formal convergence guarantees,

non-asymptotic error bounds, and global optimality claims under the said convexity

condition, while no such assurances are available for other methods.

As the derivative of the objective from (4.2) depends on the optimal coupling for a

particular EOT problem, we also account for the error incurred by solving this problem

numerically (e.g. via Sinkhorn iterations). In particular, we characterize how well the

output of a standard implementation of Sinkhorn’s algorithm approximates the true

EOT coupling. This effect was not analyzed before, as existing literature focused on

approximating the unregularized OT cost, while treating the KL divergence term as a

bias.

The EGW distance serves as a proxy to unregularized GW, which renders the van-

ishing regularization parameter regime, namely ε ↓ 0, of central importance. We show

that stationary points of the variational EGW problem converge (possibly along a subse-

quence) to a stationary point of the variational GW problem as ε ↓ 0. Only convergence to

a stationary point can be guaranteed in the limit since the underlying variational problem

may fail to be convex when ε is small. Nonetheless, this is the first result that provides
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stationarity guarantees for limiting solutions, which clarifies how the local solutions

obtained using our algorithm approximate local solutions to the unregularized problem.

4.1.2 Literature review

The computational intractability of the GW problem in (4.1) has inspired several refor-

mulations that aim to alleviate this issue. The sliced GW distance [206] attempts to

reduce the computational burden by considering the average of GW distances between

one-dimensional projections of the marginals. However, unlike OT in one dimension, the

GW problem does not have a known simple solution even in one dimension [14]. Another

approach is to relax the strict marginal constraints by optimizing over the weights of

one of the marginals as in semi-relaxed GW [209] or by using f -divergence penalties;

this leads to the unbalanced GW distance [180], which lends itself well for convex/conic

relaxations. A variant that directly optimizes over bi-directional Monge maps between

the mm spaces was considered in [224]. The fused GW distance [205] enables com-

paring both feature and structural properties of structured data. Although most of these

relaxations can be shown to converge to the GW distance (in terms of function values)

under certain regimes, they involve solving non-convex problems, which limits their

utility for numerical resolution of the GW problem. The recent work of [41] proposes a

semidefinite relaxation of the GW problem along with a certificate of optimality which,

upon obtaining a solution to the relaxed problem, establishes if it is optimal for the

original problem.

While these methods offer certain advantages, it is the approach based on entropic

regularization [160, 186] that is most frequently used in application. A low-rank variant

of the EGW problem was proposed in [177], where the distance distortion cost is only
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optimized over coupling admitting a certain low-rank structure. They arrive at a linear

time algorithm for this problem by adapting the mirror descent method of [160]. As an

intermediate step of their analysis, they show that if µ0 and µ1 are supported on N distinct

points, then the O(N3) complexity of mirror descent (see, e.g., Remark 1 in [160]) can

be reduced to O(N2) by assuming that the matrices of pairwise costs admit a low-rank

decomposition (without imposing any structure on the couplings). This decomposition

holds, for instance, when the cost is the squared Euclidean distance and the sample size

dominates the ambient dimension. Although mirror descent seems to solve the EGW

problem quite well in practice, formal guarantees concerning convergence rates or local

optimality are lacking.

Other related work explores structural properties of GW distances, on which some of

our findings also reflect. The existence of Monge maps for the GW problem was studied

in [75] and they show that optimal couplings are induced by a bimap (viz. two-way

map) under general conditions. [66] focused on the GW distance between Gaussian

distributions, deriving upper and lower bounds on the optimal cost. A closed-form

expression under the Gaussian setting was derived in [127] for the EGW distance with

inner product cost.

As we establish stability results for the EGW problem by utilizing its connection

to the EOT problem with a parametrized cost, we mention that different notions of

stability for EOT have been studied. For instance, [90] concerns stability of the EOT

cost for varying marginals, cost function, and regularization parameter. The related

works [38, 78, 157] concern stability of the EOT cost and related objects for weakly

convergent marginal distributions.
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4.1.3 Organization

This paper is organized as follows. In Section 4.2 we compile background material on

EOT and the EGW problems. In Section 4.3, we describe the smoothness and convexity

of the variational EGW problem. In Section 4.4, we analyze and test two algorithms for

solving the EGW problem. We compile the proofs for Sections 4.3 and 4.4 in Section 4.5.

Section 4.6 contains some concluding remarks.

4.1.4 Notation

Denote by P(Rd) the collection of all Borel probability measures on Rd, and by Pp(Rd)

the set of all µ ∈ P(Rd) with finite p-th moment (p > 0). The pushforward of µ ∈ P(Rd0)

through a measurable map T : Rd0 → Rd1 is denoted by T♯µ := µ ◦ T−1. The Frobenius

inner product on Rd0×d1 is defined by ⟨A, B⟩F = tr (A⊺B); the associated norm is denoted

by ∥ · ∥F . For a nonemtpy set S ⊂ Rd, C(S ) is the set of continuous functions on S . We

adopt the shorthands a ∧ b = min{a, b} and a ∨ b = max{a, b}.

4.2 Background and Preliminaries

We first establish notation and review standard definitions and results underpinning our

analysis of the EGW distance.
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4.2.1 Entropic Optimal Transport

Entropic regularization transforms the linear OT problem into a strictly convex one.

Given distributions µi ∈ P(Rdi), i = 0, 1, and a Borel cost function c : Rd0 × Rd1 → R

that is bounded from below on spt(µ0) × spt(µ1), the primal EOT problem is obtained by

regularizing the standard OT problem via the Kullback-Leibler (KL) divergence,

OTε(µ0, µ1) = inf
π∈Π(µ0,µ1)

∫
c dπ + εDKL(π∥µ0 ⊗ µ1),

where ε > 0 is a regularization parameter and

DKL(µ0∥µ1) =


∫

log
(

dµ0
dµ1

)
dµ0, if µ0 ≪ µ1,

+∞, otherwise.

Classical OT is obtained from the above by setting ε = 0. When c ∈ L1(µ0 ⊗ µ1), EOT

admits the following dual formulation,

OTε(µ0, µ1) = sup
(φ0,φ1)∈L1(µ0)×L1(µ1)

∫
φ0dµ0 +

∫
φ1dµ1 − ε

∫
e
φ0⊕φ1−c

ε dµ0 ⊗ µ1 + ε,

where φ0 ⊕ φ1(x, y) = φ0(x) + φ1(y). For ε > 0, the set of solutions to the dual problem

coincides with the set of solutions to the so-called Schrödinger system,∫
e
φ0(x)+φ1(·)−c(x,·)

ε dµ1 = 1, µ0-a.e. x ∈ Rd0 ,∫
e
φ0(·)+φ1(y)−c(·,y)

ε dµ0 = 1, µ1-a.e. y ∈ Rd1 ,

(4.3)

for (φ0, φ1) ∈ L1(µ0) × L1(µ1). A pair (φ0, φ1) ∈ L1(µ0) × L1(µ1) solving (4.3) is known

to be a.s. unique up to additive constants in the sense that any other solution (φ̄0, φ̄1)

satisfies φ̄0 = φ0+a µ0-a.s. and φ̄1 = φ1−a µ1-a.s. for some a ∈ R. Moreover, the unique

EOT coupling πε is characterized by

dπε
dµ0 ⊗ µ1

(x, y) = e
φ0(x)+φ1(y)−c(x,y)

ε , (4.4)
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and, under some additional conditions on the cost and marginals which hold throughout

this paper, (4.3) admits a pair of continuous solutions which is unique up to additive

constants and satisfies the system at all points (x, y) ∈ Rd0 ×Rd1 . We call such continuous

solutions EOT potentials. The reader is referred to [155] for a comprehensive overview

of EOT.

4.2.2 Entropic Gromov-Wasserstein Distance

This work studies stability and computational aspects of the entropically regularized

GW distance under the quadratic cost. By analogy to OT, EGW serves as a proxy of

the standard (p, q)-GW distance, which quantifies discrepancy between complete and

separable mm spaces (X0, d0, µ0) and (X1, d1, µ1) as [141, 189]

Dp,q(µ0, µ1) B inf
π∈Π(µ0,µ1)

∥Γq∥Lp(π⊗π),

where Γq(x, y, x′, y′) =
∣∣∣dq

0(x, x′) − dq
1(y, y′)

∣∣∣ is the distance distortion cost. This definition

is the Lp-relaxation of the Gromov-Hausdorff distance between metric spaces,2 and gives

rise to a metric on the collection of all isomorphism classes of mm spaces with finite

pq-size, i.e., such that
∫

d(x, x′)pq dµ ⊗ µ(x, x′) < ∞.

From here on out, we instantiate the mm spaces as the Euclidean spaces (Rdi , ∥ · ∥, µi),

for i = 0, 1, and focus on the EGW distance for the quadratic cost.

2The Gromov-Hausdorff distance between (X0, d0) and (X1, d1) is given by 1
2 infR∈R(X0,X1) ∥Γ1∥L∞(R),

where R(X0,X1) is the collection of all correspondence sets of X0 and X1, i.e., subsets R ⊂ X0 × X1 such
that the coordinate projection maps are surjective when restricted to R. The correspondence set can be
thought of as spt(π) in the GW formulation.
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Quadratic Cost The quadratic EGW distance, which corresponds to the p = q = 2

case, is defined as

Sε(µ0, µ1) = inf
π∈Π(µ0,µ1)

∫ ∣∣∣∥x − x′∥2 − ∥y − y′∥2
∣∣∣2 dπ⊗π(x, y, x′, y′)+εDKL(π∥µ0⊗µ1). (4.5)

One readily verifies that, like the standard GW distance, EGW is invariant to isometric

actions on the marginal spaces such as orthogonal rotations and translations. In addition,

note that Sε(µ0, µ1) = εS1(µε0, µ
ε
1), where µεi = (ε−1/4 Id)♯µi. In general, (4.5) is a non-

convex quadratic program. Non-convexity can easily be discerned from the representation

(4.6).

When µ0, µ1 are centered, which we may assume without loss of generality, the EGW

distance decomposes3 as (cf. Section 5.3 in [223])

Sε(µ0, µ1) = S1(µ0, µ1) + S2
ε(µ0, µ1), (4.6)

where

S1(µ0, µ1)=
∫
∥x−x′∥4dµ0⊗µ0(x, x′)+

∫
∥y−y′∥4dµ1⊗µ1(y, y′)−4

∫
∥x∥2∥y∥2dµ0⊗µ1(x, y),

S2
ε(µ0, µ1)= inf

π∈Π(µ0,µ1)

∫
−4∥x∥2∥y∥2dπ(x, y)−8

∑
1≤i≤d0
1≤ j≤d1

(∫
xiy j dπ(x, y)

)2

+εDKL(π∥µ0⊗µ1).

Evidently, S1 depends only on the moments of the marginal distributions µ0, µ1, while S2
ε

captures the dependence on the coupling. A key observation in [223] is that S2
ε admits a

variational form that ties it to the well understood EOT problem.

Lemma 32 (EGW duality; Theorem 1 in [223]). Fix ε > 0, (µ0, µ1) ∈ P4(Rd0) × P4(Rd1),

and let Mµ0,µ1 B
√

M2(µ0)M2(µ1). Then, for any M ≥ Mµ0,µ1 ,

S2
ε(µ0, µ1) = inf

A∈DM
32∥A∥2F + OTA,ε(µ0, µ1), (4.7)

3A similar decomposition holds for the inner product cost, obtained by replacing the squared Euclidean
distances in Equation (4.5) by inner products. As such, all results derived in this manuscript apply to the
inner product cost with minor modifications. See Section C.5 for additional details.
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where DM B {A ∈ Rd0×d1 : ∥A∥F ≤ M/2} and OTA,ε(µ0, µ1) is the EOT problem with

the cost function cA : (x, y) ∈ Rd0 × Rd1 7→ −4∥x∥2∥y∥2 − 32x⊺Ay and regularization

parameter ε. Moreover, the infimum is achieved at some A⋆ ∈ DMµ0 ,µ1
.

An analogous result holds in the unregularized (ε = 0) case, see Corollary 1 in [223].

The proof of Theorem 1 in [223] demonstrates that if µ0 and µ1 are centered and π⋆ is

optimal for the original EGW formulation, then A⋆ = 1
2

∫
xy⊺ dπ⋆(x, y) is optimal for

(4.7) and π⋆ = πA⋆ , where πA⋆ is the unique EOT coupling for OTA⋆,ε(µ0, µ1). It follows

from Jensen’s inequality and the Cauchy-Schwarz inequality that A⋆ ∈ DM. Corollary 6

ahead expands on this connection by establishing a one-to-one correspondence between

solutions of Sε and S2
ε and shows that all solutions of (4.7) lie inDM.

Although (4.7) illustrates a connection between the EGW and EOT problems, the

outer minimization overDM necessitates studying EOT with a parametrized cost function

cA.

4.3 Stability of Entropic Gromov-Wasserstein Distances

We analyze the stability of the EGW problems with respect to (w.r.t.) the matrix A

appearing in the dual formulation (4.7). Specifically, we characterize the first and second

derivatives of the objective function whose optimization defines S2
ε. These, in turn,

elucidates its smoothness and convexity properties. Our stability analysis is later used

to (i) gain insight into the structure of optimal couplings for the EGW problem; and

(ii) devise novel approaches for computing the EGW distance with formal convergence

guarantees.

Throughout this section, we restrict to compactly supported distributions, as some
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of the technical details do not directly translate to the unbounded setting (e.g., the proof

of Lemma 34). For a Fréchet differentiable map F : U → V between normed vector

spaces U and V ,4 we denote the derivative of F at the point u ∈ U evaluated at v ∈ V by

DF[u](v).

Fix compactly supported distributions (µ0, µ1) ∈ P(Rd0) × P(Rd1) and some ε > 0.

Let

Φ : A ∈ Rd0×d1 7→ 32∥A∥2F + OTA,ε(µ0, µ1)

denote the objective in (4.7). We first characterize the derivatives of Φ and then prove

that this map is weakly convex and L-smooth.5

Proposition 10 (First and second derivatives). The map Φ : A ∈ Rd0×d1 7→ 32∥A∥2F +

OTA,ε(µ0, µ1) is smooth, coercive, and has first and second-order Fréchet derivatives at

A ∈ Rd0×d1 given by

DΦ[A](B) = 64 tr(A⊺B) − 32
∫

x⊺By dπA(x, y),

D2Φ[A](B,C) = 64 tr(B⊺C) + 32ε−1
∫

x⊺By
(
hA,C

0 (x) + hA,C
1 (y) − 32x⊺Cy

)
dπA(x, y),

where B,C ∈ Rd0×d1 , πA is the unique EOT coupling for OTA,ε(µ0, µ1), and
(
hA,C

0 , hA,C
1

)
is

the unique (up to additive constants) pair of functions in C(spt(µ0))×C(spt(µ1)) satisfying∫ (
hA,C

0 (x) + hA,C
1 (y) − 32x⊺Cy

)
e
φA

0 (x)+φA
1 (y)−cA(x,y)
ε dµ1(y) = 0, ∀ x ∈ spt(µ0),∫ (

hA,C
0 (x) + hA,C

1 (y) − 32x⊺Cy
)

e
φA

0 (x)+φA
1 (y)−cA(x,y)
ε dµ0(x) = 0, ∀ y ∈ spt(µ1).

(4.8)

Here, (φA
0 , φ

A
1 ) is any pair of EOT potentials for OTA,ε(µ0, µ1).

Proposition 10 essentially follows from the implicit mapping theorem, which enables

us to compute the Fréchet derivative of the EOT potentials for OT(·),ε(µ0, µ1) using the
4A map F : U → V is Fréchet differentiable at u ∈ U if there exists a bounded linear operator

A : U → V for which F(u + h) = F(u) + Ah + o(h) as h→ 0. If such an A exists, it is called the Fréchet
derivative to F at u.

5A function f : Rd → R is ρ-weakly convex if f + ρ
2 ∥ · ∥

2 is convex; f is L-smooth if its gradient is
L-Lipschitz, i.e., ∥∇ f (x) − ∇ f (y)∥ ≤ L∥x − y∥, for all x, y ∈ Rd.
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Schrödinger system (4.3). The derivative of OT(·),ε(µ0, µ1), which is a simple function of

the EOT potentials, is then readily obtained. By differentiating the Frobenius norm, this

further yields the derivative of Φ. See Section 4.5.1 for details.

The following remark clarifies that the first and second Fréchet derivatives of Φ

can be identified with the gradient and Hessian of a function on Rd0d1 . Recall that the

Frobenius inner product, ⟨A, B⟩F = tr (A⊺B) =
∑

1≤i≤d0
1≤ j≤d1

Ai jBi j, is simply the Euclidean

inner product between the vectorized matrices A, B ∈ Rd0×d1 .

Remark 20 (Interpreting derivatives as gradient/Hessian). The first derivative of Φ from

Proposition 10 can be written as

DΦ[A](B) =
〈
64A − 32

∫
xy⊺ dπA(x, y), B

〉
F
.

Recall that if f is a continuously differentiable function f on Rd, its directional derivative

at x along the direction y is D f[x](y) = ⟨∇ f (x), y⟩, for x, y ∈ Rd. By analogy, we may

think of DΦ[A] as 64A − 32
∫

xy⊺ dπA(x, y). This perspective is utilized in Section 4.4

when studying computational guarantees for the EGW distance, as it is simpler to view

iterates as matrices rather than abstract linear operators. By the same token, the second

derivative of Φ at A ∈ Rd0×d1 is a bilinear form on Rd0×d1 and hence can be identified with

a d0d1 × d0d1 matrix by analogy with the Hessian.

As a direct corollary to Proposition 10, we provide an (implicit) characterization

of the stationary points of Φ and connect its minimizers to solutions of Sε. Details are

provided in Section 4.5.2.

Corollary 6 (Stationary points and correspondence between Sε and S2
ε).

(i) A matrix A∈ Rd0×d1 is a stationary point of Φ if and only if A = 1
2

∫
xy⊺ dπA(x, y).

As Φ is coercive, all minimizers of Φ are stationary points and hence contained in

DMµ0 ,µ1
.
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(ii) If µ0 and µ1 are centered, then a given matrix A minimizes Φ if and only if πA is

optimal for Sε and satisfies 1
2

∫
xy⊺ dπA(x, y) = A.

(iii) Suppose µ0 and µ1 are centered. If Sε admits a unique optimal coupling π⋆, then

Φ admits a unique minimizer A⋆ and π⋆ = πA⋆ . Conversely, if Φ admits a unique

minimizer A⋆, then πA⋆ is a unique optimal coupling for Sε.

Although the second derivative of Φ involves the implicitly defined functions

(hA,C
0 , hA,C

1 ), its maximal and minimal eigenvalues admit the following explicit bounds.

Corollary 7 (Hessian eigenvalue bounds). The following hold for any A ∈ Rd0×d1:

(i) The minimal eigenvalue of D2Φ[A] satisfies

λmin

(
D2Φ[A]

)
= 64 + ε−1 inf

∥C∥F=1

∫ [ (
hA,C

0 (x) + hA,C
1 (y)

)2
− 322(x⊺Cy)2

]
dπA(x, y)

≥ 64 − 322ε−1 sup
∥C∥F=1

VarπA(X⊺CY),

where the variance admits the uniform bound sup
∥C∥F=1

VarπA(X⊺CY)≤
√

M4(µ0)M4(µ1).

(ii) The maximal eigenvalue of D2Φ[A] satisfies λmax

(
D2Φ[A]

)
≤ 64.

Corollary 7 follows from Proposition 10 by considering the variational form of the

maximal and minimal eigenvalues; see Section 4.5.3 for details. We note that, in general,

the variance bound in Item (i) is sharp up to constants in arbitrary dimensions. For

example, it is attained up to a factor of 2 by µ0 =
1
2 (δ0 + δa) and µ1 =

1
2 (δ0 + δb) for

a ∈ Rd0 and b ∈ Rd1; see Section C.1 for the full variance computation.

Armed with the eigenvalue bounds, we now state the main result of this section

addressing convexity and smoothness of Φ.
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Theorem 19 (Convexity and L-smoothness). The mapΦ is weakly convex with parameter

at most 322ε−1
√

M4(µ0)M4(µ1)−64 and, if
√

M4(µ0)M4(µ1) < ε
16 , then it is strictly convex

and admits a unique minimizer. Moreover, for any M > 0, Φ is L-smooth onDM with

L = max
A∈DM

λmax

(
D2Φ[A]

)
∨

(
− λmin

(
D2Φ[A]

) )
≤ 64 ∨

(
322ε−1

√
M4(µ0)M4(µ1) − 64

)
.

Theorem 19 shows thatΦ is amenable to optimization by accelerated gradient methods

with step size L and establishes sufficient conditions to guarantee convergence of these

algorithms to a global minimizer (i.e., convexity of Φ).

In general, optimal EGW couplings may not be unique. Theorem 19 provides

sufficient conditions for uniqueness of solutions to both (4.7) and the EGW problem

by the connection discussed in Corollary 6 when the marginals are centered. When the

optimal EGW coupling is unique, symmetries in the marginal spaces result in certain

structural properties for the optimal A⋆ in (4.7). The following remark expands on these

connections.

Remark 21 (Symmetries and uniqueness of couplings). Fix ε > 0 and a pair of centered

distributions (µ0, µ1) ∈ P4(Rd0) × P4(Rd1). Assume that Φ admits a unique minimizer

A⋆ and let πA⋆ be the associated EOT/EGW coupling (e.g., under the conditions of

Theorem 19, given that µ0, µ1 are compactly supported). If, for i = 0, 1, µi is invariant

under the action of the orthogonal transformation Ui : Rdi → Rdi in the sense that

(Ui)♯µi = µi it follows that (U0,U1)♯πA⋆ is also an optimal EGW coupling, whence

(U0,U1)♯πA⋆ = πA⋆ by uniqueness. Thus, by Corollary 6, U⊺0 A⋆U1 = A⋆ where Ui is

the matrix associated with Ui, for i = 0, 1. The previous equality holds for any pair

of orthogonal transformations leaving the marginals invariant, so the rows of A⋆ are

left eigenvectors of U1 with eigenvalue 1 and its columns are right eigenvectors of U⊺0

with eigenvalue 1 for every Ui such that (Ui)♯µi = µi. Thus, we see that symmetries of
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the marginals dictate the structure of A⋆. For example, if µ1 = (− Id)♯µ1, we have that

A⋆ = −A⋆, so A⋆ = 0.

4.4 Computational Guarantees

Building on the stability theory from Section 4.3, we now study computation of the

EGW problem. The goal is to compute the distance between two discrete distributions

µ0 ∈ P(Rd0) and µ1 ∈ P(Rd1) supported on N0 and N1 atoms (x(i))N0
i=1 and (y( j))N1

j=1,

respectively. In light of the decomposition (4.6), we focus on S2
ε, which is given by a

smooth optimization problem whose convexity depends on the value of ε (cf. Section 4.3).

Throughout, we adopt the perspective of Remark 20 and treat DΦ[A], for A ∈ Rd0×d1 , as

the matrix 64A − 32
∫

xy⊺ dπA(x, y).

4.4.1 Inexact Oracle Methods

As these problems are already d0d1-dimensional and computing the second Fréchet

derivative of Φ may be infeasible (in particular, it requires solving (4.8)), we focus

on first-order methods. Given the regularity of the S2
ε optimization problem, standard

out-of-the-box numerical routines are likely to yield good results in practice. However,

to provide meaningful formal guarantees one must account for the fact that evaluation

of Φ and its gradient, for A ∈ DM, requires computing the corresponding EOT plan,

which often entails an approximation. Indeed, an explicit characterizations of the EOT

plan between arbitrary distributions is unknown and algorithms typically rely on a fast

numerical proxy of the coupling. We model this under the scope of gradient methods

with inexact gradient oracles [55, 70, 76].
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For a fixed ε > 0 and µ0, µ1 as above, our goal is thus to solve

min
A∈DM

32∥A∥2F + OTA,ε(µ0, µ1),

where M > Mµ0,µ1 , which guarantees that all the optimizers are within the optimization

domain (cf. Corollary 6). As we are in the discrete setting, the EOT coupling πA

for OTA,ε(µ0, µ1), A ∈ DM, is represented by ΠA ∈ RN0×N1 , where ΠA
i j = πA(x(i), y( j)).

The inexact oracle paradigm assumes that, for any A ∈ DM, we have access to a δ-

oracle approximation Π̃A of ΠA with ∥Π̃A −ΠA∥∞ < δ. Such oracles can be obtained,

for instance, by numerical resolution of the EOT problem. To this end, Sinkhorn’s

algorithm [184, 53] serves as the canonical approach.

Proposition 11 (Inexact oracle via Sinkhorn iterations). Fix δ > 0. Then, Sinkhorn’s

algorithm (Algorithm 7) returns an (eδ − 1)-oracle approximation Π̃A of ΠA in at most k̃

iterations, where k̃ depends only on µ0, µ1, A, δ, and ε, and is given explicitly in (C.4).

The proof of Proposition 11 follows by combining a number of known results.

Complete details can be found in Section C.2. To our knowledge, the majority of the

literature concerning the use of Sinkhorn’s algorithm for EOT focuses on approximating

unregularized OT and treats the KL divergence term as a bias. Here we quantify the

accuracy of estimating the true EOT plan, which may be of an independent interest.

With these preparations, we first discuss the case where Φ is known to be convex on

DM.

4.4.2 Convex Case

Assume that Φ is convex on DM, e.g., under the setting of Theorem 19. As convexity

implies that the minimal eigenvalue of D2Φ[A] is positive for any A ∈ DM, Theorem 19
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further yields that Φ is 64-smooth. With that, we can the apply inexact oracle first-order

method from [55]. To describe the approach, assume that we are given a δ-oracle Π̃A for

the EOT plan ΠA for OTA,ε(µ0, µ1), and define the corresponding gradient approximation

D̃Φ[A] = 64A − 32
∑

1≤i≤N0
1≤ j≤N1

x(i)(y( j))⊺Π̃A
i j . (4.9)

We now present the algorithm and follow it with formal convergence guarantees.

Algorithm 5 Fast gradient method with inexact oracle

Fix L = 64 and let αk =
k+1

2 , and τk =
2

k+3
1: k ← 0
2: A0 ← 0
3: G0 ← D̃Φ[A0]

4: W0 ← α0G0

5: while stopping condition is not met do
6: Bk ← min

(
1, M

2∥Ak−L−1Gk∥F

)
(Ak − L−1Gk)

7: Ck ← −min
(
1, M

2∥L−1Wk∥F

)
L−1Wk

8: Ak+1 ← τkCk + (1 − τk)Bk

9: Gk+1 ← D̃Φ[Ak+1]

10: Wk+1 ←Wk + αk+1Gk+1

11: k ← k + 1
12: return Bk

The multiplication operations in Algorithm 5 are applied entrywise and it is under-

stood that min(1, M/0) = 1. Due to inexactness, stopping conditions based on insufficient

progress of functions values or setting a threshold on the norm of the gradient require

care. A condition based on the number of iterations is discussed in Remark 22.

We now provide formal convergence guarantees for Algorithm 5.

Theorem 20 (Fast convergence rates). Assume that Φ is convex and L-smooth onDM

and that Π̃A is a δ-oracle for ΠA. Then, the iterates Bk in Algorithm 5 with D̃Φ[Ak] given

by (4.9) satisfy

Φ(Bk) − Φ(B⋆) ≤
2L∥B⋆∥2F

(k + 1)(k + 2)
+ 3δ′, (4.10)
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where B⋆ is a global minimizer of Φ and δ′ = 32Mδ
∑

1≤i≤N0
1≤ j≤N1

∥∥∥x(i)
∥∥∥ ∥∥∥y( j)

∥∥∥. Moreover, for

any η > 3δ′, Algorithm 5 requires at most

k =

−3
2
+

1
2

√
1 +

8L∥B⋆∥2F

η − 3δ′

 ≤
−3

2
+

1
2

√
1 +

128M2

η − 3δ′

 (4.11)

iterations to achieve an η-approximate solution.

The proof of Theorem 20, given in Section 4.5.5, follows from Theorem 2.2 in [55]

after casting our problem as an instance of their setting. Some implications of Theorem 20

are discussed in the following remark.

Remark 22 (Optimal rates and stopping conditions). First, consider the convergence rate

of the function values in (4.10). The first term on the right-hand side exhibits the optimal

complexity bound for smooth constrained optimization of O(1/k2) (cf., e.g., [150]).

The second term accounts for the underlying oracle error. Notably, the progress of the

optimization procedure and the oracle error are completely decoupled in this bound.

Next, we describe a stopping condition based on the number of iterations. Observe

that all terms involved in the upper bound in (4.11) are explicit as soon as a desired

precision η is chosen since the oracle error δ can be fixed according to Proposition 11.

Consequently, (4.11) can be used as an explicit stopping condition for Algorithm 5.

4.4.3 General Case

We now discuss an optimization procedure which does not require convexity of the

objective. This accounts for the fact that outside the sufficient conditions of Theorem 19,

convexity of Φ is generally unknown. However, the same result shows that Φ is L-

smooth with L = 64 ∨
(
322ε−1

√
M4(µ0)M4(µ1) − 64

)
and OT(·),ε is L′-smooth with L′ =
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322ε−1
√

M4(µ0)M4(µ1). Hence, we adapt the smooth non-convex optimization routine

of [89] to account for our inexact oracle. Notably, their method adapts to the convexity

of Φ as described in Theorem 21.

We now present the algorithm and describe its convergence rate.

Algorithm 6 Adaptive gradient method with inexact oracle

Given C0 ∈ DM, fix the step sequences βk =
1

2L , γk =
k

4L , and τk =
2

k+2 .
1: k ← 1
2: A1 ← C0

3: G1 ← D̃Φ[A1]

4: while stopping condition is not met do
5: Bk ← min

(
1, M

2∥Ak−βkGk∥F

)
(Ak − βkGk)

6: Ck ← min
(
1, M

2∥Ck−1−γkGk∥F

)
(Ck−1 − γkGk)

7: Ak+1 ← τkCk + (1 − τk)Bk

8: Gk+1 ← D̃Φ[Ak+1]

9: k ← k + 1
10: return Bk

Unlike Algorithm 5, which can be initialized at any fixed A0, the starting point in

Algorithm 6 should be chosen according to some selection rule that avoids initializing at

a stationary point (e.g., random initialization). Indeed, if A1 is set to a stationary point of

Φ, then DΦ[A1] = 0 and, consequently D̃Φ[A1] ≈ 0 (given that the approximate gradient

is reasonably accurate), which may result in premature and undesirable termination.

Clearly, this is not a concern for Algorithm 5 since it assumes convexity of Φ, whereby

any stationary point is a global optimum.

The following result follows by adapting the proofs of Theorem 2 and Corollary 2

in [89]. For completeness, we provide a self-contained argument in Section C.3 along

with a discussion of how this problem fits in the framework of [89].

Theorem 21 (Adaptive convergence rate). Assume that Φ is L-smooth onDM and that

Π̃A is a δ-oracle for ΠA. Then, the iterates Ak, Bk in Algorithm 6 with D̃Φ[Ak] given by
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(4.9) satisfy

1. If Φ is non-convex and OT(·),ε(µ0, µ1) is L′-smooth, then

min
1≤i≤k

∥∥∥β−1
i (Bi− Ai)

∥∥∥2

F
≤

96L2

k(k+1)(k+2)
∥C0 − B⋆∥2F +

24LL′

k

(
∥B⋆∥2F +

5M2

16

)
+ 8Lδ′,

where B⋆ is a global minimizer of Φ, and δ′ = 32Mδ
∑

1≤i≤N0
1≤ j≤N1

∥∥∥x(i)
∥∥∥ ∥∥∥y( j)

∥∥∥.

2. If Φ is convex, then

min
1≤i≤k

∥∥∥β−1
i (Bi − Ai)

∥∥∥2

F
≤

96L2

k(k + 1)(k + 2)
∥C0 − B⋆∥2F + 8Lδ′.

To better motivate this result, we show that when
∥∥∥β−1

k (Bk − Ak)
∥∥∥

F
is small, DΦ[Ak]

is approximately stationary.

Corollary 8 (Approximate stationarity). Let Ak, Bk be iterates from Algorithm 6 and

assume that Bk ∈ int(DM). Then,

∥DΦ[Ak]∥F < 32δ
∑

1≤i≤N0
1≤ j≤N1

∥x(i)∥∥y( j)∥ +
∥∥∥β−1

k (Bk − Ak)
∥∥∥

F
.

The proof of Corollary 8 follows from the δ-oracle assumption and the fact that when

Bk is an interior point of DM, we have Bk = Ak − βkGk. See Section 4.5.6 for the full

details. When Bk is not an interior point of DM, the interpretation of ∥β−1
k (Bk − Ak)∥F

is less straightforward. However, as all stationary points of Φ are contained inDMµ0 ,µ1
,

it is expected that Algorithm 6 will converge to an interior point when M > Mµ0,µ1 . By

analogy with Remark 22, when all iterates are interior points Algorithm 6 yields a bound

on the total number of iterations required to achieve an approximate stationary point.

The following remark addresses the distinctions between the convex and non-convex

settings in Theorem 21.
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Remark 23 (Adaptivity of Algorithm 6). As in Theorem 20, the convergence rates

in Theorem 21 are decoupled into a term related to the progress of the optimization

procedure and a term related to the oracle error.

In the case where Φ is non-convex, the dominant term in the optimization error is

O(1/k), which coincides with the best known rates for solving general unconstrained

nonlinear programs [89]. On the other hand, when Φ is convex, the rate of convergence

improves to O(1/k3) which essentially matches the best known rates for the norm of the

gradient in the unconstrained accelerated gradient method applied to a convex L-smooth

function (see Theorem 6 in [183] and Theorem 3.1 in [44]6). This adaptivity is beneficial,

as Φ may be convex beyond the conditions derived in Theorem 19.

An empirical comparison of Algorithms 5 and 6 in the convex setting is included

in Section 4.4.5. In particular, Algorithm 5 is seen to outperform Algorithm 6 in terms

of average runtime despite having the same per iteration complexity when the inexact

gradient is computed using standard Sinkhorn iterations.

Remark 24 (Computational complexity of Algorithms 5 and 6). As Sinkhorn’s algorithm

is known to have a complexity of O(N0N1) (cf. e.g. [177]), the gradient approximation

(4.9) can be computed in O(N0N1) time. It follows that Algorithms 5 and 6 admit a

computational complexity of O(N0N1).

4.4.4 Approximating Unregularized Gromov-Wasserstein Distances

The EGW distance can approximate unregularized GW to an arbitrary precision, with

error |Sε(µ0, µ1) − S0(µ0, µ1)| = O
(
ε log

(
1
ε

))
as ε ↓ 0 (see Proposition 1 in [223]). It is

6More precisely, [44] show that the iterates (yi)k
i=1 generated by the accelerated gradient method applied

to a convex L-smooth function f are such that min0≤i≤k ∥∇ f (yi)∥2 = o(1/k3).
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therefore natural to ask if the proposed algorithms can be used to approximate the unregu-

larized GW distance between finitely supported marginals. Note, however, that for ε > 0

sufficiently small, Φ may fail to be convex (see Theorem 19), whence Algorithm 6 may

only converge to an approximate stationary point of Φ. As such, it is not guaranteed that

itself Sε(µ0, µ1) (i.e., the global minimum of the entropic problem) can be approximated

to within a desired accuracy. Nevertheless, we show that these approximate stationary

points can be used to capture a notion of local optimality for S2
0(µ0, µ1), keeping in mind

that the quadratic GW distance decomposes as S0(µ0, µ1) = S1(µ0, µ1) + S2
0(µ0, µ1) for

centered distributions (see Corollary 1 in [223]).

As opposed to EOT, optimal solutions to unregularized OT may fail to be unique,

which entails that Φ0 B 32∥ · ∥2F + OT(·),0(µ0, µ1) may be non-differentiable. Remarkably,

the following analogue of Corollary 6 on stationary points still holds.

Proposition 12 (Optimality conditions for Φ0). Let (µ0, µ1) ∈ P(Rd0) × P(Rd1) be com-

pactly supported. If Ā is a local minimizer of Φ0, then there exists a solution π̄ to

OTĀ,0(µ0, µ1) with Ā = 1
2

∫
xy⊺dπ̄(x, y) ∈ DM for any M > Mµ0,µ1 . If Ā is globally

optimal and µ0, µ1 are centered, then π̄ solves S0(µ0, µ1).

The proof of Proposition 12, which will appear in Section 4.5.7, follows similar lines

to the proofs provided in the regularized case with the caveat that Φ0 is merely locally

Lipschitz. To adapt these results, we characterize the Clarke subdifferential of Φ0 [49].

Proposition 12 shows that any minimizer, Ā0 ∈ DM, of Φ0 satisfies an analogous

criterion to the stationary points, Āε ∈ DM, of Φε B 32∥ · ∥2F + OT(·),ε(µ0, µ1) for

ε > 0 (namely, that Āε =
1
2

∫
xy⊺dπ̄ε(x, y) for some π̄ε solving OTĀε,0(µ0, µ1) for ε ≥ 0).

As noted previously, when ε is small, we can only guarantee that Algorithm 6 will

converge to an approximate stationary point, A⋆
ε ∈ DM, satisfying ∥D(Φε)[A⋆

ε ]∥F =
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∥64A⋆
ε − 32

∫
xy⊺dπ⋆ε (x, y)∥F ≤ δ, for some δ > 0, where π⋆ε solves OTA⋆

ε ,ε(µ0, µ1). We

now show that the limit points of A⋆
ε , as ε ↓ 0, are approximately stationary for Φ0.

Furthermore, if the matrices along the sequence are globally/locally optimal (in an

appropriate sense), we show that global/local optimality is inherited at the limit.

Theorem 22 (Convergence of approximate stationary points). Let (µ0, µ1) ∈ P(Rd0) ×

P(Rd1) be compactly supported and fix δ ≥ 0. For ε > 0, let A⋆
ε ∈ DM be such that

∥D(Φε)[A⋆
ε ]∥F ≤ δ and let A⋆

0 be a cluster point of (A⋆
ε )ε>0 (as ε ↓ 0). Then,

1. ∥64A⋆
0 − 32

∫
xy⊺dπA⋆

0
∥F ≤ δ, where πA⋆

0
is a solution of OTA⋆

0 ,0
(µ0, µ1).

2. if A⋆
ε is a global minimizer of Φε for all ε > 0 sufficiently small, then A⋆

0 minimizes

Φ0.

3. if, up to a subsequence εn ↓ 0 along which A⋆
εn
→ A⋆

0 , A⋆
εn

minimizes Φεn on a ball

of fixed radius r > 0 centred at A⋆
0 , then A⋆

0 is a local minimizer of Φ0.

Recall thatDM is compact such that a cluster point A⋆
0 always exists in Theorem 22.

In light of Proposition 12, these limit points can be thought of as approximate stationary

points for Φ0. This enables approximating local solutions to the unregularized variational

GW problem by stationary points obtained using Algorithm 6 for small ε. The proof of

Theorem 22 uses the notion of Γ-convergence (see e.g. [29]) to show that the solutions of

OTA⋆
ε ,ε(µ0, µ1) converge to a solution of OTA⋆

0 ,0
(µ0, µ1) up to a subsequence and that the

local/global minimizers of Φε admit local/global minimizers of Φ0 as cluster points, see

Section 4.5.8 for details.
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4.4.5 Numerical Experiments

We conclude this section with some experiments that empirically validate the rates

obtained in Theorems 20 and 21 and the computational complexity discussed in Re-

mark 24. All experiments were performed on a desktop computer with 16 GB of RAM

and an Intel i5-10600k CPU using the Python programming language. Implementa-

tions of Algorithms 5 and 6 are available at https://github.com/gabrielrioux/

EntropicGromovWasserstein. The considered marginal distributions described be-

low, µ0, µ1 were randomly generated.

Convergence rates. Figure 4.1 (a) presents an example of applying Algorithm 5 to a

convex Φ, where the marginals are µ0 = 0.4δ−1.4 + 0.6δ1.2 and µ1 = 0.4δ−1.01 + 0.6δ1.31,

with ε chosen large enough to guarantee convexity. The theoretical rate of O(k−2) from

Theorem 20 on the optimality gapΦ(Bk)−Φ(B⋆) is seen to hold.7 Figure 4.1 (b) illustrates

the progress of Algorithm 6 applied to a non-convexΦ, for µ0 =
1
3 (δ0.3 + δ−0.8 + δ−0.5) and

µ1 =
1
3

(
δ(0.1,0.6) + δ(−0.5,0.3) + δ(0.4,−0.3)

)
, with ε = 0.07 which makes Φ non-convex. The

O(k−1) rate for min1≤i≤k

∥∥∥β−1
i (Bi− Ai)

∥∥∥2

F
in the non-convex case from Theorem 21 is well

reflected in this example. Figure 4.1 (c) shows that Algorithm 6 can match the theoretical

rate of O(k−3) in the convex regime when initialized in a region of local convexity.

In this example, the generated marginals are µ0 =
1
5 (δ−0.1 + δ−0.2 + δ0.2 + δ−0.3 + δ0.3) and

µ1 =
1
5 (δ0.2 + δ−0.3 + δ0.3 + δ−0.4 + δ0.4) and ε = 0.03. The stopping condition used in all

these example is ∥Gk∥F < 5 × 10−8 and the approximate gradient (4.9) is computed using

the standard implementation of Sinkhorn’s algorithm from the Python Optimal Transport

package [82].

Time complexity. To study the time complexity of Algorithms 5 and 6, we first

7The plot shows the approximate gap Φ(Bk) − Φ(B̄⋆), where B̄⋆ is the iterate attaining the minimal
objective value.
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Figure 4.1: The top row compiles plots of Φ for the different examples described in the
text. The bottom row consists of plots tracking the progress of the iterates. In (a), the gap
to optimality in terms of function value is tracked and is seen to converge to 0 faster than
k−2. In (b) and (c), Algorithm 6 is initialized at C0 = (1, 1) × 10−5 and C0 = 1 × 10−5,
respectively and, in both cases, the progress is tracked in terms of the squared norm of
the approximate gradient.

choose the dimension d ∈ {1, 16, 64, 128} and let µ0, µ1 ∈ P(Rd) be supported on

N ∈ {16, 32, 64, 128, 256, 512, 1024, 2048, 4096, 8192, 16384} samples of a mean-zero

normal distribution with standard deviation 0.05 for µ0 and 0.1 for µ1. The weights are

chosen uniformly at random from [0, 1) and normalized so as to sum to 1. This procedure

is repeated to generate a collection of pairs of random distributions {(µ0,i, µ1,i)}50
i=1. In the

sequel, a single experiment refers to the process of timing the computation of Sε(µ0,i, µ1,i)

for some fixed d,N and all i = 1, . . . , 50. For practical reasons, we choose to abort an

experiment before all 50 EGW distances have been computed if the total runtime for this

experiment exceeds 1 hour. The average runtime is then computed among all completed

calculations in a single experiment.
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Figure 4.2: The various plots compile the average runtime of Algorithms 5 and 6, and
two versions of the mirror descent algorithm in the convex regime for different values of
d and N.

The convex case: First, ε is chosen as 1.05 × 16
√

M4(µ0)M4(µ1) so as to guarantee

convexity of Φ for each instance by Theorem 19 and M is set to
√

M2(µ0)M2(µ1) + 10−5.

Figure 4.2 presents the average runtime of both algorithms in this setting with the

stopping condition ∥Gk∥F < 10−6. We compare the performance of our methods with

the two implementations of the O(N2) mirror descent algorithm provided in [177].8 The

first implementation includes certain algorithmic tweaks when d2 ≪ N, whereas the

second only requires d ≪ N to achieve the quadratic complexity. Our implementation

of the mirror descent algorithm is based on the code provided in [177] with some

small modifications (e.g., EOT couplings are computed using Sinkhorn’s algorithm from

8We do not compare with the original implementation of mirror descent [160] or the iterative algorithm
from [186] due to their much slower O(N3) runtime.
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Figure 4.3: The various plots compile the average runtime of Algorithm 6 with the
two methods for choosing L, and two versions of the mirror descent algorithm in the
non-convex regime for different values of d and N.

the Python Optimal Transport package [82] and some extraneous logging features are

removed) the algorithm is run until the generated couplings differ by less than 10−6

under the Frobenius norm. We note that the first version of the mirror descent algorithm

encounters “out of memory” errors for N = 16384.

The plots show that the four algorithms perform similarly on the considered examples,

and empirically validate the O(N2) computational complexity from Remark 24. To verify

that the algorithms all converge to solutions with similar objective values, we evaluate

the relative error9 between all pairs of algorithms for each d,N. The largest relative error

9Relative error is measured by maxi∈C(d,N)
∣∣∣SA1
ε (µ0,i, µ1,i)−SA2

ε (µ0,i, µ1,i)
∣∣∣/(SA1

ε (µ0,i, µ1,i)∧SA2
ε (µ0,i, µ1,i)

)
,

where SA1
ε (µ0,i, µ1,i) and SA2

ε (µ0,i, µ1,i) denote the objective values achieved by the first and second algorithm
of the pair, and C(d,N) is the collection of completed runs from a given experiment.
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we observe is 3.3 × 10−6 for d = 1 and, for the other choices of d, is at most 7.9 × 10−13.

We conclude that the values obtained are in good agreement.

The non-convex case: To evaluate the performance of Algorithm 6 when convexity is

unknown, we set ε to violate the condition of Theorem 19, but still be large enough so as

to avoid numerical errors. If errors in running Algorithm 6 or the mirror descent methods

occur, we double ε until all algorithms converge without errors. The initial point C0 for

Algorithm 6 is taken as the matrix of all ones scaled by min{M, 1} × 10−5. We consider

two ways of choosing the smoothness parameter L, which effectively dictates the rate of

convergence. The first is to set L equals to the theoretical upper bound from Theorem 19,

i.e., L = 64 ∨
(
322ε−1

√
M4(µ0)M4(µ1) − 64

)
. As this choice may be too conservative in

practice, we also consider setting L via a line search. Namely, we fix a value for L (e.g.,

the theoretical upper bound or an arbitrary value) and check if the algorithm converges

for a given choice of d,N, µ0,i, µ1,i. If so, we multiply L by 0.99 and repeat this procedure

until the algorithm no longer converges. For each d and N, we choose the value of L

that attains the fastest convergence, and repeat this procedure for 5 pairs of distributions.

For Algorithm 6 with the choice of L that comes from the theoretical bound and the two

versions of mirror descent we follow the same methodology as in the convex case, i.e.,

averaging over 50 pairs and stopping an experiment after 1 hour. The average runtimes of

all methods are reported in Figure 4.3. The restriction to 5 runs in the line search case is

only out of convenience and we note that all algorithms yield similar results if we restrict

to 5 runs throughout.

The plots again validate the O(N2) time complexity for all four approaches. However,

we see that choosing L in Algorithm 6 according to the theoretical upper bound may

indeed be too conservative, as it results in a 10× or larger slowdown compared to the

other methods. By setting L via the line search, on the other hand, Algorithm 6 and mirror
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descent exhibit similar performance. This suggests that the longer runtime of Algorithm

6 with the theoretical L value can be attributed to this being an overly conservative choice

as opposed to a fundamental limitation of this method. Optimization routines that update

L at each iteration have been proposed in [195, 13, 151], but require solving an additional

EOT problem at each step for our application. As such, these approaches may reduce the

number of iterations required for convergence, at the cost of increasing the per iteration

complexity.

Real-world data. We next assess the performance of our algorithms on real-world data

from the Fashion-MNIST dataset [215]. Since the ground truth EGW value is unknown,

we test the performance of the algorithm in capturing the invariance of the EGW distance

to isometries. As the EGW distance generally does not nullify between isomorphic mm

spaces,10 we consider a centered/debiased version, inspired by debiased EOT (also known

as Sinkhorn divergence, [81, 88]). Define the debiased quadratic EGW distance between

(µ0, µ1) ∈ P(Rd0) × P(Rd1) as

S̄ε(µ0, µ1) B Sε(µ0, µ1) −
1
2
(
Sε(µ0, µ0) + Sε(µ1, µ1)

)
.

The recentering guarantees that S̄ε nullifies whenever (Rd0 , ∥ · ∥, µ0) and (Rd1 , ∥ · ∥, µ1) are

isomorphic, as desired.

Having that, our experiment consists of comparing a fixed image from the Fashion

MNIST dataset to rotated versions of itself and other images from the dataset, by com-

puting the debiased EGW distance between them. By doing so, we empirically validate

that computation of S̄ε using Algorithm 6 is invariant to isometric transformations on

a real-world dataset. Precisely, we pad the 28 × 28 pixel images from the dataset with

10Indeed, DKL(π∥µ0 ⊗µ1) ≥ 0 with equality if and only if π = µ0 ⊗µ1 whereas the integral of the distance
distortion cost vanishes if and only if the coupling is induced by some isometry T : Rd0 → Rd1 . By
Corollary 6, an optimal coupling π⋆ for Sε(µ0, µ1) is equivalent to µ0 ⊗ µ1 (in the sense that π⋆ ≪ µ0 ⊗ µ1

and µ0 ⊗ µ1 ≪ π⋆), so π⋆ cannot be induced by an isometry unless µ0, µ1 are supported on one point.
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zeros on all sides such that the effective image size is 40 × 40 pixels (this guarantees that

no nonzero pixels are lost upon rotation) and treat these padded images as probability

distributions on a 40 × 40 grid of points in R2 with weights proportional to the pixel

intensity value. We then compare these distributions using S̄ε upon removing the points

with zero mass from each distribution, the values thus obtained are included in Figure 4.4.

Figure 4.4: We compare the image on the left to the images on the right using debiased
EGW with ε = 0.1 as a figure of merit. The corresponding value of S̄ε is included on
top of the corresponding images. The images are presented in groups of three, where
the leftmost image in the group is the original image, the middle image is obtained via a
random rotation of the original image, and the rightmost image is a rotation by a multiple
of 90◦. Distance values smaller than 5 × 10−3 are in red.

We note that rotating an image by an angle which is not a multiple of 90◦ does not

correspond to an isometric action on R2, as it requires interpolating the pixel back onto

the 40 × 40 grid of points. Nevertheless, we see from Figure 4.4, that the images subject

to random rotations and the unrotated images achieve similar values of S̄ε relative to

the fixed reference image. The discrepancy between these two values can be thought of

as a quantification of the distortion to the image structure caused by the interpolation
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procedure. When the rotation is a multiple of 90◦, we see that the values obtained are

identical, as no interpolation is performed on the image.

Figure 4.4 marks in red values corresponding to images that are closest to the reference

image in the debiased EGW distance. These images have a notable structural similarity

to the reference in their overall shape and/or features (e.g., pleats on the dress). We also

observe that quite naturally the images with largest discrepancy are those of shoes, which

have a distinct structure, and the plaid shirt which has a different pattern. Interestingly,

between these two extremes, there are images which have comparable values, but are

structurally dissimilar (for instance the images in the center column except for the plaid

shirt and the sandal). This behaviour demonstrates that the debiased EGW distance does

not simply compare the shapes of the images, but rather takes into account the intricate

interplay between the intensity values of the images.

4.5 Proofs

4.5.1 Proof of Proposition 10

We first fix some notation. Let S i = spt(µi) for i = 0, 1 and define the Banach spaces

E =

{
( f0, f1) ∈ C(S 0) × C(S 1) :

∫
f0dµ0 = 0

}
,

F =

{
( f0, f1) ∈ C(S 0) × C(S 1) :

∫
f0dµ0 =

∫
f1dµ1

}
.

Consider the map Υ : Rd0×d1 × E→ C(S 0) × C(S 1) given by

Υ : (A, φ0, φ1) 7→
( ∫

e
φ0(·)+φ1(y)−cA(·,y)

ε dµ1(y) − 1,
∫

e
φ0(x)+φ1(·)−cA(x,·)

ε dµ0(x) − 1
)
.
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For fixed A ∈ Rd0×d1 , the solution to the equation Υ(A, ·, ·) = 0 is the unique pair of

EOT potentials (φA
0 , φ

A
1 ) for µ0, µ1 with the cost cA satisfying the normalization from E.

Observe that, by compactness of S 0 and S 1, the potentials are bounded.

The following lemmas verify the conditions to apply the implicit mapping theorem to

Υ in order to obtain the Fréchet derivative of the map A ∈ Rd0×d1 7→ (φA
0 , φ

A
1 ). Given that

OTA,ε(µ0, µ1) =
∫
φA

0 dµ0 +
∫
φA

1 dµ1, the derivative of the map A 7→ OTA,ε(µ0, µ1) and

that of Φ itself will readily follow.

Lemma 33. The map Υ is smooth with first derivative at (A, φ0, φ1) ∈ Rd0×d1 × E given

by,

DΥ[A,φ0,φ1](B, h0, h1) = ε−1
( ∫

(h0(·) + h1(y) + 32(·)⊺By)e
φ0(·)+φ1(y)−cA(·,y)

ε dµ1(y),∫
(h0(x) + h1(·) + 32x⊺B(·))e

φ0(x)+φ1(·)−cA(x,·)
ε dµ0(x)

)
,

where (B, h0, h1) ∈ Rd0×d1 × E.

The proof of this result is straightforward, but included in Section C.4.1 for com-

pleteness. Now, define ξA B εDΥ[A,φA
0 ,φ

A
1 ](0, ·, ·) and let πA be the EOT coupling for

OTA,ε(µ0, µ1). Note that for any (h0, h1) ∈ E, we have ξA(h0, h1) ∈ F, which follows by

recalling that dπA
dµ0⊗µ1

(x, y) = e
φA

0 (x)+φA
1 (y)−cA(x,y)
ε and observing∫ (

ξA(h0, h1)
)

1dµ0 =

∫
h0dµ0 +

∫
h1dπA =

∫
h0dµ0 +

∫
h1dµ1∫ (

ξA(h0, h1)
)

2dµ1 =

∫
h0dπA +

∫
h1dµ1 =

∫
h0dµ0 +

∫
h1dµ1.

We next prove that ξA is an isomorphism between E and F by following the proof of

Proposition 3.1 in [38].

Lemma 34. The map ξA is an isomorphism between E and F.
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Proof. Observe that ξA extends naturally to a map on L2(µ0) × L2(µ1) and admits the

representation

ξA : ( f0, f1) ∈ L2(µ0) × L2(µ1) 7→ ( f0, f1) +L( f0, f1) ∈ L2(µ0) × L2(µ1),

where

L( f0, f1) =
(∫

f1(y)e
φA

0 (·)+φA
1 (y)−cA(·,y)
ε dµ1(y),

∫
f0(x)e

φA
0 (x)+φA

1 (·)−cA(x,·)
ε dµ0(x)

)
.

Lemma 73 in Appendix C.4.2 demonstrates that L is a compact linear self-map of

L2(µ0) × L2(µ1).

We first show that ξA is injective on E B {( f0, f1) ∈ L2(µ0) × L2(µ1) :
∫

f0dµ0 =

0}. Suppose that ( f̄0, f̄1) satisfies ξA( f̄0, f̄1) = 0. Multiplying (ξA( f̄0, f̄1))1 by f̄0 and

(ξA( f̄0, f̄1))2 by f̄1, we have∫ (
f̄ 2
0 (·) + f̄0(·) f̄1(y)

)
e
φA

0 (·)+φA
1 (y)−cA(·,y)
ε dµ1(y) = 0,∫ (

f̄0(x) f1(·) + f̄ 2
1 (·)

)
e
φA

0 (x)+φA
1 (·)−cA(x,·)
ε dµ0(x) = 0,

and summing these equations gives
∫

( f̄0 + f̄1)2dπA = 0. As πA is equivalent to µ0 ⊗ µ1,

we have f̄0 + f̄1 = 0 µ0 ⊗ µ1-a.e., which further implies that ( f̄0, f̄1) = (a,−a) µ0 ⊗ µ1-a.e.

for some a ∈ R. Consequently, ker(ξA) is 1-dimensional and ξA is injective on E.

Next, we show that ξA is onto F B {( f0, f1) ∈ L2(µ0) × L2(µ1) :
∫

f0dµ0 =
∫

f1dµ1}.

As in the lead-up to this lemma, ξA(E) ⊂ F. By the Fredholm alternative (cf. Theorem

6.6 in [30]), (Id+L)(L2(µ0) × L2(µ1)) has codimension 1 and, as F has codimension 1,

we must have ξA(E) = F.

As such, for any (g0, g1) ∈ F ⊂ F, there exists (h0, h1) ∈ E for which

ξA(h0, h1) = (h0, h1) +L(h0, h1) = (g0, g1).
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As L(h0, h1) ∈ C(S 0) × C(S 1), (h0, h1) = (g0, g1) − L(h0, h1) ∈ C(S 0) × C(S 1) with∫
h0dµ0 = 0, and thus (h0, h1) ∈ E. This implies that ξA(E) ⊃ F and from before we have

ξA(E) ⊂ F, yielding ξA(E) = F. We have shown that ξA : E→ F is a continuous linear

bijection and hence an isomorphism by the open mapping theorem (cf. Corollary 2.7

in [30]). □

We now apply the implicit mapping theorem to obtain the Fréchet derivative of

(φ(·)
0 , φ

(·)
1 ).

Lemma 35. The map A ∈ Rd0×d1 7→ (φA
0 , φ

A
1 ) ∈ E is smooth with Fréchet derivative

D
(
φ(·)

0 , φ
(·)
1

)
[A]

(B) = −
(
hA,B

0 , hA,B
1

)
,

where
(
hA,B

0 , hA,B
1

)
∈ E satisfies∫ (

hA,B
0 (x) + hA,B

1 (y) − 32x⊺By
)

e
φA

0 (x)+φA
1 (y)−cA(x,y)
ε dµ1(y) = 0, ∀ x ∈ spt(µ0),∫ (

hA,B
0 (x) + hA,B

1 (y) − 32x⊺By
)

e
φA

0 (x)+φA
1 (y)−cA(x,y)
ε dµ0(x) = 0, ∀ y ∈ spt(µ1),

(4.12)

with (φA
0 , φ

A
1 ) being any pair of EOT potentials for (µ0, µ1) with the cost cA.

Proof. Fix A ∈ Rd0×d1 with corresponding EOT potentials
(
φA

0 , φ
A
1

)
. For notational conve-

nience, define the shorthands D1ΥA = DΥ[A,φA
0 ,φ

A
1 ](·, 0, 0) and D2ΥA = DΥ[A,φA

0 ,φ
A
1 ](0, ·, ·)

(cf. Lemma 33). By Lemma 34, D2ΥA is an isomorphism and we may invoke the implicit

mapping theorem (cf. Theorem 5.14 in [27]). This implies that there exists an open

neighborhood U ⊂ Rd0×d1 of A and a smooth map g : U → E for which Υ
(
B, g(B)

)
= 0

for every B ∈ U and

Dg[A](B) = −(D2ΥA)−1 (D1ΥA(B)) ,

i.e., −Dg[A](B) solves (4.12). By construction, g(B) = (φB
0 , φ

B
1 ) and by repeating

this process at any A ∈ Rd0×d1 , differentiability of the potentials is extended to the

entire space Rd0×d1 . □
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Given the dual form of the EOT cost, Lemma 35 suffices to prove Proposition 10.

Proof of Proposition 10. As OTA,ε(µ0, µ1) =
∫
φA

0 dµ0+
∫
φA

1 dµ1, Lemma 35 implies that

OT(·),ε(µ0, µ1) is smooth with first derivative at A ∈ Rd0×d1 given by

D
(
OT(·),ε(µ0, µ1)

)
[A](B) = −

∫
hA,B

0 dµ0 −

∫
hA,B

1 dµ1,

where B ∈ Rd0×d1 . Integrating the first equation in (4.12) w.r.t. µ0 while using dπA
µ0⊗µ1

(x, y) =

e
φA

0 (x)+φA
1 (y)−cA(x,y)
ε , yields∫ (

hA,B
0 (x) + hA,B

1 (y)
)

dπA(x, y) =
∫

hA,B
0 dµ0 +

∫
hA,B

1 dµ1 = 32
∫

x⊺By dπA(x, y),

(4.13)

whence

D
(
OT(·),ε(µ0, µ1)

)
[A](B) = −32

∫
x⊺By dπA(x, y).

As ∥A∥2F = tr(A⊺A), we have D
(
32∥ · ∥2F

)
[A](B) = 64tr(A⊺B), which together with the

display above yields

DΦ[A](B) = 64 tr(A⊺B) − 32
∫

x⊺By dπA(x, y),

as desired.

For the second-order derivative, recall from (4.4) that dπA
dµ0⊗µ1

(x, y) = e
φA

0 (x)+φA
1 (y)−cA(x,y)
ε .

As in the proof of Lemma 33, as the map

A ∈ Rd0×d1 7→
(
(x, y) ∈ S 0 × S 1 7→ φA

0 (x) + φA
1 (y) − cA(x, y)

)
∈ C(S 0 × S 1)

is differentiable at A ∈ Rd0×d1 with derivative

C ∈ Rd0×d1 7→
(
(x, y) ∈ S 0 × S 1 7→ −

(
hA,C

0 (x) + hA,C
1 (y) − 32x⊺Cy

))
∈ C(S 0 × S 1),

the expansion

dπA+C

dµ0 ⊗ µ1
(x, y) −

dπA

dµ0 ⊗ µ1
(x, y) = −ε−1zA,C(x, y)

dπA

dµ0 ⊗ µ1
(x, y) + RC(x, y),
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holds uniformly over (x, y) ∈ S 0×S 1, where RC(x, y) = o(C) as ∥C∥F → 0 and zA,C(x, y) =

hA,C
0 (x) + hA,C

1 (y) − 32x⊺Cy. Thus,

sup
∥B∥F=1

∣∣∣∫ x⊺By dπA+C(x, y) −
∫

x⊺By dπA(x, y) − ε−1
∫

x⊺ByzA,C(x, y)dπA(x, y)
∣∣∣

∥C∥F

= sup
∥B∥F=1

∣∣∣∣∣∫ x⊺By∥C∥−1
F RC(x, y)dµ0 ⊗ µ1(x, y)

∣∣∣∣∣
≤ sup

(x,y)∈S 1×S 2

∥x∥∥y∥
∫
∥C∥−1

F |RC(x, y)| dµ0 ⊗ µ1(x, y).

As RC(x, y) = o(C), this final term converges to 0 as ∥C∥F → 0, so

D2(OT(·),ε(µ0, µ1)
)

[A](B,C) = 32ε−1
∫

x⊺By
(
hA,C

0 (x) + hA,C
1 (y) − 32x⊺Cy

)
dπA(x, y).

As D
(
32∥ · ∥2F

)
[A](B) = 64tr(A⊺B), D2(32∥ · ∥2F

)
[A](B,C) = 64tr(C⊺B). Altogether,

D2Φ[A](B,C) = 64 tr(B⊺C) + 32ε−1
∫

x⊺By
(
hA,C

0 (x) + hA,C
1 (y) − 32x⊺Cy

)
dπA(x, y).

Coercivity of Φ is due to nonnegativity of the KL divergence along with the Cauchy-

Schwarz inequality,

OTA,ε(µ0, µ1) = inf
π∈Π(µ0,µ1)

{∫
−4∥x∥2∥y∥2 − 32x⊺Ay dπ(x, y) + εDKL(π∥µ0 ⊗ µ1)

}
,

≥ inf
π∈Π(µ0,µ1)

{∫
−4∥x∥2∥y∥2 − 32∥A∥F∥x∥∥y∥dπ(x, y)

}
≥ −4

√
M4(µ0)M4(µ1) − 32∥A∥F

√
M2(µ0)M2(µ1),

such that Φ(A) = 32∥A∥2F + OTA,ε(µ0, µ1)→ +∞ as ∥A∥F → ∞. □

4.5.2 Proof of Corollary 6

Item (i). The expression for the stationary points follows immediately from Proposi-

tion 10. To see that all stationary points are elements of DMµ0 ,µ1
, observe that if A is a
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stationary point, then

∥A∥F =
1
2

∥∥∥∥∥∫ xy⊺ dπA(x, y)
∥∥∥∥∥ ≤ 1

2

∫
∥x∥∥y∥dπA(x, y) ≤

1
2

√
M2(µ0)M2(µ1),

where the first inequality is due to Jensen’s inequality, and the second is due to the

Cauchy-Schwarz inequality.

Item (ii). As discussed in Section 4.2.2, if π⋆ is optimal for Sε then 1
2

∫
xy⊺ dπ⋆(x, y)

minimizes Φ. On the other hand, if A minimizes Φ, then we have A = 1
2

∫
xy⊺ dπA and

hence

S2
ε(µ0, µ1) = 8

∥∥∥∥∥∫ xy⊺ dπA(x, y)
∥∥∥∥∥2

F
− 4

∫
∥x∥2∥y∥2dπA(x, y)

− 32
〈

1
2

∫
xy⊺ dπA,

∫
xy⊺ dπA

〉
F
+ εDKL(πA||µ0 ⊗ µ1)

= −4
∫
∥x∥2∥y∥2dπA(x,y) − 8

∥∥∥∥∥∫ xy⊺ dπA(x, y)
∥∥∥∥∥2

F
+ εDKL(πA||µ0 ⊗ µ1).

By (4.6),

Sε(µ0, µ1) = Sε(µ0, µ1) + S2
ε(µ0, µ1)

=

∫ ∣∣∣∥x − x′∥2 − ∥y − y′∥2
∣∣∣2 + 2∥x − x′∥2∥y − y′∥2dπA ⊗ πA(x, y, x′, y′)

− 4
∫
∥x∥2∥y∥2dµ0 ⊗ µ1(x, y) − 4

∫
∥x∥2∥y∥2dπA(x, y)

− 8
∥∥∥∥∥∫ xy⊺ dπA(x, y)

∥∥∥∥∥2

F
+ εDKL(πA||µ0 ⊗ µ1).

(4.14)

As ∥x − x′∥2∥y − y′∥2 =
(
∥x∥2 − 2x⊺x′ + ∥x′∥2

) (
∥y∥2 − 2y⊺y′ + ∥y′∥2

)
, we have∫

∥x − x′∥2∥y − y′∥2dπA ⊗ πA(x, y, x′, y′)

= 2
∫
∥x∥2∥y∥2dµ0 ⊗ µ1(x, y) + 2

∫
∥x∥2∥y∥2dπA(x, y)

+ 4
∫

x⊺x′y⊺y′ dπA ⊗ πA(x, y, x′, y′),

which, together with (4.14) yields

Sε(µ0, µ1) =
∫ ∣∣∣∥x − x′∥2 − ∥y − y′∥2

∣∣∣2 dπA ⊗ πA(x, y, x′, y′) + εDKL(πA||µ0 ⊗ µ1),
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proving optimality of πA.

Item (iii). Suppose Sε admits a unique optimal coupling. If two matrices A and B

minimizeΦ, then πA = πB by uniqueness, so A = 1
2

∫
xy⊺ dπA(x, y) = 1

2

∫
xy⊺ dπB(x, y) =

B. Conversely, suppose Φ admits a unique minimizer A⋆. If π is optimal for Sε, then π

solves the EOT problem OTA⋆,ε(µ0, µ1), so π = πA⋆ . □

4.5.3 Proof of Corollary 7

We first prove Item (i). The minimal eigenvalue of D2Φ[A] is given in variational form as

inf
∥C∥F=1

D2Φ[A](C,C)

= inf
∥C∥F=1

{
64∥C∥2F + 32ε−1

∫
x⊺Cy

(
hA,C

0 (x) + hA,C
1 (y) − 32x⊺Cy

)
dπA(x, y)

}
≥ 64 + 32ε−1 inf

∥C∥F=1

{∫
x⊺Cy

(
hA,C

0 (x) + hA,C
1 (y) − 32x⊺Cy

)
dπA(x, y)

}
,

using the formula for D2Φ[A] from Proposition 10. Recall that (hA,C
0 , hA,C

1 ) satisfy∫ (
hA,C

0 (x) + hA,C
1 (y) − 32x⊺Cy

)
e
φA

0 (x)+φA
1 (y)−cA(x,y)
ε dµ1(y) = 0, ∀ x ∈ spt(µ0),∫ (

hA,C
0 (x) + hA,C

1 (y) − 32x⊺Cy
)

e
φA

0 (x)+φA
1 (y)−cA(x,y)
ε dµ0(x) = 0, ∀ y ∈ spt(µ1),

such that, multiplying the top equation by hA,C
0 and integrating w.r.t. µ0 and performing

the same operations on the lower equation with hA,C
1 and µ1 respectively,∫ [(

hA,C
0 (x)

)2
+ hA,C

1 (y)hA,C
0 (x) − 32x⊺CyhA,C

0 (x)
]

dπA(x, y) = 0,∫ [
hA,C

0 (x)hA,C
1 (y) +

(
hA,C

1 (y)
)2
− 32x⊺CyhA,C

1 (y)
]

dπA(x, y) = 0.

Summing these equations gives

32
∫

x⊺Cy
(
hA,C

0 (x) + hA,C
1 (y)

)
dπA(x, y) =

∫ (
hA,C

0 (x) + hA,C
1 (y)

)2
dπA(x, y),
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such that

32
∫

x⊺Cy
(
hA,C

0 (x) + hA,C
1 (y) − 32x⊺Cy

)
dπA(x, y)

=

∫ (
hA,C

0 (x) + hA,C
1 (y)

)2
dπA(x, y) − 322

∫
(x⊺Cy)2dπA(x, y),

which proves the first part of Item (i). It remains to show that∫ (
hA,C

0 (x) + hA,C
1 (y)

)2
dπA(x, y) − 322

∫
(x⊺Cy)2dπA(x, y) ≥ −322VarπA[X⊺CY].

By Jensen’s inequality, we have∫ (
hA,C

0 (x) + hA,C
1 (y)

)2
dπA(x, y) ≥

(∫
hA,C

0 (x) + hA,C
1 (y)dπA(x, y)

)2

= 322
(∫

x⊺Cy dπA(x, y)
)2

,

where the equality follows from (4.13), proving the desired inequality.

To prove the uniform bound on the variance in Item (i), observe that

sup
∥C∥F=1

VarπA[X⊺CY] ≤ sup
∥C∥F=1

EπA[(X⊺CY)2]

≤ sup
∥C∥F=1

∥C∥2F
∫
∥x∥2∥y∥2dπA(x, y),

≤
√

M4(µ0)M4(µ1)

where the final two inequalities follow from the Cauchy-Schwarz inequality.

We now prove the upper bound on the maximum eigenvalue of D2Φ[A] from Item (ii)

again using its variational characterization,

λmax

(
D2Φ[A]

)
= sup
∥C∥F=1

D2Φ[A](C,C) = 64 + λmax

(
D2OT(·),ε(µ0, µ1)[A]

)
.

Observe that OTA,ε(µ0, µ1) = infπ∈Π(µ0,µ1) g(A, π, µ0, µ1, ε), where g depends on A only

through the term 32tr(A⊺
∫

xy⊺ dπ(x, y)) which is linear in A. It follows from, e.g., Propo-

sition 2.1.2 in [115] that OT(·),ε(µ0, µ1) is concave. As such, λmax

(
D2OT(·),ε(µ0, µ1)[A]

)
≤ 0,

so λmax

(
D2Φ[A]

)
≤ 64. □
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4.5.4 Proof of Theorem 19

We first discuss the convexity properties of Φ. By Corollary 7, λmin

(
D2Φ[A] +

ρ

2∥A∥
2
F

)
≥

64 − 322ε−1
√

M4(µ0)M4(µ1) + ρ for any A ∈ Rd0×d1 and ρ ≥ 0. When this lower bound is

nonnegative, Φ is ρ-weakly convex on Rd0×d1 by definition; recall Footnote 5. It follows

that Φ is always ρ-weakly convex for ρ = 322ε−1
√

M4(µ0)M4(µ1) − 64. Moreover, if√
M4(µ0)M4(µ1) < ε

16 , then λmin

(
D2Φ[A]

)
> 0 such that Φ is strictly convex.

L-smoothness of Φ follows from the mean value inequality (see e.g. Example 2 p.

356 in [8])

∥DΦ[A] − DΦ[B]∥F ≤ sup
C∈[A,B]

sup
∥E∥F=1

∣∣∣D2Φ[C] (A − B, E)
∣∣∣ ,

≤ sup
C∈[A,B]

(∣∣∣∣λmin

(
D2Φ[C]

)∣∣∣∣ ∨ ∣∣∣∣λmax

(
D2Φ[C]

)∣∣∣∣) ∥A − B∥F ,

for any A, B ∈ Rd0×d1 , where [A, B] denotes the line segment connecting A and B. The

claimed result then follows by noting that, for any A, B ∈ DM, [A, B] ⊂ DM by convexity

and the supremum overDM is achieved by compactness and the fact that the objective is

continuous. Indeed, the maps λmax(·), λmin(·) are continuous on the space of symmetric

matrices, and D2Φ[·] is continuous as Φ is smooth. □

4.5.5 Proof of Theorem 20

In this section, we show that Theorem 2.2 in [55] on the convergence rate of Algorithm 5

is applicable in our setting. We particularize their result to a fixed prox-function d = 1
2∥·∥

2
F

which is smooth and 1-strongly convex.

First, we justify the expressions for the iterates Bk,Ck in Algorithm 5, which are
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defined in [55] as the proximal operators

Bk = argmin
V∈DM

{
tr

(
G⊺k V

)
+

L
2
∥V − Ak∥

2
F

}
,

Ck = argmin
V∈DM

{
tr

(
W⊺

k V
)
+

L
2
∥V∥2F

}
.

Rearranging terms, both problems can be written, equivalently, as

argmin
V∈DM

{
∥V − U∥2F

}
, (4.15)

for U = Ak − L−1Gk and U = −L−1Wk for the Bk and Ck iterations respectively. The

solution of (4.15) is given by V = U if V = U ∈ DM, and M
2 U/∥U∥F otherwise.

Next, we show that our notion of δ-oracle yields a δ′-approximate gradient in the

sense of Equation (2.3) in [55]. Precisely, we prove that

∣∣∣∣tr ((D̃Φ[A] − DΦ[A]

)⊺
(B − C)

)∣∣∣∣ ≤ δ′, (4.16)

for any A, B,C ∈ DM. By the Cauchy-Schwarz inequality,

∣∣∣∣tr ((D̃Φ[A] − DΦ[A]

)⊺
(B − C)

)∣∣∣∣ ≤ M
∥∥∥D̃Φ[A] − DΦ[A]

∥∥∥
F
.

Recall that

D̃Φ[A] − DΦ[A] = 32
∑

1≤i≤N0
1≤ j≤N1

x(i)
(
y( j)

)⊺ (
Π̃A

i j −Π
A
i j

)
,

where
∥∥∥∥Π̃A −ΠA

∥∥∥∥
∞
< δ uniformly in A ∈ DM by the δ-oracle assumption such that

∥∥∥D̃Φ[A] − DΦ[A]

∥∥∥
F
≤ 32

∥∥∥∥Π̃A −ΠA
∥∥∥∥
∞

∑
1≤i≤N0
1≤ j≤N1

∥∥∥∥x(i)
(
y( j)

)⊺∥∥∥∥
F
< 32δ

∑
1≤i≤N0
1≤ j≤N1

∥∥∥x(i)
∥∥∥ ∥∥∥y( j)

∥∥∥ .
(4.17)

Combining the displayed equations yields

∣∣∣∣tr ((D̃Φ[A] − DΦ[A]

)⊺
(B − C)

)∣∣∣∣ ≤ 32Mδ
∑

1≤i≤N0
1≤ j≤N1

∥∥∥x(i)
∥∥∥ ∥∥∥y( j)

∥∥∥ = δ′,
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proving (4.16).

With these preparations Theorem 20 follows from Theorem 2.2 in [55] and the

discussion following its proof, noting that
∑k

i=0
i+1
2 =

(k+1)(k+2)
4 . □

4.5.6 Proof of Corollary 8

As Ak, Bk be iterates from Algorithm 6 with Bk ∈ int(DM) such that Bk = Ak − βkD̃Φ[Ak]

by definition. By the triangle inequality,

∥DΦ[Ak]∥F ≤ ∥DΦ[Ak] − D̃Φ[Ak]∥F + ∥D̃Φ[Ak]∥F

= ∥DΦ[Ak] − D̃Φ[Ak]∥F + ∥β
−1
k (Bk − Ak) ∥F .

(4.17) further yields

∥DΦ[Ak] − D̃Φ[Ak]∥F < 32δ
∑

1≤i≤N0
1≤ j≤N1

∥x(i)∥∥y( j)∥,

proving the claim. □

4.5.7 Proof of Proposition 12

Let S i = spt(µi) for i = 0, 1. Recall that S 0, S 1 are compact by assumption. The proof

of Proposition 12 follows by verifying optimality conditions for minimizing locally

Lipschitz functions using the Clarke subdifferential [50]. To this end, we first verify that

the objective Φ0 is locally Lipschitz and prove several auxiliary results to characterize the

Clarke subdifferential ∂Φ0, recalling that the Clarke subdifferential of a locally Lipschitz

function f : Rd0×d1 → R at a point A ∈ Rd0×d1 is given by (cf. e.g. Theorem 2.5.1 in [50])

∂ f (A) = conv
({

lim
n→∞

D f[An] : U = An → A
})
, (4.18)
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where conv(A) denotes the convex hull of the set A, U ⊂ Rd0×d1 denotes a set of full mea-

sure on which f is differentiable, the existence of which is guaranteed by Rademacher’s

theorem, and we tacitly restrict this definition to convergent sequences of derivatives.

Lemma 36. The function A ∈ Rd0×d1 7→ Φ0(A) is locally Lipschitz continuous and

coercive.

Proof. We start by proving that Φ0 is locally Lipschitz. Fix a compact set K ⊂ Rd0×d1

and observe that, for any A, A′ ∈ K,∣∣∣∥A∥2F − ∥A′∥2F ∣∣∣ = |∥A∥F − ∥A′∥F | (∥A∥F + ∥A′∥F) ≤ 2 sup
K
∥ · ∥F∥A − A′∥F ,

due to the reverse triangle inequality. This shows that ∥ · ∥2F is locally Lipschitz. As for

OT(·),0(µ0, µ1), let πA, πA′ be solutions of OTA,0(µ0, µ1),OTA′,0(µ0, µ1) respectively, then

OTA,0(µ0, µ1)−OTA′,0(µ0, µ1)≥
∫

cAdπA−

∫
cA′dπA =−32

〈
A− A′,

∫
xy⊺dπA(x, y)

〉
F
,

(4.19)

and similarly OTA,0(µ0, µ1) − OTA′,0(µ0, µ1) ≤ −32⟨A − A′,
∫

xy⊺dπA′(x, y)⟩F . Thus,∣∣∣OTA,0(µ0, µ1) − OTA′,0(µ0, µ1)
∣∣∣ ≤ 16M∥A − A′∥F ,

recalling that, for any π ∈ Π(µ0, µ1),
∫

xy⊺dπ ∈ DM. This proves that Φ0 is locally

Lipschitz. Coercivity follows by adapting the proof of Proposition 10. □

By Lemma 36 and Rademacher’s theorem, Φ0 is differentiable almost everywhere

on Rd0×d1 . As the squared Frobenius norm is smooth, we study differentiability of

OTA,0(µ0, µ1). To simplify notation, let Π⋆A,0 denote the set of optimal solutions to

OTA,0(µ0, µ1).

Lemma 37. The function A ∈ Rd0×d1 7→ −OTA,0(µ0, µ1) is convex; its subdifferential11 at

A contains
{
32

∫
xy⊺dπ : π ∈ Π⋆A,0

}
.

11The subdifferential of a convex function f : Rd0×d1 7→ R at A consists of all Ξ ∈ Rd0×d1 for which
f (A′) − f (A) ≥ ⟨A′ − A,Ξ⟩F for every A′ ∈ Rd0×d1 .
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Proof. As OT(·),0(µ0, µ1) is the infimum of a family of affine functions, it is concave (see

Theorem 5.5 in [167]). The second claim follows directly from (4.19). □

With Lemma 37, it is easy to classify the points at which OT(·),0(µ0, µ1) is differen-

tiable.

Lemma 38. −OT(·),0(µ0, µ1) is differentiable at A with derivative −D(OT(·),0(µ0, µ1))[A] =

32
∫

xy⊺dπ(x, y) for any π ∈ Π⋆A,0 if and only if all couplings in Π⋆A,0 admit the same

cross-correlation matrix.

Proof. We recall that a convex function is differentiable at A precisely when its subd-

ifferential at A is a singleton, see Theorem 25.1 in [167]. If the proposed condition on

the cross-correlation matrices fails, Lemma 38 implies that the subdifferential is not a

singleton, so differentiability fails.

To prove the other direction, assume that all couplings in Π⋆A,0 admit the same cross-

correlation matrix. Fix a sequence Hn ∈ R
d0×d1\{0} with ∥Hn∥F ↓ 0. From (4.19), we

have, for any πA+Hn ∈ Π
⋆
A+Hn,0

and πA ∈ Π
⋆
A,0,

∥Hn∥
−1
F

∣∣∣∣∣∣OTA+Hn,0(µ0, µ1) − OTA,0(µ0, µ1) + 32
〈
Hn,

∫
xy⊺dπA(x, y)

〉
F

∣∣∣∣∣∣
≤ 32

∥∥∥∥∥∫ xy⊺dπA+Hn(x, y) −
∫

xy⊺dπA(x, y)
∥∥∥∥∥

F
,

As cA+Hn converges uniformly to cA on S 0 × S 1, for any subsequence n′ of n there exists

a further subsequence n′′ along which πA+Hn′′

w
→ π ∈ Π⋆A,0 by Theorem 5.20 in [208].

Since (x, y) ∈ S 0 × S 1 7→ xiy j is continuous and bounded for any 1 ≤ i ≤ d0, 1 ≤ j ≤ d1,∥∥∥∫ xy⊺dπA+Hn′′ (x, y) −
∫

xy⊺dπ(x, y)
∥∥∥

F
=

∥∥∥∫ xy⊺dπA+Hn′′ (x, y) −
∫

xy⊺dπA(x, y)
∥∥∥

F
→ 0.

As this limit is independent of the choice of subsequence by assumption, it holds along

the original sequence Hn such that D
(
OT(·),0(µ0, µ1)

)
[A] = −32

∫
xy⊺dπA(x, y). □

Those auxiliary results lead to finding the Clarke subdifferential ∂Φ0, as given below.
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Lemma 39. The Clarke subdifferential of Φ0 at A ∈ Rd0×d1 is given by

∂Φ0(A) =
{

64A − 32
∫

xy⊺dπ(x, y) : π ∈ Π⋆A,0

}
.

Proof. We first characterize the Clarke subdifferential of OT(·),0(µ0, µ1) at A. By Proposi-

tions 2.2.7 and 2.3.1 in [50] along with Lemma 37,

∂
(
OT(·),0(µ0, µ1)

)
(A) ⊃

{
−32

∫
xy⊺dπ(x, y) : π ∈ Π⋆A,0

}
. (4.20)

As Lemma 38 establishes the set U ⊂ Rd0×d1 on which Φ0 is differentiable, we study

the Clarke subdifferential of Φ0 through the lens of (4.18). Observe that if U = An → A

and πAn ∈ Π
⋆
An,0

, then πAn

w
→ πA ∈ Π

⋆
A,0 as in the proof of Lemma 38 (up to a subsequence).

Moreover,

lim
n→∞

D
(
OT(·),0(µ0, µ1)

)
[An] = lim

n→∞
−32

∫
xy⊺dπAn(x, y) = −32

∫
xy⊺dπA(x, y)

along this subsequence. Thus, if A′n < U converges to A and limn→∞ D
(
OT(·),0(µ0, µ1)

)
[A′n]

exists, then the limit is given by −32
∫

xy⊺dπ(x, y) for some π ∈ Π⋆A,0. It is easy to see

that Π⋆A,0 is convex, so (4.20) and (4.18) together imply that

∂
(
OT(·),0(µ0, µ1)

)
(A) =

{
−32

∫
xy⊺dπ(x, y) : π ∈ Π⋆A,0

}
.

Conclude by applying the subdifferential sum rule (Corollary 1 on p. 39 of [50]). □

Proof of Proposition 12. By Proposition 2.3.2 in [50], if Φ0 attains a local minimum at

A⋆, then 0 ∈ ∂Φ0(A⋆), i.e., there exists π ∈ Π⋆A⋆,0 for which A⋆ = 1
2

∫
xy⊺dπ(x, y) by

Lemma 39. The second result on optimality for the original GW problem follows directly

from the proof of Corollary 6. □

196



4.5.8 Proof of Theorem 22

Throughout, let Xi ⊂ R
di be a closed ball with finite radius r > 0 for which spt(µi) ⊂ Xi

for i = 0, 1. By the Bolzano-Weierstrass theorem, A⋆
ε admits a limit point A⋆

0 as ε ↓ 0.

Let εk ↓ 0 be a sequence along which A⋆
εk
→ A⋆

0 and define

Fk : π ∈ P(X0 × X1) 7→


∫

cA⋆
εk

dπ + εkDKL(π∥µ0 ⊗ µ1), if π ∈ Π(µ0, µ1),

+∞, otherwise,

F : π ∈ P(X0 × X1) 7→


∫

cA⋆
0
dπ, if π ∈ Π(µ0, µ1),

+∞, otherwise.

Throughout, we endow P(X0 × X1) with the topology induced by the weak convergence

of probability measures which is metrized by the 2-Wasserstein distance, W2, for instance;

(P(X0 × X1),W2) is notably a separable metric space, see Theorem 6.18 in [208].

We first show that Fk Γ-converges to F according to Definition 2.3 in [29]. To this

end, we show that

F(π) ≤ lim inf
k→∞

Fk(πk), for every πk
w
→ π. (4.21)

and exhibit a sequence πk
w
→ π satisfying

F(π) ≥ lim sup
k→∞

Fk(πk). (4.22)

To prove (4.21), first assume that π ∈ Π(µ0, µ1). Then, if πk
w
→ π, Fk(πk) ≥

∫
cA⋆

εk
dπk,

by nonnegativity of the KL divergence. As cA⋆
εk

converges to cA⋆
0

uniformly on X0 × X1

and cA⋆
0

is continuous and bounded,∣∣∣∣∣∫ cA⋆
εk

dπk −

∫
cA⋆

0
dπ

∣∣∣∣∣ ≤ ∣∣∣∣∣∫ cA⋆
εk
− cA⋆

0
dπk

∣∣∣∣∣ + ∣∣∣∣∣∫ cA⋆
0
dπ −

∫
cA⋆

0
dπk

∣∣∣∣∣→ 0. (4.23)

This shows that, if π ∈ Π(µ0, µ1), then

lim inf
k→∞

Fk(πk) ≥ lim
k→∞

∫
cA⋆

εk
dπk = F(π).
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If π < Π(µ0, µ1), then πk < Π(µ0, µ1) for all k sufficiently large as Π(µ0, µ1) is compact

for the weak convergence on P(X0 × X1) (cf. e.g. the proof of Theorem 1.4 in [175]) so

the bound holds vacuously, proving (4.21).

As for (4.22), if π < Π(µ0, µ1), then there is nothing to show. For π ∈ Π(µ0, µ1),

we consider a block approximation; cf. [37, 87]. First, for i = 0, 1, partition Rdi by

hypercubes of length ℓ > 0,

{Hi,q,ℓ = [k1ℓ, (q1 + 1)ℓ) × · · · × [qdiℓ, (qdi + 1)ℓ) : q = (q1, . . . , qdi) ∈ Z
di},

and define the block approximation, πℓ, of π by

πℓ =
∑

(q,q′)∈Zd0×Zd1

πℓ|H0,q,ℓ×H1,q′ ,ℓ ,

πℓ|H0,q,ℓ×H1,q′ ,ℓ =
π(H0,q,ℓ × H1,q′,ℓ)

µ0 ⊗ µ1(H0,q,ℓ × H1,q′,ℓ)
(µ0|H0,q,ℓ ⊗ µ1|H1,q′ ,ℓ),

for every (q, q′) ∈ Zd0 × Zd1 with the convention 0
0 = 0. Here, µ0|H0,q,ℓ(A) = µ0(A ∩ H0,q,ℓ)

and similarly for the other restrictions. Of note is that πℓ ≪ µ0⊗µ1 and that πℓ ∈ Π(µ0, µ1)

(see the discussion surrounding Definition 1 in [87]).

Lemma 40. The block approximation πℓ of π converges weakly to π as ℓ ↓ 0.

Proof. Let Q =
{
(q, q′) ∈ Zd0 × Zd1 : π(H0,q,ℓ × H1,q′,ℓ) > 0

}
and γ =

∑
(q,q′)∈Q π(H0,q,ℓ ×

H1,q′,ℓ)γq,q′ where γq,q′ is any coupling of the measures
(
π|H0,q,ℓ×H1,q′ ,ℓ

π(H0,q,ℓ×H1,q′ ,ℓ)
,

πℓ |H0,q,ℓ×H1,q′ ,ℓ

πℓ(H0,q,ℓ×H1,q′ ,ℓ)

)
with support in H0,q,ℓ × H1,q′,ℓ (the closure of H0,q,ℓ × H1,q′,ℓ). As πℓ(H0,q,ℓ × H1,q′,ℓ) =

π(H0,q,ℓ × H1,q′,ℓ) by construction, it is readily seen that γ ∈ Π(π, πℓ). Thus,

W2
2(π, πℓ) ≤

∫
∥x − y∥2dγ(x, y) =

∑
(q,q′)∈Q

π(H0,q,ℓ × H1,q′,ℓ)
∫
∥x − y∥2dγq,q′(x, y)

≤ (d0 + d1)ℓ2,

noting that diam(H0,q,ℓ × H1,q′,ℓ) =
√

d0 + d1ℓ is the diameter of a hypercube in Rd0+d1 of

length ℓ. Conclude that W2(π, πℓ)→ 0 as ℓ ↓ 0 such that πℓ
w
→ π. □
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Setting ℓk = εk, Lemma 40 yields

lim
k→∞

∫
cA⋆

εk
dπεk =

∫
cA⋆

0
dπ,

by a simple adaption of (4.23). It remains to show that limk→∞ εkDKL(πεk∥µ0 ⊗ µ1) = 0

such that

lim
k→∞

Fk(πεk)→ F(π).

Lemma 41. The block approximation πℓ of π satisfies εkDKL(πεk∥µ0 ⊗ µ1)→ 0 as k → ∞.

Proof. As π(H0,q,ℓ × H1,q′,ℓ) ≤ 1,

DKL(πℓ∥µ0 ⊗ µ1) =
∑

(q,q′)∈Zd0×Zd1

∫
log

 π
(
H0,q,ℓ × H1,q′,ℓ

)
µ0 ⊗ µ1(H0,q,ℓ × H1,q′,ℓ)

 dπℓ|H0,q,ℓ×H1,q′ ,ℓ

≤
∑

(q,q′)∈Zd0×Zd1

∫
− log(µ0(H0,q,ℓ)) − log(µ1(H1,q′,ℓ))dπℓ|H0,q,ℓ×H1,q′ ,ℓ

=
∑

(q,q′)∈Zd0×Zd1

(
− log(µ0(H0,q,ℓ)) − log(µ1(H1,q′,ℓ))

)
π(H0,q,ℓ × H1,q′,ℓ)

= −
∑

q∈Zd0

log(µ0(H0,q,ℓ))µ0(H0,q,ℓ) −
∑

q′∈Zd1

log(µ1(H1,q′,ℓ))µ1(H1,q′,ℓ).

(4.24)

Observe that

−
∑

q∈Zd0

log(µ0(H0,q,ℓ))µ0(H0,q,ℓ)

= −

∫
log

(
µ0(H0,q,ℓ)

ℓd0
1H0,q,ℓ

)
µ0(H0,q,ℓ)

ℓd0
1H0,q,ℓdλ − d0 log(ℓ),

where λ denotes the Lebesgue measure. The first term on the last line is the dif-

ferential entropy of a probability distribution supported on X0,ℓ = ∪q∈IH0,q,ℓ, where

I =
{
q ∈ Zd0 : H0,q,ℓ ∩ X0 , ∅

}
. This quantity is maximized among all probability distri-

butions supported on X0,ℓ which are absolutely continuous w.r.t. the Lebesgue measure

by the uniform distribution on X0,ℓ with value d0 log(λ(X0,ℓ)). With this and (4.24), we

obtain

DKL(πℓ∥µ0 ⊗ µ1) ≤ d0 log
(
λ(X0,ℓ)
ℓ

)
+ d1 log

(
λ(X1,ℓ)
ℓ

)
.

199



Conclude that

0 ≤ εkDKL(πεk∥µ0 ⊗ µ1) ≤ εk

(
d0 log

(
λ(X0,εk)
εk

)
+ d1 log

(
λ(X1,εk)
εk

))
→ 0,

as λ(Xi,εk) ≥ λ(Xi) > 0 for i = 0, 1. □

With this, we have shown that Fk Γ-converges to F. Now, let πεk minimize Fk. As

Π(µ0, µ1) is compact, πεk admits a cluster point π0 which minimizes F by Theorem 2.1

in [29]. Thus, π0 is an optimal solution of OTA⋆
0
(µ0, µ1) and, along the subsequence where

πεk

w
→ π0, ∥∥∥∥∥64A⋆

0 − 32
∫

xy⊺dπ0

∥∥∥∥∥
F
= lim

k→∞

∥∥∥∥∥64A⋆
εk
− 32

∫
xy⊺dπεk

∥∥∥∥∥
F
≤ δ.

This concludes the proof of the first result.

For the results pertaining to local/global optimality, let εk ↓ 0 be arbitrary and define

Gk : A ∈ Rd0×d1 7→


Φεk , if A ∈ DM,

+∞, otherwise,
, G : A ∈ Rd0×d1 7→


Φ0, if A ∈ DM,

+∞, otherwise.

We now show that Gk Γ-converges to G. Observe that, for any Ak → A ∈ DM,

Φεk(Ak) = 32∥Ak∥
2
F + OTAk ,εk(µ0, µ1) ≥ 32∥Ak∥

2
F + OTAk ,0(µ0, µ1),

where the inequality is due to nonnegativity of the KL divergence. As cAk → cA uniformly,

32∥Ak∥
2
F+OTAk ,0(µ0, µ1)→ 32∥A∥2F+OTA,0(µ0, µ1) = Φ0(A). If A < DM, then Ak < DM

for every k sufficiently large, so the lim inf condition (4.21) holds.

For the lim sup condition (4.22), if A < DM, then the bound is vacuous. If A ∈ DM,

then let πA be an optimal solution of OTA,0(µ0, µ1) and πεk be the block approximation of

πA with ℓ = εk. Then,

0 ≤ OTA,εk(µ0, µ1) − OTA,0(µ0, µ1) ≤
∫

cAdπεk + εkDKL(πεk∥µ0 ⊗ µ1) −
∫

cAdπA.
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We have shown previously that the rightmost term converges to 0 as k → ∞, so Φεk(A)→

Φ0(A), such that Gk Γ-converges to G. By Theorem 2.1 in [29], any cluster point of a

sequence of minizers of Gk minimizes G, proving the claim.

Finally, consider the case where (Aεk)k∈N satisfies the conditions of part 3 of Theo-

rem 22, i.e., Aεk → A⋆ and Aεk minimizes Φεk on a closed ball of fixed radius r > 0

centred at A⋆, say B⋆
r . A simple adaptation of the previous arguments yields that Gk

restricted to B⋆
r Γ-converges to G restricted to B⋆

r . As such, A⋆ minimizes Φ0 over B⋆
r

and is thus locally minimal for Φ0.

4.6 Concluding Remarks

This work studied efficient computation of the quadratic EGW alignment problem be-

tween Euclidean spaces subject to non-asymptotic convergence guarantees. Despite the

availability of various heuristic methods for computing EGW, formal guarantees beyond

asymptotic convergence to a stationary point were absent until now. To develop our

algorithms, we leveraged the variational form of the EGW distance that ties it to the

well-understood EOT problem with a certain parametrized cost function. By analyzing

the stability of the variational problem, its convexity and smoothness properties were

established, which led to two new efficient algorithms for computing the EGW distance.

The complexity of our algorithms agree with the best known complexity of O(N2) for

computing the quadratic EGW distance directly, but unlike previous approaches, our

methods are subject to non-asymptotic convergence rate guarantees to global/local solu-

tions in the convex/non-convex regime. As the first derivative of the objective function

depends on the solution to an EOT problem which must be solved numerically, we

quantify both the error incurred by Sinkhorn’s algorithm and the resulting effect on the
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convergence of both algorithms. Moreover, we establish a suitable notion of convergence

of solutions to the variational EGW problem to those of the variational GW problem in

the limit of vanishing regularization. Below, we discuss possible extensions and future

research direction stemming from this work.

Algorithmic improvements. The stability analysis of the variational problem lays the

groundwork for solving the EGW problem via smooth optimization methods. Con-

sequently, improvements or alternatives to the proposed accelerated gradient methods

are of great practical interest. For instance, marked improvements can be attained by

analyzing the tradeoff between the per iteration cost associated with updating the step size

parameter and the resulting decrease in the number of iterations required for convergence.

Similarly, establishing sharper bounds on the eigenvalues of the Hessian would improve

our characterization of the smoothness and convexity properties of the objective.

Expanding duality theory. To the best of our knowledge, the current duality theory

for the EGW problem is limited to the quadratic and inner product costs over Euclidean

spaces. As the present work makes heavy use of this duality theory, we anticipate that

these results could be extended to the EGW problem with other costs and/or spaces

once an adequate duality theory has been established. Non-Euclidean spaces are not

only of theoretical, but also of practical interest under the GW paradigm as they allow

comparing/aligning important examples such as manifold or graph data.
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CHAPTER 5

CONCLUSION

This thesis presented several contributions to the study of statistics and computation

for optimal transport-based distances. It introduced a general framework for deriving

limit theorems for quantities of interest in optimal transport which was applied to both

regularized optimal transport distances and later extended to the Gromov-Wasserstein

distance. Beyond the statistical analysis of the Gromov-Wasserstein distance, new

algorithms were proposed for its entropically regularized variant, achieving the same

per-iteration complexity as existing methods whilst benefiting from first-of-their kind

convergence rate guarantees for this problem.

Although the primary focus of this thesis is of a theoretical nature, optimal transport

and Gromov-Wasserstein distances have found applications across a range fields. For

example, this work explored the use of the Gromov-Wasserstein distance in testing for

isomorphisms of distributions on graphs. As computation is still an important bottleneck,

improving algorithms for solving the Gromov-Wasserstein problem is expected to make

it more accessible to practitioners and hence broaden applications.

Finally, this work identified many promising directions for future research. A key

open question in the study of Gromov-Wasserstein distances is the development of a

suitable duality theory for arbitrary metric measure spaces. Notably, the variational

formulation used herein applies only to the (2, 2)-Gromov-Wassertein distance when

the metrics are induced by inner products and hence cannot be readily extended to the

general setting. Resolving this issue would not only advance the theoretical foundations

of the distance, but would also enable proving general statistical results and developing

new algorithms for Gromov-Wasserstein problems.
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APPENDIX A

SUPPLEMENT TO CHAPTER 2

A.1 Proofs for Sections 2.2 and 2.3

A.1.1 Proof of Lemma 2

The lemma follows from Proposition 2.1 in [79]. We include its proof for completeness.

Pick any h ∈ D0, tn → 0, hn → h in D such that θ + tnhn ∈ Θ. For any subsequence n′

of n, there exists a further subsequence n′′ such that (i) tn′′ > 0 for all n′′ or (ii) tn′′ < 0

for all n′′. If (i) holds, then (ϕ(θ + tn′′hn′′) − ϕ(θ))/tn′′ → ϕ′(h), while if (ii) holds, then

(ϕ(θ+ tn′′hn′′)− ϕ(θ))/tn′′ = −(ϕ(θ+ (−tn′′)(−h))− ϕ(θ))/(−tn′′)→ −ϕ′(−h) = ϕ′(h). Since

the limit does not depend on the choice of subsequence, we have the result. □

A.1.2 Proof of Proposition 1

LetP0,ϵ = {ν ∈ P0 : ∥ν−µ∥∞,F < ϵ}. SinceP0,ϵ is convex,
⋃

t>0 t(P0,ϵ−µ) =
⋃

t>0 t(P0−µ),

and µn ∈ P0,ϵ with inner probability approaching one, it suffices to prove the proposition

with P0 replaced by P0,ϵ , i.e., we may assume without loss of generality that δ : P0 → E

is globally Lipschitz w.r.t. ∥ · ∥∞,F ,

∥δ(ν) − δ(ν′)∥E ≤ C∥ν − ν′∥∞,F , ∀ν, ν′ ∈ P0

for some constant C < ∞. We apply the extended functional delta method, Lemma 1, by

identifying P0 as a subset of ℓ∞(F ). Consider the map τ : P0 ∋ ν 7→ ( f 7→
∫

f dν) f∈F ∈

ℓ∞(F ). Define the map δ̄ : τP0 ⊂ ℓ
∞(F )→ E by δ̄(τν) = δ(ν) for ν ∈ P0. The map δ̄ is
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well-defined since, whenever τν = τν′, we have ∥δ(ν) − δ(ν′)∥E ≤ C∥τν − τν′∥∞,F = 0,

i.e., δ(ν) = δ(ν′). In what follows, we identify δ with δ̄.

Under such identification, we apply Lemma 1 with D = ℓ∞(F ),Θ = P0, θ = µ,

and ϕ(ν) = δ(ν) for ν ∈ P0. We will verify that ν 7→ δ(ν) is Hadamard directionally

differentiable at ν = µ with derivative coinciding with δ′µ on P0 − µ. This (essentially)

follows from the fact that δ is Lipschitz continuous together with the fact that it is Gâteaux

directionally differentiable at ν = µ with derivative δ′µ; cf. [181], p. 483–484. However, in

our application, the Gâteaux derivative is a priori defined only on P0−µ, and to extend δ′µ

to the tangent cone TP0(µ), we require E to be complete. For completeness, we provide

its full proof.

Extend δ′µ to
⋃

t>0 t(P0 − µ) as

δ′µ(t(ν − µ)) = tδ′µ(ν − µ), t > 0, ν ∈ P0.

This extension is well-defined. Indeed, suppose that t(ν − µ) = t′(ν′ − µ) (as elements of

ℓ∞(F )) for some t′ > 0 and ν′ ∈ P0; then

t′δ′µ(ν
′ − µ) = t′ lim

s↓0

δ(µ + st′(ν′ − µ)) − δ(µ)
st′

= lim
s↓0

δ(µ + st′(ν′ − µ)) − δ(µ)
s

= lim
s↓0

δ(µ + st(ν − µ)) − δ(µ)
s

= t lim
s↓0

δ(µ + st(ν − µ)) − δ(µ)
st

= tδ′µ(ν − µ).

Pick any mn ∈
⋃

t>0 t(P0−µ) with mn → m in ℓ∞(F ) and tn ↓ 0. Also, pick any ϵ′ > 0 and

m′ ∈
⋃

t>0 t(P0−µ) such that ∥m−m′∥∞,F < ϵ′. For sufficiently large n, tnmn, tnm′ ∈ P0−µ
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(as P0 is convex), so that

∥δ(µ + tnmn) − δ(µ) − tnδ
′
µ(m

′)∥E ≤ ∥δ(µ + tnmn) − δ(µ + tnm′)∥E

+ ∥δ(µ + tnm′) − δ(µ) − tnδ
′
µ(m

′)∥E︸                                   ︷︷                                   ︸
=o(tn)

≤ Ctn∥mn − m′∥∞,F + o(tn)

≤ Cϵ′tn + o(tn),

which implies that

lim sup
n,n′→∞

∥∥∥∥∥δ(µ + tnmn) − δ(µ)
tn

−
δ(µ + tn′mn′) − δ(µ)

tn′

∥∥∥∥∥
E

≤ 2Cϵ′.

Since ϵ′ > 0 is arbitrary, t−1
n [δ(µ + tnmn)− δ(µ)] is Cauchy, and since E is a Banach space,

the limit

lim
n→∞

δ(µ + tnmn) − δ(µ)
tn

exists in E. Thus, we have proved that the map ν 7→ δ(ν) from P0 into E is Hadamard

directionally differentiable at ν = µ. The conclusion of the proposition then follows

from the functional delta method. We note that the second claim that Gµ ∈ TP0(µ) with

probability one follows from the portmanteau theorem. □

A.1.3 Proof of Corollary 1

By Lemma 3.1 in [202], spt(Gµ) is the closure in ℓ∞(F ) of the reproducing kernel Hilbert

space for Gµ and thus a vector subspace of ℓ∞(F ). The second claim follows by Lemma

2. □

206



A.1.4 Proof of Proposition 2

By direct calculation, for a given h ∈ Ṗ0,µ, the submodel {µt : 0 ≤ t < ϵ′} with

µt = (1 + th)µ for sufficiently small ϵ′ > 0 is differentiable in quadratic mean at t = 0

with score function h, i.e.,∫ dµ1/2
t − dµ1/2

t
−

1
2

hdµ1/2

2

→ 0, t ↓ 0.

Thus, Ṗ0,µ is the tangent space at µ corresponding to all such submodels.

By assumption, we see that, for the above submodel µt,

δ(µt) − δ(µ)
t

→ δ′µ(hµ).

Observe that the L2(µ) closure of Ṗ0,µ is L2
0(µ) = {h ∈ L2(µ) : µ(h) = 0}. Since F is

µ-pre-Gaussian, the variance function f 7→ Varµ( f ) is bounded (cf. Section 1.5 in [201]),

so the Cauchy-Schwarz inequality implies that the mapping

h 7→
(
f 7→ µ( f h)

)
is continuous from L2

0(µ) into ℓ∞(F ). Thus, the mapping h 7→ δ′µ(hµ) is a continuous

linear functional on L2
0(µ), and the functional δ : P0 → R is differentiable at µ in the

sense of [200, p. 363] relative to Ṗ0,µ with derivative h 7→ δ′µ(hµ). By Theorem 25.20 and

Lemma 25.19 in [200], the semiparametric efficiency bound for estimating δ at µ is given

by

sup
h∈L2

0(µ),h,0

(δ′µ(hµ))2

∥h∥2
L2(µ)

. (A.1)

We will show that (A.1) coincides with Var(δ′µ(Gµ)).

Let Cu(F ) be the space of uniformly continuous functions on F w.r.t. the pseudo-

metric dµ( f , g) =
√

Varµ( f − g). Then F is totally bounded w.r.t. dµ and Gµ ∈ Cu(F )

with probability one (cf. Example 1.5.10 in [201]). The completion F̄ of F w.r.t. dµ is
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compact and denote the (unique) extension of Gµ to F̄ by the same symbol. Also the

restriction of δ′µ to Cu(F ) uniquely extends to C(F̄ ) (the space of continuous functions on

F̄ ), which we denote by the same symbol δ′µ. Then, by the Riesz representation theorem,

there exists a signed Borel measure m on F̄ such that

δ′µ(z) =
∫
F̄

z( f )dm( f ), z ∈ C(F̄ ).

Since F̄ is compact, for any k = 1, 2, . . . , one can find disjoint sets Bk, j, j = 1, . . . ,Nk in

F̄ with radius at most 1/k such that
⋃Nk

j=1 Bk, j = F̄ . Approximate m by
∑Nk

j=1m(Bk, j)δ fk, j

where each fk, j is an arbitrary point in Bk, j. Then,∣∣∣∣∣∣∣δ′µ(z) −
Nk∑
j=1

m(Bk, j)z( fk, j)

∣∣∣∣∣∣∣ ≤ sup
dµ( f ,g)≤1/k

|z( f ) − z(g)| × |m|(F̄ ),

where |m| is the total variation of m. For any h ∈ L2
0(µ),

|µ( f g) − µ(gh)| ≤ ∥h∥L2(µ)dµ( f , g),

so that, uniformly in h ∈ L2
0(µ) such that ∥h∥L2(µ) = 1,

Nk∑
j=1

m(Bk, j)µ( fk, jh)→ δ′µ(hµ).

The left-hand side can be written as
〈
h,

∑Nk
j=1m(Bk, j)

(
fk, j − µ( fk, j)

)〉
L2(µ), the supremum of

which w.r.t. h ∈ L2
0(µ) such that ∥h∥L2(µ) = 1 is

∥∥∥∥ Nk∑
j=1

m(Bk, j)
(
fk, j − µ( fk, j)

)∥∥∥∥
L2(µ)

.

Thus,

sup
h∈L2

0(µ),h,0

(δ′µ(hµ))2

∥h∥2
L2(µ)

= sup
h∈L2

0(µ),∥h∥L2(µ)=1
(δ′µ(hµ))2 =

(
sup

h∈L2
0(µ),∥h∥L2(µ)=1

δ′µ(hµ)
)2

= lim
k→∞

∥∥∥∥ Nk∑
j=1

m(Bk, j)
(
fk, j − µ( fk, j)

)∥∥∥∥2

L2(µ)
.
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On the other hand,

δ′µ(Gµ) = lim
k→∞

Nk∑
j=1

m(Bk, j)Gµ( fk, j) = lim
k→∞

Gµ

( Nk∑
j=1

m(Bk, j) fk, j

)
a.s., where the second equality follows from the fact that Gµ is a µ-Brownian bridge. This

implies that

Var(δ′µ(Gµ)) = lim
k→∞

Var
(
Gµ

( Nk∑
j=1

m(Bk, j) fk, j

))

= lim
k→∞

∥∥∥∥ Nk∑
j=1

m(Bk, j)
(
fk, j − µ( fk, j)

)∥∥∥∥2

L2(µ)
.

Conclude that (A.1) coincides with Var
(
δ′µ(Gµ)

)
. □

Remark 25 (Relation with Theorem 3.1 in [198]). Consider the assumption of Proposi-

tion 1 with E = R and assume that the function class F is µ-Donsker and the derivative

δ′µ is linear on any subspace of TP0(µ). If, in addition, (1+ th)µ ∈ P0 for sufficiently small

t > 0 for any h ∈ Ṗ0,µ, then the fact that Var(δ′µ(Gµ)) (with Gµ being a µ-Brownian bridge)

agrees with the semiparametric efficiency bound for estimating δ at µ can be deduced

from Theorem 3.1 in [198]. Indeed, recall the map τ : P0 ∋ ν 7→ ( f 7→ ν( f )) ∈ ℓ∞(F )

and δ̄ : τP0,ϵ → R defined by δ̄(τν) = δ(ν). Then, the map τ is differentiable at µ

relative to Ṗ0,µ with derivative τ̇µ : L2(µ) → ℓ∞(F ) given by τ̇µ(h) = ( f 7→ µ( f h)),

and the empirical distribution µ̂n = n−1 ∑n
i=1 δXi is asymptotically efficient for estimat-

ing τ at µ tangentially to Ṗ0,µ; see Section 3.11 in [201] for the result and its precise

meaning. Theorem 3.1 in [198] shows that, if δ̄ is Hadamard differentiable at τµ tangen-

tially to τ̇µ(Ṗ0,µ)
ℓ∞(F )

, then δ(µ̂n) = (δ̄ ◦ τ)(µ̂n) is asymptotically efficient, implying that

Var(δ̄′τµ(Gµ)) agrees with the semiparametric efficiency bound. Identifying δ with δ̄ and

µ with τµ as in the proof of Proposition 1, we have Var(δ̄′τµ(Gµ)) = Var(δ′µ(Gµ)). In our

notation, τ̇µ(Ṗ0,µ) = {hµ : h ∈ Ṗ0,µ}, and from the assumption that (1+ th)µ ∈ P0 for suffi-

ciently small t > 0 for any h ∈ Ṗ0,µ, we see that τ̇µ(Ṗ0,µ) ⊂ TP0(µ), and as TP0(µ) is closed

in ℓ∞(F ), it contains τ̇µ(Ṗ0,µ)
ℓ∞(F )

. Finally, as the derivative δ̄′µ is linear on τ̇µ(Ṗ0,µ)
ℓ∞(F )
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by assumption, δ̄ is Hadamard differentiable at τµ tangentially to τ̇µ(Ṗ0,µ)
ℓ∞(F )

by Lemma

2.

A.1.5 Proof of Corollary 2

Fix h1⊕h2 ∈ Ṗ0,µ⊕Ṗ0,ν. Observe that the submodel {µt⊗νt : 0 ≤ t < ϵ′}with µt = (1+th1)µ

and νt = (1+ th2)ν for sufficiently small ϵ′ > 0 is differentiable in quadratic mean at t = 0

with score function h1 ⊕ h2 (note: (1 + th1(x))(1 + th2(y)) = 1 + t(h1(x) + h2(y)) + o(t)).

Further, h1 ⊕ h2 7→ δ′µ(h1µ) + δ′ν(h2ν) is a continuous linear functional on (Ṗ0,µ ⊕

Ṗ0,ν, ∥ · ∥L2(µ⊗ν)), and thus the semiparametric efficiency bound is given by

sup
h1⊕h2∈Ṗ0,µ⊕Ṗ0,ν,h1⊕h2,0

(δ′µ(h1µ) + δ′ν(h2ν))2

∥h1 ⊕ h2∥
2
L2(µ⊗ν)

.

The rest of the proof is analogous to Proposition 2, upon observing that F is totally

bounded w.r.t. dµ,ν( f , g) =
√

Varµ( f − g) +
√

Varν( f − g) (if a set T is totally bounded

for two pseudometrics d1 and d2, then T is totally bounded for d = d1 + d2), and Gµ

and Gν have dµ,ν-uniformly continuous paths, combined with the fact that, for ( f , g) ∈

L2(µ) × L2(ν) and (h1, h2) ∈ Ṗ0,µ × Ṗ0,ν, we have

µ(h1 f ) + ν(h2g) = (µ ⊗ ν)
(
(h1 ⊕ h2)( f ⊕ g)

)
,

and the supremum of the right-hand side w.r.t. (h1, h2) ∈ Ṗ0,µ × Ṗ0,ν such that ∥h1 ⊕

h2∥
2
L2(µ⊗ν) = 1 is

√
Varµ⊗ν( f ⊕ g) =

√
Varµ( f ) + Varν(g). □
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A.2 Proofs for Section 2.4

A.2.1 Proofs of Theorems 1 and 2 and Lemma 3

Preliminary results

The section presents preliminary results needed for the derivation of Theorem 1, followed

by their proofs. In what follows, we fix 1 < p < ∞.

Lemma 42 (OT potentials). The following hold.

(i) Suppose µ, ν ∈ P(Rd) are supported in B(0, M) for some M > 0 (i.e, spt(µ), spt(ν) ⊂

B(0, M)). Then, there exists an OT potential φ from µ to ν for Wp such that |φ(x) −

φ(x′)| ≤ Cp,M∥x − x′∥ for all x, x′ ∈ B(0, M), where Cp,M < ∞ is a constant that

depends only on p, M.

(ii) If µ0, µ1, ν ∈ P(Rd) are supported in B(0, M) for some M > 0, then

∣∣∣Wp
p(µ1, ν) −Wp

p(µ0, ν)
∣∣∣ ≤ Cp,MW1(µ0, µ1).

Proof. Part (i). Since spt(µ), spt(ν) ⊂ B(0,M), there exists an OT potential φ such that

φ(x) = inf
y∈B(0,M)

[∥x − y∥p − φc(y)], x ∈ B(0, M).

Indeed, regard µ and ν as probability measures on B(0, M), and pick any OT potential

φM from µ to ν as probability measures on B(0, M). This φM is defined only on B(0, M)

so extend it to Rd by setting φ(x) = φM(x) if x ∈ B(0, M) and φ(x) = −∞ if x < B(0, M).
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Observe that

φc(y) = inf
x∈Rd

[∥x − y∥p − φ(x)]

= inf
x∈B(0,M)

[∥x − y∥p − φ(x)]

= inf
x∈B(0,M)

[∥x − y∥p − φM(x)] = φc
M(y).

Thus, whenever x ∈ B(0,M),

φ(x) = φM(x) = φcc
M(x)

= inf
y∈B(0,M)

[∥x − y∥p − φc
M(y)]

= inf
y∈B(0,M)

[∥x − y∥p − φc(y)].

Now, for x, x′ ∈ B(0,M),

|φ(x) − φ(x′)| ≤ sup
y∈B(0,M)

∣∣∣∥x − y∥p − ∥x′ − y∥p
∣∣∣ ≤ p2p−1Mp−1∥x − x′∥.

Part (ii). Let φi denote an OT potential from µi to ν. Observe that

Wp
p(µ1, ν) ≥

∫
φ0dµ1 +

∫
φc

0dν

=

∫
φ0dµ0 +

∫
φc

0dν +
∫

φ0d(µ1 − µ0)

= Wp
p(µ0, ν) +

∫
φ0d(µ1 − µ0).

Likewise, we have

Wp
p(µ1, ν) =

∫
φ1dµ1 +

∫
φc

1dν

=

∫
φ1dµ0 +

∫
φc

1dν +
∫

φ1d(µ1 − µ0)

≤ Wp
p(µ0, ν) +

∫
φ1d(µ1 − µ0).

The conclusion follows from the fact that φi, i = 1, 2 are Cp,M-Lipschitz on B(0, M) and

any Lipschitz function on B(0, M) can be extended to Rd without changing the Lipschitz

constant (cf. [72], Theorem 6.1.1), followed by the Kantorovich-Rubinstein duality. □
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Part (ii) of the preceding lemma implies the following corollary.

Corollary 9. If µ0, µ1, ν ∈ P(Rd) are supported in B(0, M) for some M > 0, then∣∣∣∣Wp
p(µ1, ν) −Wp

p(µ0, ν)
∣∣∣∣∨ ∣∣∣∣Wp

p(µ1, ν) −W
p
p(µ0, ν)

∣∣∣∣ ≤ Cp,MW1(µ0, µ1).

Proof. This follows from Part (ii) of the preceding lemma, the definitions of Wp and Wp,

and the fact that pθ
♯
µ0, p

θ
♯
µ1, p

θ
♯
ν are supported in [−M, M]. □

Lemma 43 (Regularity of sliced OT potential). Let µ, ν ∈ Pp(Rd) and assume that µ is

absolutely continuous with convex support. Set X = int(spt(µ)). For each θ ∈ Sd−1, let φθ

be an OT potential from pθ
♯
µ to pθ

♯
ν for Wp. Pick and fix any x0 ∈ X. Then the following

hold.

(i) The map X × Sd−1 ∋ (x, θ) 7→ φθ(θ⊺x) − φθ(θ⊺x0) is measurable in x and continuous

in θ, and thus jointly measurable in (x, θ).

(ii) The mapX×Sd−1 ∋ (x, θ) 7→ φθ(θ⊺x)−φθ(θ⊺x0) is unique, in the sense that if, for each

θ ∈ Sd−1, φ̃θ is another OT potential from pθ
♯
µ to pθ

♯
ν for Wp, then φθ(θ⊺x)−φθ(θ⊺x0) =

φ̃θ(θ⊺x) − φ̃θ(θ⊺x0) for all (x, θ) ∈ X × Sd−1.

(iii) If, in addition, spt(µ) and spt(ν) are contained in B(0, M) for some M > 0, then

|φθ(θ⊺x) − φθ(θ⊺x0)| ≤ Cp,M for all (x, θ) ∈ X × Sd−1, where Cp,M is given in Lemma

42. In particular, for any finite sighed Borel measure ρ on Rd with total mass 0, the

map Sd−1 ∋ θ 7→
∫
φθ(θ⊺x)dρ(x) is continuous.

Proof. Part (i). Measurability of the map x 7→ φθ(θ⊺x) follows by measurability of

the map t 7→ φθ(t) and continuity of x 7→ θ⊺x. We shall prove continuity of the map

θ 7→ φθ(θ⊺x) − φθ(θ⊺x0). By convexity of the support and absolute continuity of µ, we

have µ(X) = 1, as the boundary of any convex set has Lebesgue measure zero. Let

Xθ = {θ
⊺x : x ∈ X}. Then Xθ is an open interval and its closure coincides with spt(pθ

♯
µ);
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see Lemma 44 below. Pick any x ∈ X and let θn → θ in Sd−1. Then, for all large n, θ⊺n x

lies in a compact neighborhood of θ⊺x contained in Xθ. Since pθn
♯
µ

w
→ pθ

♯
µ, by Theorem

3.4 in [61], φθn − φθn(θ⊺x0) → φθ − φθ(θ⊺x0) uniformly on each compact subset of Xθ.

This implies that φθn(θ⊺n x)−φθn(θ⊺n x0)→ φθ(θ⊺x)−φθ(θ⊺x0). The last claim follows from,

e.g., Lemma 4.51 in [3].

Part (ii). This follows from Corollary 2.7 in [61].

Part (iii). The first claim follows from Lemma 42 Part (i) (note: spt(pθ
♯
µ) and spt(pθ

♯
ν)

are contained in [−M, M]) together with the uniqueness result from Part (ii) of this lemma.

The second claim follows from the fact that
∫
φθ(θ⊺x)dρ(x) =

∫
[φθ(θ⊺x)−φθ(θ⊺x0)]dρ(x)

and the dominated convergence theorem. □

We shall prove the following technical result used in the preceding proof.

Lemma 44 (Support of projected distribution). Let µ ∈ P(Rd) be absolutely continuous

with convex support and let A ∈ Rm×d be of rank m (thus m ≤ d). Set X = int(spt(µ)).

Define ν ∈ P(Rm) by ν(B) = µ({x : Ax ∈ B}). Then AX = {Ax : x ∈ X} ⊂ Rm is open

and convex, and its closure coincides with spt(ν).

Proof. Since the mapping x 7→ Ax is open, the set AX is open. Convexity of AX is

trivial. Pick any x ∈ X and any open neighborhood Ny of y = Ax. Then, since A−1Ny

is open and contains x, ν(Ny) = µ(A−1Ny) > 0, which implies that AX ⊂ spt(ν). Since

clearly ν(AX) = 1, the closure of AX coincides with spt(ν). □

Lemma 45 (Gâteaux derivatives of Wp and Wp). Suppose that µ0, µ1, ν ∈ P(Rd) are

compactly supported, that µ0 is absolutely continuous, and that the support of µ0 is

convex and and its interior has µ1-probability one, i.e., µ1(int(spt(µ0))) = 1. For every
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θ ∈ Sd−1, let φθ0 be an OT potential from pθ
♯
µ0 to pθ

♯
ν for Wp. Let ρ = µ1 − µ0. Then we

have

d
dt+

Wp
p(µ0 + tρ, ν)

∣∣∣∣
t=0
=

∫
Sd−1

∫
φθ0(θ⊺x)dρ(x)dσ(θ), (A.2)

d
dt+

W
p
p(µ0 + tρ, ν)

∣∣∣∣
t=0
= sup

θ∈Sµ,ν

∫
φθ0(θ⊺x)dρ(x). (A.3)

The right-hand sides of (A.2) and (A.3) are well-defined and finite.

Proof. We first prove (A.2). Let φθt denote an OT potential from pθ
♯
µt to pθ

♯
ν with µt =

µ0 + tρ. We may assume without loss of generality that φθt (θ
⊺x0) = 0, where x0 is an

arbitrary (fixed) interior point of spt(µ0). Then,

Wp
p(µt, ν) ≥

∫
Sd−1

∫
φθ0(θ⊺x) dµt(x) dσ(θ) +

∫
Sd−1

∫
[φθ0]c(θ⊺y) dν(y) dσ(θ)

= Wp
p(µ0, ν) + t

∫
θ∈Sd−1

∫
φθ0(θ⊺x) dρ(x) dσ(θ), and

Wp
p(µt, ν) ≤ Wp

p(µ0, ν) + t
∫
θ∈Sd−1

∫
φθt (θ

⊺x) dρ(x) dσ(θ).

The first inequality implies that

lim inf
t↓0

Wp
p(µt, ν) −Wp

p(µ0, ν)

t
≥

∫
Sd−1

∫
φθ0(θ⊺x)dρ(x)dσ(θ).

To prove the upper bound, we note that φθt (θ
⊺·) is uniformly bounded on spt(µ0) by

Lemma 43 Part (iii), and by Theorem 3.4 in [61], φθt (θ
⊺x) → φθ0(θ⊺x) as t ↓ 0 for each

x ∈ int(spt(µ0)) and θ ∈ Sd−1. Thus, by the dominated convergence theorem, we have

lim sup
t↓0

Wp
p(µt, ν) −Wp

p(µ0, ν)

t
≤

∫
Sd−1

∫
φθ0(θ⊺x)dρ(x)dσ(θ).

Next we prove (A.3). To save space, we write
∫
φθt (θ

⊺x)dµt(x) =
∫
φθt dµt etc. Observe

215



that for t ∈ (0, 1),

1
t

[
W

p
p(µt, ν) −W

p
p(µ0, ν)

]
=

1
t

[
sup
θ∈Sd−1

(∫
φθt dµt +

∫
[φθt ]

cdν
)
− sup

θ∈Sd−1

(∫
φθ0 dµ0 +

∫
[φθ0]c dν

)]
≤ sup

θ∈Sd−1

{∫
φθt dρ +

1
t

(∫
φθ0 dµ0 +

∫
[φθ0]c dν

)}
−

1
t

sup
θ∈Sd−1

(∫
φθ0 dµ0 +

∫
[φθ0]c dν

)
.

Let S ϵ = {θ ∈ S
d−1 : Wp

p(pθ
♯
µ0, p

θ
♯
ν) ≥ W

p
p(µ0, ν) − ϵ}. Then, for θ < S ϵ ,∫

φθt dρ+
1
t

(∫
φθ0 dµ0 +

∫
[φθ0]c dν

)
−

1
t

sup
ϑ∈Sd−1

(∫
φϑ0 dµ0 +

∫
[φϑ0]c dν

)
≤

∫
φθt dρ −

ϵ

t
,

which tends to −∞ uniformly over θ as t ↓ 0. Hence, for every ϵ > 0, we have

lim sup
t↓0

1
t

[
W

p
p(µt, ν) −W

p
p(µ0, ν)

]
≤ lim sup

t↓0
sup
θ∈S ϵ

∫
φθt dρ.

Taking ϵ ↓ 0 above, since the right-hand side is decreasing in ϵ, we have

lim sup
t↓0

1
t

[
W

p
p(µt, ν) −W

p
p(µ0, ν)

]
≤ lim

ϵ↓0
lim sup

t↓0
sup
θ∈S ϵ

∫
φθt dρ.

We will show that
∫
φθt dρ →

∫
φθ0 dρ uniformly over θ ∈ Sd−1 as t ↓ 0. To this end,

by compactness of Sd−1 and continuity of
∫
φθ0 dρ in θ, it suffices to show that for any

sequences tn ↓ 0 and θn → θ,
∫
φθn

tn dρ →
∫
φθ0 dρ.1 Since, for any bounded continuous

1This can be verified as follows. Suppose on the contrary that c := lim inft↓0 supθ |
∫

(φθt − φ
θ
0)dρ| > 0.

Then there exist sequences tn ↓ 0 and θn ∈ S
d−1 such that |

∫
(φθn

tn − φ
θn
0 )dρ| → c. Since Sd−1 is compact,

there exists a subsequence of θn converging to some θ ∈ Sd−1. Thus, along with the subsequence, we have
|
∫
φθn

tn dρ −
∫
φθ0dρ| → c, a contradiction.
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function g on R,∫
gd(pθn

♯
µtn) =

∫
g(θ⊺n x)dµtn(x)

=

∫
g(θ⊺n x)dµ0(x) + tn

∫
g(θ⊺n x)dρ(x)

=

∫
g(θ⊺x)dµ0(x) + o(1) (as g is bounded and continuous)

=

∫
gd(pθ♯µ0) + o(1),

we have pθn
♯
µtn

w
→ pθ

♯
µ0. Thus, by Theorem 3.4 in [61], φθn

tn → φθ0 uniformly on each

compact subset of int(spt(pθ
♯
µ0)), which implies that φθn

tn (θ⊺n x) → φθ0(θ⊺x) for each x ∈

int(spt(µ0)). Since φϑt is bounded on int(spt(µ0)) uniformly in (t, ϑ), we conclude from

the dominated convergence theorem that
∫
φθn

tn dρ→
∫
φθ0 dρ. This yields that

lim sup
t↓0

1
t

[
W

p
p(µt, ν) −W

p
p(µ0, ν)

]
≤ lim

ϵ↓0
sup
θ∈S ϵ

∫
φθ0 dρ.

To prove the reverse inequality, we note that

1
t

[
W

p
p(µt, ν) −W

p
p(µ0, ν)

]
≥

1
t

[
sup
θ∈Sd−1

(∫
φθ0 dµt +

∫
[φθ0]cdν

)
− sup

θ∈Sd−1

(∫
φθ0 dµ0 +

∫
[φθ0]c dν

)]
.

For θ ∈ S ϵ ,(∫
φθ0 dµt +

∫
[φθ0]cdν

)
− sup

θ∈Sd−1

(∫
φθ0 dµ0 +

∫
[φθ0]c dν

)
≥ t

∫
φθ0 dρ − ϵ.

Choosing ϵ = ϵt = t2, we have

lim sup
t↓0

1
t

[
Wp(µt, ν) −Wp(µ0, ν)

]
≥ lim

ϵ↓0
sup
θ∈S ϵ

∫
φθ0 dρ.

Since Sd−1 is compact and
∫
φθ0 dρ is continuous in θ, we further have

lim
ϵ↓0

sup
θ∈S ϵ

∫
φθ0 dρ = sup

θ∈Sµ,ν

∫
φθ0 dρ.

This completes the proof. □
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Corollary 9 shows that the mapping µ 7→ Wp(µ, ν) and µ 7→ Wp(µ, ν) are Lipschitz

continuous w.r.t. W1. By the Kantorovich-Rubinstein duality, W1 can be represented as

W1(µ, ν) = ∥µ − ν∥∞,F with F = {φ ◦ pθ : θ ∈ Sd−1, φ ∈ Lip1,0(R)}. It is not difficult to

show that F is µ-Donsker if µ is compactly supported. For a later purpose, we allow µ to

be unbounded in the following lemma.

Lemma 46 (Bracketing entropy bound for projected Lipschitz functions). Let F =

{φ ◦ pθ : θ ∈ Sd−1, φ ∈ Lip1,0(R)}. For any µ ∈ P2+ϵ(Rd) for some ϵ > 0, we have

log N[ ](t,F , L2(µ)) ≲ C1/ϵt−(1+2/ϵ) + d log(2C/t), t ∈ (0, 1) (A.4)

up to a constant that depends only on ϵ, where C =
∫
∥x∥2+ϵdµ(x). In particular, F is

µ-Donsker provided that µ ∈ P4+ϵ(Rd) for some ϵ > 0.

In what follows, N(ϵ,F , d) denotes the ϵ-covering number of a function class F w.r.t.

a pseudometric d, and N[ ](ϵ,F , d) is the corresponding bracketing number. The proof of

this lemma relies on the following two auxiliary lemmas.

Lemma 47 (Uniform entropy for 1-Lipschitz functions). For any K > 0,

log N(t, Lip1,0([−K,K]), ∥ · ∥∞) ≤
⌈
K/t⌉2 log 2, t ∈ (0, 1), (A.5)

where Lip1,0([−K,K]) denotes the class of 1-Lipschitz functions f on [−K,K] with

f (0) = 0.

Proof of Lemma 47. Let N = ⌈K/t⌉. Partition [0,K] into N subintervals with length at

most t. Enumerate the endpoints of these subintervals and label them as 0 = x0 < · · · <

xN = K. For each vector j = ( j−N , . . . , j−1, j1, . . . , jN) ∈ {−1, 1}2N indexed from −N to N
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excluding 0, define the function

f j(x) =



0 if x = 0∑k
l=1 jl(xk − xk−1) if x = xk, 1 ≤ k ≤ N∑k
l=1 j−l(xk − xk−1) if x = −xk, 1 ≤ k ≤ N

piecewise linear otherwise.

. (A.6)

These form a t-net of Lip1,0([−K,K]) w.r.t. ∥ · ∥∞. □

The following result is standard and thus we omit the proof.

Lemma 48 (Covering number for Sd−1). For any t ∈ (0, 1), N(t, Sd−1, ∥ · ∥) ≤ (5/t)d.

Proof of Lemma 46. Pick any t ∈ (0, 1) and choose M > 0 such that√
E
[
∥X∥21{∥X∥>M}

]
≤ t/4

for X ∼ µ. Consider a minimal t/8-net f1, . . . , fm of Lip1,0
(
[−M, M]

)
w.r.t. ∥ · ∥∞, and a

minimal t/(8M)-net θ1, . . . , θn of Sd−1 w.r.t. ∥ · ∥. Consider the following function brackets

for i = 1, . . . ,m and j = 1, . . . , n:

[
( fi ◦ p

θ j − t/4)1{∥x∥≤M} − ∥x∥1{∥x∥>M}, ( fi ◦ p
θ j + t/4)1{∥x∥≤M} + ∥x∥1{∥x∥>M}

]
.

It is not difficult to verify that these brackets cover F . The L2(µ) width of the brackets is

bounded above by t. By Lemmas 47 and 48,

log mn = log m + log n ≤
(
8M/t + 1

)
2 log 2 + log d + (d − 1) log 3 + (d − 1) log

(
8M

t

)
.

We are left to determine M. Observe that

E[∥X∥21{∥X∥>M}] ≤
E[∥X∥2+ϵ]

Mϵ
=

C
Mϵ

.

Hence M = (4C1/2/t)2/ϵ is a feasible choice. This leads to the first claim.
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For the second claim, by Theorem 2.5.6 in [201], it is enough to show that∫ ∞

0

√
N[ ](t,F , L2(µ)) dt < ∞.

Provided that µ has finite (4+ϵ)th moment for some ϵ > 0,
√

N[ ](t,F , L2(µ)) is integrable

near 0. Since F has envelope function F(x) = ∥x∥ which is also in L2(µ) under the given

moment condition, F is µ-Donsker. □

Proof of Theorem 1

Part (i). We shall apply Proposition 1 with P0 = {ρ ∈ P(Rd) : ρ(X) = 1}, X = int(spt(µ)),

F = {φ ◦ pθ : θ ∈ Sd−1, φ ∈ Lip1,0(R)}, F(x) = ∥x∥, and δ(ρ) = Wp
p(ρ, ν). It is not difficult

to verify that P0 is convex and contains µ̂n with probability one. Further, by Lemma 46,

F is µ-Donsker,
√

n(µ̂n − µ)
d
→ Gµ in ℓ∞(F ). Combined with Corollary 9 (recall that

W1(µ0, µ1) = ∥µ1 − µ0∥∞,F by the Kantorovich-Rubinstein duality) and Lemma 45, we

have verified all conditions in Proposition 1 with δ′µ(ρ − µ) =
∫
Sd−1(ρ − µ)

(
φθ ◦ pθ

)
dσ(θ).

Let M > 0 such that X ⊂ B(0, M). Each φθ|[−M,M] is c-Lipshitz for some constant

c < ∞ independent of θ by Lemma 42. Extend φθ|[−M,M] to R without changing the

Lipschitz constant and redefine φθ by this extension. In view of Lemma 43 Part (iii) and

noting that (ρ − µ)
(
φθ ◦ pθ − a

)
= (ρ − µ)

(
φθ ◦ pθ

)
, δ′µ extends to TP0(µ) as

δ′µ(m) =
∫
Sd−1

c · m
(
φ̄θ ◦ pθ

)
dσ(θ) (A.7)

with φ̄θ = (φθ − φθ(0))/c. Conclude that

√
n(Wp

p(µ̂n, ν) −Wp
p(µ, ν))

d
→ δ′µ(Gµ) =

∫
Sd−1

c ·Gµ

(
φ̄θ ◦ pθ

)
dσ(θ).

Set Gµ(θ) = c ·Gµ

(
φ̄θ ◦pθ

)
. The process (Gµ(θ))θ∈Sd−1 is centered Gaussian with covariance

function Cov(Gµ(θ),Gµ(ϑ)) = Covµ
(
φθ ◦ pθ, φϑ ◦ pϑ

)
. Further, since θ 7→ φ̄θ ◦ pθ is

continuous relative to the pseudometric dµ( f , g) =
√

Varµ( f − g) (cf. Lemma 43(i)) and
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Gµ has uniformly continuous paths relative to dµ, we see that Gµ has continuous paths.

By Riemann approximation, we see that
∫
Sd−1 Gµdσ is centered Gaussian with variance∫

Sd−1

∫
Sd−1 Cov(Gµ(θ),Gµ(ϑ))dσ(θ)dσ(ϑ) = v2

p.

Second, we show that v2
p coincides with the semiparametric efficiency bound by

invoking Proposition 2. We have shown that the function class F is µ-Donsker, which

implies µ-pre-Gaussianity. Also, for any bounded µ-mean zero function h, spt
(
(1+th)µ

)
=

spt(µ) for sufficiently small t > 0, so that (1 + th)µ ∈ P0. It remains to show that the

derivative δ′µ in (A.2) suitably extends to a continuous linear functional on ℓ∞(F ). Let

Cu(F ) denote the space of uniformly continuous functions on F relative to dµ. As F is

µ-pre-Gaussian, F is totally bounded for dµ. Since θ 7→ φθ ◦ pθ is continuous relative to

dµ, the expression (A.7) makes sense for any m ∈ Cu(F ), and the map δ′µ is continuous

and linear on (Cu(F ), ∥ · ∥∞,F ). Extend δ′µ from Cu(F ) to a continuous linear functional

on ℓ∞(F ) by the Hahn-Banach theorem. For this extension, since hµ ∈ Cu(F ) for any

bounded µ-mean zero function h, we have t−1(δµ((1 + th)µ) − δ(µ)) → δ′µ(hµ) as t ↓ 0.

Applying Proposition 2, we see that the semiparametric efficiency bound is given by

Var(δ′µ(Gµ)), which coincides with v2
p from the computation above.

Finally, we show the bootstrap consistency. Since the derivative δ′µ in (A.2) is linear,

ρ 7→ δ(ρ) is Hadamard differentiable (w.r.t. ∥ · ∥∞,F ) at ρ = µ tangentially to spt(Gµ) by

Corollary 1. Thus the bootstrap consistency follows from Theorem 23.9 in [200].

Part (ii). To account for the two-sample case, we consider the following setting.

Set P0 = {ρ1 ⊗ ρ2 ∈ P(Rd × Rd) : (ρ1 ⊗ ρ2)(X × Y) = 1} with X = int(spt(µ)) and

Y = int(spt(ν)), F = { f1⊕ f2 : fi ∈ F0, i = 1, 2}withF0 = {φ◦p
θ : θ ∈ Sd−1, φ ∈ Lip1,0(R)},

and δ(ρ1 ⊗ ρ2) = Wp
p(ρ1, ρ2). Observe that, for f1, f2 ∈ F0, ρ1 ⊗ ρ2, ρ

′
1 ⊗ ρ

′
2 ∈ P0, and

t ∈ [0, 1], we have

(
t(ρ1 ⊗ ρ2) + (1 − t)(ρ′1 ⊗ ρ

′
2)
)
( f1 ⊕ f2) =

((
tρ1 + (1 − t)ρ′1

)
⊗

(
tρ2 + (1 − t)ρ′2

))
( f1 ⊕ f2).
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Thus

t(ρ1 ⊗ ρ2) + (1 − t)(ρ′1 ⊗ ρ
′
2) =

(
tρ1 + (1 − t)ρ′1

)
⊗

(
tρ2 + (1 − t)ρ′2

)
as elements of ℓ∞(F0), so that P0 is covex as a subset of ℓ∞(F ). It is not difficult to see

from Corollary 9 that

|δ(µ0 ⊗ ν0) − δ(µ1 ⊗ ν1)| ≲ W1(µ0, µ1) +W1(ν0, ν1)

≤ 2∥(µ0 ⊗ ν0) − (µ1 ⊗ ν1)∥∞,F .

Also, for µt = (1 − t)µ + tρ1 and νt = (1 − t)ν + tρ2 with ρ1 ⊗ ρ2 ∈ P0, arguing as in the

proof of Lemma 45 and using the fact that [φθ]cc = φθ, we have

lim
t↓0

δ(µt ⊗ νt) − δ(µ ⊗ ν)
t

=

∫
Sd−1

[
(ρ1 − µ)(φθ ◦ pθ) + (ρ2 − ν)([φθ]c ◦ pθ)

]
dσ(θ)

=

∫
Sd−1

∫
(φθ ◦ pθ) ⊕ ([φθ]c ◦ pθ)d

(
ρ1 ⊗ ρ2 − µ ⊗ ν

)
dσ(θ).

Here recall that µt ⊗ νt can be identified with (1 − t)(µ ⊗ ν) + t(ρ1 ⊗ ρ2) as elements of

ℓ∞(F ). Let ψθ = [φθ]c. Again, choose versions of φθ and ψθ such that, for some constant

c independent of θ, φ̄θ = (φθ−φθ(0))/c, ψ̄θ = (ψθ−ψθ(0))/c ∈ Lip1,0(R) for every θ ∈ Sd−1.

Then, the derivative δ′µ⊗ν extends to TP0(µ ⊗ ν) as

δ′µ⊗ν(m) =
∫
Sd−1

c · m
(
(φ̄θ ◦ pθ) ⊕ (ψ̄θ ◦ pθ)

)
dσ(θ).

We shall verify that the process
√

n(µ̂n ⊗ ν̂n − µ ⊗ ν) converges weakly to a tight

Gaussian process in ℓ∞(F ). Since F0 is Donsker w.r.t. µ and ν, and Xi’s and Yi’s are

independent, by Example 1.4.6 in [201] (combined with Lemma 3.2.4 in [73] concerning

measurable covers), we see that

(√
n(µ̂n − µ),

√
n(ν̂n − ν)

) d
→ (Gµ,G′ν) in ℓ∞(F0) × ℓ∞(F0), (A.8)

where Gµ and G′ν are independent and the weak limits of
√

n(µ̂n − µ) and
√

n(ν̂n − ν) in

ℓ∞(F0), respectively. Since the map ℓ∞(F0)×ℓ∞(F0) ∋ (z1, z2) 7→ (z1( f1)+z2( f2)) f1⊕ f2∈F ∈
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ℓ∞(F ) is continuous, we have

√
n(µ̂n ⊗ ν̂n − µ ⊗ ν)

d
→ Gµ⊗ν in ℓ∞(F )

where Gµ⊗ν( f1 ⊕ f2) = Gµ( f1) +G′ν( f2) for f = f1 ⊕ f2 ∈ F . Applying Proposition 1 (see

also Remark 2), we conclude that

√
n(δ(µ̂n ⊗ ν̂n) − δ(µ ⊗ ν))

d
→

∫
Sd−1

[
c ·Gµ(φ̄θ ◦ pθ) + c ·G′ν(ψ̄

θ ◦ pθ)
]

dσ(θ)

=

∫
Sd−1
Gµdσ +

∫
Sd−1
G′νdσ.

where Gµ is given before and G′ν is defined as G′ν(θ) = c ·G′ν(ψ̄
θ ◦ pθ). Arguing as in Part

(i), the right-hand side is Gaussian with mean zero and variance v2
p + w2

p.

Second, the fact that v2
p + w2

p coincides with the semiparametric efficiency bound

follows from Corollary 2. The argument is similar to the one-sample case and omitted

for brevity.

Finally, we show the bootstrap consistency. The argument is analogous to the

one-sample case above. To apply Theorem 23.9 in [200], we need to verify that,

as maps into ℓ∞(F ), the sequence
√

n(µ̂B
n ⊗ ν̂

B
n − µ̂n ⊗ ν̂n) is asymptotically mea-

surable and converges conditionally in distribution to (Gµ( f1) + G′ν( f2)) f1⊕ f2∈F given

(X1, Y1), (X2, Y2), . . . . Since F0 is Donsker w.r.t. µ and ν, each of
√

n(µ̂B
n − µ̂n) and

√
n(ν̂B

n − ν̂n) is asymptotically measurable and converges conditionally in distribu-

tion (cf. Chapter 3.6 in [201]). By Lemma 1.4.4 and Example 1.4.6 in [201], as

maps into ℓ∞(F0) × ℓ∞(F0), the sequence
(√

n(µ̂B
n − µ̂n),

√
n(ν̂B

n − ν̂n)
)

is asymptotically

measurable and converges conditionally in distribution to (Gµ,G′ν). Since the map

ℓ∞(F0) × ℓ∞(F0) ∋ (z1, z2) 7→ (z1( f1) + z2( f2)) f1⊕ f2∈F ∈ ℓ
∞(F ) is continuous, we see that,

as maps into ℓ∞(F ),
√

n(µ̂B
n ⊗ ν̂

B
n − µ̂n ⊗ ν̂n) is asymptotically measurable and converges

conditionally in distribution to (Gµ( f1) +G′ν( f2)) f1⊕ f2∈F , as desired. The rest follows from

Corollary 1 and Theorem 23.9 in [200]. □
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Proof of Theorem 2

Given the Gâteaux derivative result for Wp (cf. Lemma 45), the proof is analogous to

Theorem 1. We omit the details for brevity. □

Proof of Lemma 3

We follow the notation used in the proof of Theorem 1(ii). Let S B
n =
√

n
(
W

p
p(µ̂B

m,n, ν̂
B
m,n) −

W
p
p(µ̂n, ν̂n)

)
and S be a random variable following the limit law in (2.6). By Theorem

3.6.2 combined with Example 1.4.6 in [201], we have

(√
m(µ̂B

m,n − µ̂n),
√

m(ν̂B
m,n − ν̂n

) d
→ (Gµ,Gν) in ℓ∞(F0) × ℓ∞(F0)

given almost every sequence X1, X2, . . . ,Y1, Y2, . . . Since E
[
∥
√

m(µ̂n−µ)∥∞,F0∨∥
√

m(µ̂n−

µ)∥∞,F0

]
= O(

√
m/n) = o(1) by Theorem 2.14.1 in [201] and the assumption that

m = o(n), we have ∥
√

m(µ̂n − µ)∥∞,F0 ∨ ∥
√

m(ν̂n − µ)∥∞,F0 → 0 in probability. Pick any

subsequence n′ of n and choose a further subsequence n′′ such that
√

m′′
(
W

p
p(µ̂n′′ , ν̂n′′) −

W
p
p(µ, ν)

)
→ 0 a.s. (cf. Theorem 2(ii)) and ∥

√
m′′(µ̂n′′−µ)∥∞,F0∨∥

√
m′′(ν̂n′′−µ)∥∞,F0 → 0

a.s. with m′′ = mn′′ . Arguing as in the proof of Theorem 1(ii), we have

√
m
(
µ̂B

m′′,n′′ ⊗ ν̂
B
m′′,n′′ − µ ⊗ ν

) d
→ Gµ⊗ν in ℓ∞(F )

given almost every sequence X1, X2, . . . ,Y1, Y2, . . . By directional Hadamard differentia-

bility of δ(ρ1 ⊗ ρ2) = W
p
p(ρ1, ρ2) at ρ1 ⊗ ρ2 = µ ⊗ ν, we have

√
m′′

(
δ
(
µ̂B

m′′,n′′ ⊗ ν̂
B
m′′,n′′

)
− δ

(
µ ⊗ ν

))︸                                        ︷︷                                        ︸
=
√

m′′
(
W

p
p(µ̂B

m′′ ,n′′ ,ν̂
B
m′′ ,n′′ )−W

p
p(µ,ν)

)
d
→ δ′µ⊗ν

(
Gµ⊗ν

) d
= S

given almost every sequence X1, X2, . . . ,Y1, Y2, . . . Since
√

m′′
(
W

p
p(µ̂n′′ , ν̂n′′) −

W
p
p(µ, ν)

)
→ 0 a.s. by construction, we conclude that

S B
n′′ =

√
m′′

(
W

p
p(µ̂B

m′′,n′′ , ν̂
B
m′′,n′′) −W

p
p(µ̂n′′ , ν̂n′′)

) d
→ S
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given almost every sequence X1, X2, . . . ,Y1, Y2, . . . , that is

sup
g∈BL1(R)

∣∣∣EB[g(S B
n′′)

]
− E[g(S )]

∣∣∣→ 0

a.s. This completes the proof. □

A.2.2 Proof of Theorem 3

Preliminaries

Lemma 49 (CLT in L1 space). Let (S ,S, µ) be a σ-finite measure space with S be-

ing countably generated, and let Z1, Z2, . . . be i.i.d. L1(µ)-valued random variables.

If P(∥Z1∥L1(µ) > t) = o(t−2) as t → ∞ and
∫

S

√
E[Z2

1(x)] dµ(x) < ∞, then there ex-

ists a centered jointly measurable Gaussian process G with paths in L1(µ) such that

n−1/2 ∑n
i=1 Zi

d
→ G in L1(µ).

Proof. See [129], Theorem 10.10. □

Lemma 50 (Directional derivative of L1 norm). Let (S ,S, µ) be a measure space. Then,

for any f , g ∈ L1(µ) and tn ↓ 0, we have

lim
n→∞

∥ f + tng∥L1(µ) − ∥ f ∥L1(µ)

tn
=

∫
[sign( f )]g dµ +

∫
{ f=0}
|g| dµ.

Proof of Lemma 50. Let S + = { f > 0} and S − = { f < 0}, and set h = g
| f |1{ f,0} and

dγ = | f |dµ. Observe that

t−1
n

(
∥ f + tng∥L1(µ) − ∥ f ∥L1(µ)

)
= t−1

n

∫
S +

(
|1 + tnh| − 1

)
dγ + t−1

n

∫
S −

(
| − 1 + tnh| − 1

)
dγ +

∫
{ f=0}
|g| dµ.

We next show that the first and second terms converge to
∫
{ f>0}

gdµ and
∫
{ f<0}

(−g)dµ,

respectively. The arguments are analogous, so we only prove the former.
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By normalization, we may assume without loss of generality that γ(S +) = 1. Consider

the set An = {tn|h| < 1}. Since h ∈ L1(γ), by Markov’s inequality we have γ(Ac
n∩S +)→ 0.

Consequently∣∣∣∣∣∫
S +
|1 + tnh|dγ −

∫
S +
|1 + tnh1An |dγ

∣∣∣∣∣ ≤ tn

∫
S +
|h|1Ac

ndγ = o(tn).

Since 1 + tnh1An ≥ 0, we have∫
S +

(
|1 + tnh1An | − 1

)
dγ = tn

∫
S +

h1Andγ = tn

∫
S +

hdγ + o(tn).

As
∫

S +
hdγ =

∫
{ f>0}

gdµ, we obtain the desired result. □

Lemma 51 (Directional derivative of supremum functional). Let S be a nonempty set.

Consider the functional ϕ : ℓ∞(S )→ R defined by ϕ( f ) = supx∈S f (x). Suppose that there

exists a pseudometric d on S such that (S , d) is totally bounded, and let Cu(S , d) denote

the set of all uniformly d-continuous functions on S . Then ϕ is Hadamard directionally

differentiable at f ∈ Cu(S , d) with derivative

ϕ′f (g) = sup
x∈S : f (x)=ϕ( f )

g(x), g ∈ Cu(S , d),

where S is the completion of S with respect to d [note that every f ∈ Cu(S , d) has the

unique continuous extension to S , which we denote by the same symbol f ].

Proof. See [35], Corollary 2.5. □

Proof of Theorem 3

Part (i). Recall the expression W1(µ̂n, µ) = ∥Fµ̂n − Fµ∥L1(λ⊗σ). We divide the proof into

two steps.

Step 1. We will first show that there exists a centered, jointly measurable Gaussian

process Gµ =
(
Gµ(t, θ)

)
(t,θ)∈R×Sd−1 with paths in L1(λ ⊗ σ) and covariance function (2.9)
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such that
√

n(Fµ̂n(t; θ) − Fµ(t; θ))(t,θ)∈R×Sd−1
d
→ Gµ in L1(λ ⊗ σ).

We will apply the CLT in the L1 space (Lemma 49) to prove this claim. Let

Zi(t, θ) = 1(θ⊺Xi ≤ t) − Fµ(t; θ). Then
√

n
(
Fµ̂n(t; θ) − Fµ(t; θ)

)
= n−1/2 ∑n

i=1 Zi(t, θ).

Since ((t, θ), ω) 7→ Zi(t, θ, ω) = 1(θ⊺Xi(ω) ≤ t) − Fµ(t; θ) is (jointly) measurable, Zi can

be regarded an an L1(λ ⊗ σ)-valued random variable as long as ∥Zi∥L1(λ⊗σ) < ∞ a.s. [33],

which will be verified below.

Observe that ∥Zi∥L1(λ⊗σ) can be evaluated as∫
Sd−1

∫
R

|1(θ⊺Xi ≤ t) − P(θ⊺Xi ≤ t)| dt dσ(θ)

=

∫
Sd−1

( ∫ 0

−∞

|1(θ⊺Xi ≤ t) − P(θ⊺Xi ≤ t)| dt

+

∫ ∞

0
|1(θ⊺Xi > t) − P(θ⊺Xi > t)| dt

)
dσ(θ)

≤

∫
Sd−1

[
(−θ⊺Xi ∨ 0) +

∫ 0

−∞

P(θ⊺Xi ≤ t) dt

+ (θ⊺Xi ∨ 0) +
∫ ∞

0
P(θ⊺Xi > t) dt

]
dσ(θ)

≤ ∥Xi∥ + E[∥Xi∥].

This implies that Zi ∈ L1(λ ⊗ σ). Further, for t > 2E[∥Xi∥],

P(∥Zi∥L1(λ⊗σ) > t) ≤ P (∥Xi∥ + E[∥Xi∥] > t)

≤ P (∥Xi∥ > t/2)

≤
22+ϵE[∥Xi∥

2+ϵ]
t2+ϵ = o(t−2)
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as t → ∞. Finally, letting K = supθ∈Sd−1 E[|θ⊺Xi|
2+ϵ] < ∞, we have∫

Sd−1

∫
R

√
E[Zi(t, θ)2] dt dσ(θ)

=

∫
Sd−1

∫ ∞

−∞

√
Fµ(t; θ)(1 − Fµ(t; θ)) dt dσ(θ)

≤

∫
Sd−1

(∫ 0

−∞

√
Fµ(t; θ) dt +

∫ ∞

0

√
1 − Fµ(t; θ) dt

)
dσ(θ)

≤

∫
Sd−1

(
2
∫ ∞

0

√
P(|θ⊺Xi| ≥ t) dt

)
dσ(θ)

≤ 2

1 + ∫ ∞

1

√
K

t2+ϵ dt


≤ 2 + 4

√
K
ϵ

< ∞.

(A.9)

Thus, by Lemma 49, we have n−1/2 ∑n
i=1 Zi

d
→ Gµ in L1(λ ⊗ σ).

Step 2. We will apply the extended functional delta method to derive the limit

distribution for
√

n(W1(µ̂n, ν) −W1(µ, ν)). Let ϕ : L1(λ ⊗ σ)→ R be defined by

ϕ( f ) = ∥ f ∥L1(λ⊗σ), f ∈ L1(λ ⊗ σ).

By Lemma 50 and the fact that ϕ is trivially Lipshitz in ∥ · ∥L1(λ⊗σ), ϕ is Hadamard

directionally differentialble at f ∈ L1(λ ⊗ σ) with derivative

ϕ′f (g) =
∫

[sign( f )]gd(λ ⊗ σ) +
∫
{ f=0}
|g|d(λ ⊗ σ).

Thus, by the extended functional delta method, we have

√
n(W1(µ̂n, ν) −W1(µ, ν)) =

√
n(ϕ(Fµ − Fν + Fµ̂n − Fµ) − ϕ(Fµ − Fν))

d
→ ϕ′Fµ−Fν(Gµ).

The right-hand side coincides with the limit distribution in (2.10).

Part (ii). Observe that W1(µ̂n, ν̂n) = ∥Fµ̂n − Fν̂n∥L1(λ⊗σ). From the proof of Part (i), we

have
√

n(Fµ̂n −Fν̂n −Fµ +Fν)
d
→ Gµ −G′ν in L1(λ⊗σ). The rest of the proof is analogous

to Step 2 in the proof of Part (i).
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Part (iii). Observe that W1(µ, ν) = sup f∈F (µ − ν)( f ) by the Kantorovich-Rubinstein

duality. By Lemma 46, the function class F is µ-Donsker under the given moment

condition,
√

n(µ̂n − µ)
d
→ Gµ in ℓ∞(F ).

Then, we apply the functional delta method to the supremum functional, Lemma 51.

Since, relative to the standard deviation metric, f 7→
∫

f d(µ − ν) = µ( f − ν( f )) is

uniformly continuous, F is totally bounded, Gµ has uniformly continuous paths (cf.

Example 1.5.10 in [201]), we obtain the desired result.

Part (iv). The proof is analogous to Part (iii) and thus omitted. □

A.2.3 Proof of Corollary 3

The limit distribution results directly follow from Theorem 3. Under the setting of

Corollary 3, inspection of the proof of Theorem 3 shows that the map f 7→ ∥ f ∥L1(λ⊗λ) is

Hadamard differentiable at f = Fµ − Fν with derivative

ϕ′Fµ−Fν(g) =
∫

[sign(Fµ − Fν)]gd(λ ⊗ σ), g ∈ L1(λ ⊗ σ).

Combined with the equivalence between the CLT and the bootstrap consistency for i.i.d.

random variables with values in a separable Banach space (cf. Remark 2.5 in [97]), the

bootstrap consistency result for W1 (like that in Theorem 1) follows via Theorem 23.9

in [200].

Regarding semiparametric efficiency, for any bounded measurable function h on Rd
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with µ-mean zero,

1
s
(
∥F(1+sh)µ − Fν∥L1(λ⊗σ) − ∥Fµ − Fν∥L1(λ⊗σ)

)
→

∫
R×Sd−1

[sign(Fµ − Fν)(t; θ)]
{∫

h(x)1(x⊺θ ≤ t)dµ(x)
}

dtdσ(θ) (s ↓ 0)

=

∫
R×Sd−1

[sign(Fµ − Fν)(t; θ)]
{∫

h(x)g(x, t, θ)dµ(x)
}

dtdσ(θ)

=

〈
h,

∫
R×Sd−1

[sign(Fµ − Fν)(t; θ)]g(·, t, θ)dtdσ(θ)
〉

L2(µ)
,

where g(x, t, θ) = 1(x⊺θ ≤ t) − 1(t > 0) and the second equality follows as h has µ-mean

zero. Hence, the semiparametric efficiency bound for estimating ρ 7→ W1(ρ, ν) at ρ = µ

is given by the µ-variance of∫
R×Sd−1

[sign(Fµ − Fν)(t; θ)]g(·, t, θ)dtdσ(θ),

which agrees with v2
1 above. Likewise, in the two-sample case, it is shown that the

semiparametric efficiency bound agrees with v2
1 + w2

1; see the proof of Corollary 2. □

A.3 Proofs for Section 2.5

A.3.1 Proof of Proposition 3

Lemma 5.2 of [175] establishes that convolution acts as a contraction for Wp, Wσ
p ≤ Wp.

For any ρ ∈ P(Rd), the coupling π := χσ(x − y)dλ(x)dρ(y) ∈ Π(ρ, ρ ∗ ησ) satisfies∫
Rd×Rd

∥x − y∥pdπ(x, y) = σp
∫
Rd

∫
Rd
∥z∥pχ1(z)dλ(z)dµ(y) = σpEη1[∥X∥]

p,

so Wp(µ, µ ∗ ησ) ≤ (E[∥Xη1∥
p])1/p by Lemma 7.1.10 in [6]. Conclude by applying the

triangle inequality, Wp ≤ Wσ
p + 2(Eη1[∥X∥

p])1/p. □
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A.3.2 Proof of Proposition 5

Lemma 52. For σ > 0, the characteristic function ϕησ of ησ is zero on a set of negligible

(Lebesgue) measure.

Proof. The Fourier-Laplace transform of χσ is defined by

χ̂σ : t ∈ Cd 7→

∫
Rd

e−it⊺xχσ(x)dx.

By Theorem 7.1.14 in [118], χ̂σ is complex-analytic, so ϕησ = χ̂σ|Rd (−·) is real analytic.

The conclusion follows since the set of zeros of any real analytic function on Rd that is

not identically zero has zero Lebesgue measure [80, p.240]. □

Lemma 53. For p ≥ 1, σ > 0, (µk)k∈N ⊂ Pp(Rd) and µ ∈ Pp(Rd), µk ∗ ησ
w
→ µ ∗ ησ as

k → ∞ if and only if µk
w
→ µ as k → ∞.

Proof. First, if µk
w
→ µ, ϕµk∗ησ = ϕµkϕησ → ϕµϕησ = ϕµ∗ησ pointwise, so µk ∗ ησ

w
→ µ ∗ ησ.

To prove the opposite direction, if µk ∗ ησ
w
→µ ∗ ησ, arguing as above yields ϕµk → ϕµ

pointwise almost everywhere, as ϕησ = 0 on a set of negligible (Lebesgue) measure by

Lemma 52. It is not difficult to show that pointwise almost everywhere convergence of

characteristic functions implies pointwise convergence thereof and hence that µk
w
→ µ. □

Proof of Proposition 5. The fact that Wσ
p is a metric follows essentially from the proof

of Proposition 1 in [152], with a slight modification using Lemma 52 and the fact that

characteristic functions are uniformly continuous. Similarly, the fact that Wσ
p and Wp

induce the same topology on Pp(Rd) follows from the proof of Proposition 1 in [152]

along with Lemma 53. □
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A.3.3 Proof of Theorem 4

We only prove the one-sample result, as the two-sample result follows from essentially

the same reasoning coupled with the fact that φc is the unique OT potential from ν ∗ ησ to

µ ∗ ησ for Wp up to additive constants under the assumption that ν has connected support;

see also the proof of Theorem 1 Part (ii). In what follows, we fix σ > 0 and 1 < p < ∞.

Recall that B denotes the unit ball in L2(Xσ). We first prove the weak convergence of

the smoothed empirical process
√

n(µ̂n − µ) ∗ ησ and the associated bootstrap process in

ℓ∞(B).

Lemma 54. For any µ ∈ P(X), we have
√

n(µ̂n − µ) ∗ ησ
d
→ Gµ in ℓ∞(B), where

Gµ =
(
Gµ( f )

)
f∈B

is a tight centered Gaussian process in ℓ∞(B) with the covariance

function Cov(Gµ( f ),Gµ(g)) = Covµ( f ∗ χσ, g ∗ χσ). Further, conditionally on X1, X2, . . . ,
√

n(µ̂B
n − µ̂n) ∗ ησ

d
→ Gµ in ℓ∞(B) for almost every realization of X1, X2, . . .

Proof. We will show weak convergence of
√

n(µ̂n − µ) ∗ ησ in (L2(Xσ))′, the topological

dual of L2(Xσ). Observe that, for every f ∈ L2(Xσ) and x ∈ spt(µ),

|( f ∗ χσ)(x)| ≤ ∥ f ∥L2(Xσ)∥χσ(x − ·)∥L2(Xσ) ≤ C∥ f ∥L2(Xσ), (A.10)

where C = ∥χσ∥∞
√
λ(B(0, σ)) < ∞.

Set Zi := δXi ∗ ησ for i ∈ N. The inequality (A.10) implies that ∥Zi∥(L2(Xσ))′ ≤ C. It is

not difficult to see that the Borel σ-field on (L2(Xσ))′ agrees with the smallest σ-field for

which the projections z 7→ z( f ), f ∈ L2(Xσ) are measurable. Thus, Zi can be thought as

i.i.d. random variables with values in (L2(Xσ))′ with (Bochner) expectation E[Zi] = µ∗ησ

(cf. Lemma 5.1.1 in [188] for Bochner integrals). Since (L2(Xσ))′ is a separable Hilbert

space, by Example 1.8.5 in [201], we have
√

n(µ̂n−µ)∗ησ = n−1/2 ∑n
i=1(Zi−E[Zi])

d
→ G◦µ,

where G◦µ is a centered Gaussian random variable in
(
L2(Xσ)

)′
.

232



In addition, let ZB
i = δXB

i
∗ ησ for i = 1, . . . , n. Then, ZB

1 , . . . ,Z
B
n are an i.i.d. sample

from the empirical distribution n−1 ∑n
i=1 δZi , so that by Remark 2.5 in [97], we have that,

conditionally on X1, X2, . . . ,
√

n(µ̂B
n − µ̂n) ∗ ησ = n−1/2 ∑n

i=1(ZB
i − Zn)

d
→ Gµ in

(
L2(Xσ)

)′
for almost every realization of X1, X2, . . . , where Zn = n−1 ∑n

i=1 Zi.

The conclusion of the lemma follows by noting that the map (L2(Xσ))′ ∋ z 7→ z|B ∈

ℓ∞(B) is an isometry. □

Second, we shall establish Lipschitz continuity of Vσ
p (·, ν) w.r.t. ∥ · ∗ησ∥∞,B.

Lemma 55. For every µ0, µ1 ∈ P(X),

|Vσ
p (µ1, ν) − Vσ

p (µ0, ν)| ≤
√
λ(Xσ) diam(Xσ)p∥(µ1 − µ0) ∗ ησ∥∞,B.

Proof. Recall Vσ
p (µi, ν) = [Wp(µi ∗ ησ, ν ∗ ησ)]p. Let φi be an OT potential from µi ∗ ησ

to ν ∗ ησ for Wp satisfying 0 ≤ φi ≤ diam(Xσ)p on Xσ for i = 0, 1 as in Remark 1.13

of [207]. Then, by duality,

Vσ
p (µ1, ν) − Vσ

p (µ0, ν) ≤
∫
Xσ

φ1d
(
(µ1 − µ0) ∗ ησ

)
≤ ∥φ1∥L2(Xσ)∥(µ1 − µ0) ∗ ησ∥∞,B.

Likewise,

Vσ
p (µ1, ν) − Vσ

p (µ0, ν) ≥ −∥φ0∥L2(Xσ)∥(µ1 − µ0) ∗ ησ∥∞,B,

so that

|Vσ
p (µ1, ν) − Vσ

p (µ0, ν)| ≤
(
∥φ0∥L2(Xσ) ∨ ∥φ1∥L2(Xσ)

)
∥(µ1 − µ0) ∗ ησ∥∞,B.

The conclusion of the lemma follows by noting that

∥φ0∥L2(Xσ) ∨ ∥φ1∥L2(Xσ) ≤
√
λ(Xσ) diam(Xσ)p

by construction. □
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The following lemma concerns the Gâteaux directional derivative of Vσ
p (·, ν).

Lemma 56. Let µ0, µ1 ∈ P(X) be such that int(spt(µ0)) is connected with negligible

boundary and spt(µ1) ⊂ spt(µ0). Then,

lim
t↓0

Vσ
p (µ0 + t(µ1 − µ0), ν) − Vσ

p (µ0, ν)

t
=

(
(µ1 − µ0) ∗ ησ

)
(φ0),

where φ0 is an OT potential from µ ∗ ησ to ν ∗ ησ for Wp

The proof of Lemma 56 relies on the following technical lemma concerning the

support of µ ∗ ησ.

Lemma 57. For any µ ∈ P(X), int(spt(µ ∗ ησ)) has negligible boundary. Further,

int(spt(µ ∗ ησ)) is connected provided spt(µ) is connected.

Proof of Lemma 57. By [136, p. 106],

spt(µ ∗ ησ) = spt(µ) + B(0, σ) = ∪x∈spt(µ)B(x, σ),

where the second equality is due to the fact that a union of closed balls with centers in a

closed set is closed.

Let Γ = {z ∈ Rd : dist(z, spt(µ)) = σ} and Λ = ∪x∈spt(µ)B(x, σ). Observe that,

since spt(µ) is closed, dist(z, spt(µ)) = ∥z − x∥ for some x ∈ spt(µ). It is clear that

Γ ⊂ ∂Λ. On the other hand, if z < Γ ∪ Λ, then dist(z, spt(µ)) > σ in which case

z ∈ Rd \ ∪x∈spt(µ)B(x, σ). Since ∪x∈spt(µ)B(x, σ) is closed, we have z < ∂Λ and Γ = ∂Λ.

The same argument implies that ∪x∈spt(µ)B(x, σ) ⊂ Γ ∪Λ and the other inclusion is trivial,

so ∪x∈spt(µ)B(x, σ) ⊂ int(spt(µ ∗ ησ)) and the closure of both sets coincide with spt(µ ∗ ησ).

Example 1 in [171] implies that Λ has a (locally) Lipschitz boundary, which is

negligible by Section 4.9 and Section 4.11 of [1]. As such, int(spt(µ ∗ ησ)) has negligible

boundary.
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Assume that Λ is not connected, then there exist nonempty sets A, B ⊂ spt(µ) such

that A ∪ B = spt(µ), and ∪x∈AB(x, σ) and ∪y∈BB(y, σ) are disjoint, which contradicts

the assumption that spt(µ) is connected. Hence int(spt(µ ∗ ησ)) is connected, as Γ ⊂

int(spt(µ ∗ ησ)) ⊂ Γ = spt(µ ∗ ησ). □

Proof of Lemma 56. Set µt = µ0 + t(µ1 − µ0), and let φ◦t be OT potentials from µt ∗ ησ to

ν ∗ ησ for Wp satisfying 0 ≤ φ◦t ≤ diam(Xσ)p on Xσ; cf. Remark 1.13 in [207]. For any

fixed x0 ∈ int(spt(µ0 ∗ ησ)), φt := φ◦t − φ
◦
t (x0) is again an OT potential from µt ∗ ησ to

ν ∗ ησ for Wp satisfying φt(x0) = 0 and |φt| ≤ diam(Xσ)p on Xσ.

Observe that, by duality,

Vσ
p (µt, ν) − Vσ

p (µ0, ν) = [Wp(µt ∗ ησ, ν ∗ ησ)]p − [Wp(µt ∗ ησ, ν ∗ ησ)]p

≤

∫
Xσ

φtd(µt ∗ ησ) −
∫
Xσ

φtd(µ0 ∗ ησ)

≤ t
∫
Xσ

φtd
(
(µ1 − µ0) ∗ ησ

)
,

so that

lim sup
t↓0

Vσ
p (µt, ν) − Vσ

p (µ0, ν)

t
≤ lim sup

t↓0

∫
Xσ

φtd
(
(µ1 − µ0) ∗ ησ

)
.

Since int(spt(µ0 ∗ ησ)) is connected with negligible boundary by Lemma 57, and µtn ∗

ησ
w
→µ∗ησ for any sequence tn ↓ 0, Theorem 3.4 in [61] implies that φtn−an → φ pointwise

on int(spt(µ0∗ησ)) for some sequence of constants an. Since φtn(x0) = φ(x0) = 0, we must

have that an → 0, so in fact φtn → φ pointwise on int(spt(µ0 ∗ ησ)). Since int(spt(µ0 ∗ ησ))

has negligible boundary by Lemma 57 and spt(µ1) ⊂ spt(µ0), applying the dominated

convergence theorem yields∫
Xσ

φtnd
(
(µ1 − µ0) ∗ ησ

)
→

∫
Xσ

φ0d
(
(µ1 − µ0) ∗ ησ

)
.

Since tn ↓ 0 is arbitrary, we have

lim sup
t↓0

Vσ
p (µt, ν) − Vσ

p (µ0, ν)

t
≤

∫
φ0d

(
(µ1 − µ0) ∗ ησ

)
.
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For the reverse inequality, observe that

Vσ
p (µt, ν) − Vσ

p (µ0, ν) ≥
∫
Xσ

φd(µt ∗ ησ) −
∫
Xσ

φ0d(µ0 ∗ ησ)

= t
∫
Xσ

φ0d ((µ1 − µ0) ∗ ησ) ,

so that

lim inf
t↓0

Vσ
p (µt, ν) − Vσ

p (µ0, ν)

t
≥

∫
Xσ

φ0d ((µ1 − µ0) ∗ ησ) .

Conclude that limt↓0 t−1(Vσ
p (µt, ν) − Vσ

p (µ0, ν)
)
=

(
(µ1 − µ0) ∗ ησ

)
(φ0). The derivative

is uniquely defined, as φ0 is unique up to additive constants on int(spt(µ ∗ ησ)) and

(µ1 − µ0) ∗ ησ has total mass zero. □

Proof of Theorem 4. As noted before, we only prove the one-sample result. We shall

apply Proposition 1 by identifying Vσ
p (ρ, ν) = Wp

p(ρ ∗ ησ, ν ∗ ησ) as a functional defined

on P0 ∗ ησ = {ρ ∗ ησ : ρ ∈ P0} with P0 = {ρ ∈ P(X) : spt(ρ) ⊂ spt(µ)}, and taking F = B,

F ≡ C with constant C given in (A.10), and µn = µ̂n ∗ ησ. The set P0 ∗ ησ is convex and

contains µ̂n ∗ ησ with probability one. Combining Lemmas 54–56, we have verified all

conditions in Proposition 1. Pick a version of φ that is bounded on Xσ; cf. Remark 1.13

in [208]. Choose a constant c > 0 such that φ̄ = φ/c ∈ B. Observe that the derivative

formula in Lemma 56 agrees with c · ((µ1 − µ0) ∗ ησ)(φ̄). Conclude that

√
n(Vσ

p (µ̂n, ν) − Vσ
p (µ, ν))

d
→ c · Gµ(φ̄) ∼ N(0,Varµ(φ ∗ χσ)).

Pertaining to semiparametric efficiency, think of Vσ
p (·, ν) now as a functional defined

on P0. It is not difficult to see that, for any bounded measurable function h on Rd

with µ-mean zero, (1 + th)µ ∈ P0 for sufficiently small t > 0. Lemma 56 implies that

t−1(Vσ
p ((1 + th)µ, ν) − Vσ

p (µ, ν)) →
(
(hµ) ∗ ησ

)
(φ) = (hµ)(φ ∗ χσ) as t ↓ 0, which is the

point evaluation at φ∗χσ ∈ L2(µ). Hence, by Proposition 1, the semiparametric efficiency

bound for estimating Vσ
p (·, ν) at µ agrees with Varµ(φ ∗ χσ).
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Finally, the bootstrap consistency follows by linearity of the derivative in Lemma

56 and the second claim in Lemma 54, combined with Corollary 1 and Theorem 23.9

in [200]. □

A.3.4 Proof of Proposition 6

Let Zi = δXi ∗ ησ be i.i.d. (L2(Xσ))′-valued random variables as in the proof of Lemma 54.

By the proof of Lemma 55,∣∣∣Vσ
p (µ̂n, ν) − Vσ

p (µ, ν)
∣∣∣ ≤ √

λ(Xσ) diam(Xσ)p∥(µ̂n − µ) ∗ ησ∥(L2(Xσ))′ ,

=
√
λ(Xσ) diam(Xσ)p

∥∥∥∥∥∥∥n−1
n∑

i=1

(Zi − E[Zi])

∥∥∥∥∥∥∥
(L2(Xσ))′

.

Since (L2(Xσ))′ is a Hilbert space,

E


∥∥∥∥∥∥∥n−1

n∑
i=1

(Zi − E[Zi])

∥∥∥∥∥∥∥
2

(L2(Xσ))′

 = n−1E[∥Z1 − E[Z1]∥2(L2(Xσ))′] ≤ 4n−1C2,

where C = ∥χσ∥∞
√
λ(B(0, σ)) is a constant given in (A.10). Applying Jensen’s inequality

in the previous display and combining both bounds yields

E
[∣∣∣Vσ

p (µ̂n, ν) − Vσ
p (µ, ν)

∣∣∣] ≤ 2C
√
λ(Xσ) diam(Xσ)pn−1/2.

Applying the inequality |x − y| ≤ y1−p |xp − yp| yields

E
[∣∣∣Wσ

p (µ̂n, ν) −Wσ
p (µ, ν)

∣∣∣] ≤ 2C
√
λ(Xσ) diam(Xσ)p[Wσ

p (µ, ν)]1−pn−1/2,

as desired. □

A.3.5 Proof of Theorem 5

In what follows, we fix σ > 0. We will first show that the smoothed empirical process
√

n(µ̂n − µ) ∗ ησ can be regarded as the scaled sum of i.i.d. random variables with values
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in Ḣ−1,2 (µ ∗ ησ).

Lemma 58. If µ ∈ P(X) is such that µ ∗ ησ satisfies a 2-Poincaré inequality, then

(δX − µ) ∗ ησ ∈ Ḣ−1,2 (µ ∗ ησ) µ-a.s.

Proof. Let Y ∼ µ. Observe that the Lebesgue density of µ ∗ ησ agrees with E[χσ(Y − ·)].

We shall verify that, for any x ∈ int(spt(µ)), E[χσ(Y − ·)] > 0 on B(x, σ). Indeed, for any

y ∈ B(x, σ), there exists 0 < ϵy ≤ σ with B(x, ϵy) ⊂ B(y, σ). Since µ(B(x, ϵy)) > 0 and

χσ(· − y) > 0 on B(x, ϵy) ⊂ B(y, σ), we have E[χσ(Y − y)] ≥ E[χσ(Y − y)1B(x,ϵy)(Y)] > 0.

Now, for any f ∈ C∞0 + R and x ∈ spt(µ), we have

|( f ∗ χσ)(x)| ≤
∫

B(x,σ)
| f (y)χσ(x − y)| dy

=

∫
B(x,σ)

| f (y)|
χσ(x − y)
E[χσ(Y − y)]

d(µ ∗ ησ)(y)

≤ ∥ f ∥L2(B(x,σ),µ∗ησ)

∥∥∥∥∥ χσ(x − ·)
E[χσ(Y − ·)]

∥∥∥∥∥
L2(B(x,σ),µ∗ησ)

,

where ∥ · ∥
L2(B(x,σ),µ∗ησ)

is the L2(µ ∗ ησ)-norm restricted to B(x, σ).

Observe that, since (δx − µ) ∗ ησ has total mass zero, for f̄ = f − (µ ∗ ησ)( f ),

∣∣∣((δx − µ) ∗ ησ
)
f
∣∣∣ = ∣∣∣( f̄ ∗ χσ)(x)

∣∣∣ ≤ ∥ f̄ ∥L2(B(x,σ),µ∗ησ)

∥∥∥∥∥ χσ(x − ·)
E[χσ(Y − ·)]

∥∥∥∥∥
L2(B(x,σ),µ∗ησ)

.

Since µ ∗ ησ satisfies the 2-Poincaré inequality and B(x, σ) ⊂ spt(µ ∗ ησ),

∥ f̄ ∥L2(B(x,σ),µ∗ησ) ≤ ∥ f̄ ∥L2(µ∗ησ) ≤ Cµ,σ∥ f ∥Ḣ1,2(µ∗ησ)

for some constant Cµ,σ > 0 depending only on µ and σ.

As for the other term, let Γ = {y : E[χσ(Y − y)] > 0}, and observe that, for X ∼ µ
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independent of Y ,∫
Γ

E[χ2
σ(X − y)]

E[χσ(X − y)]
dy =

∫
Γ

E[χ2
σ(X − y)

(
⊮{χσ(X−·)<1}(y) + ⊮{χσ(X−·)≥1}(y)

)
]

E[χσ(X − y)
(
⊮{χσ(Y−·)<1}(y) + ⊮{χσ(Y−·)≥1}(y)

)
]
dy

≤

∫
Γ

E[χσ(X − y)⊮{χσ(X−·)<1}(y)] + ∥χ2
σ∥∞µ({χσ(· − y) ≥ 1})

E[χσ(Y − y)⊮{χσ(Y−·)<1}(y)] + µ({χσ(· − y) ≥ 1})
dy

≤ (1 ∨ ∥χ2
σ∥∞)λ(Γ).

Applying the Fubini theorem and Jensen’s inequality yields∫
Γ

E[χ2
σ(X − y)]

E[χσ(Y − y)]
dy = E

[∥∥∥∥∥ χσ(X − ·)
E[χσ(Y − ·)]

∥∥∥∥∥2

L2(Γ,µ∗ησ)

]
≥

(
E

[∥∥∥∥∥ χσ(X − ·)
E[χσ(Y − ·)]

∥∥∥∥∥
L2(Γ,µ∗ησ)

])2

≥

(
E

[∥∥∥∥∥ χσ(X − ·)
E[χσ(Y − ·)]

∥∥∥∥∥
L2(B(x,σ),µ∗ησ)

])2

,

where the last inequality follows as B(x, σ) ⊂ Γ for every x ∈ spt(µ). Conclude that

E

[∥∥∥∥∥ χσ(X − ·)
E[χσ(Y − ·)]

∥∥∥∥∥
L2(B(x,σ),µ∗ησ)

]
≤

√
(1 ∨ ∥χ2

σ∥∞)λ(Xσ).

We have shown that

∥(δX − µ) ∗ ησ∥Ḣ−1,2(µ∗ησ) ≤ Cµ,σ

∥∥∥∥∥ χσ(X − ·)
E[χσ(Y − ·)]

∥∥∥∥∥
L2(B(x,σ),µ∗ησ)

,

and the right-hand side is µ-a.s. finite as its expectation is finite, so (δX − µ) ∗ ησ ∈

Ḣ−1,2 (µ ∗ ησ) µ-a.s. □

Lemma 59. For µ ∈ P(X) such that µ ∗ ησ satisfies a 2-Poincaré inequality,
√

n(µ̂n − µ) ∗

ησ
d
→ Gµ in Ḣ−1,2 (µ ∗ ησ), where Gµ =

(
Gµ( f )

)
f∈Ḣ1,2(µ∗ησ)

is a centered Gaussian process

with paths in Ḣ−1,2 (µ ∗ ησ).

Proof. By Lemma 58, Zi := (δXi − µ) ∗ ησ are i.i.d. mean-zero Ḣ−1,2 (µ ∗ ησ)-valued

random variables. By Lemma 5.1 in [105], Ḣ−1,2 (µ ∗ ησ) is isometrically isomorphic to
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a closed subspace of L2(µ ∗ ησ;Rd) and hence a separable Hilbert space. Further, from

the proof of Lemma 58,

E
[
∥Zi∥

2
Ḣ−1,2(µ∗ησ)

]
≤ C2

µ,σ(1 ∨ ∥χ2
σ∥∞)λ(Xσ) < ∞.

Conclude from Example 1.8.5 in [201] that
√

n(µ̂n − µ) ∗ ησ = n−1/2 ∑n
i=1 Zi satisfies a

CLT in Ḣ−1,2 (µ ∗ ησ). □

Lemma 60. For µ ∈ P(X), the map

Φ : (h1, h2) ∈ Ξµ × Ξµ ⊂ Ḣ−1,2 (µ ∗ ησ) × Ḣ−1,2 (µ ∗ ησ) 7→ W2(µ ∗ ησ + h1, µ ∗ ησ + h2),

is Hadamard directionally differentiable at (0, 0) with Φ′(0,0)(h1, h2) = ∥h1 − h2∥Ḣ−1,2(µ∗ησ),

where

Ξµ = Ḣ−1,2 (µ ∗ ησ) ∩
{
h = (ρ − µ) ∗ ησ : ρ ∈ P(X), spt(ρ) ⊂ spt(µ)

}
.

Remark 26. Any finite Borel signed measure on Rd with total mass 0 and finite ∥ ·

∥H−1,2(µ∗ησ) norm corresponds to an element of H−1,2(µ ∗ ησ), and this correspondence is

one-to-one (as C∞0 is right enough). Thus, the above map Φ is well-defined.

The proof of Lemma 60 follows from that of Proposition 3.3 in [105] with only minor

modifications and thus is omitted for brevity.

Proof of Theorem 5. Let (Tn,1, Tn,2) := ((µ̂n − µ) ∗ ησ, (ν̂n − ν) ∗ ησ). Then, by indepen-

dence of Tn,1 and Tn,2, and Lemma 59,

√
n(Tn,1, Tn,2)

d
→ (Gµ,G′µ) in Ḣ−1,2 (µ ∗ ησ) × Ḣ−1,2 (µ ∗ ησ) .

Observe that Ξµ ×Ξµ in Lemma 60 is convex, so that the tangent cone TΞµ×Ξµ(0, 0) agrees

with the closure of
{
(h1, h2)/t : (h1, h2) ∈ Ξµ × Ξµ, t > 0

}
in Ḣ−1,2 (µ ∗ ησ)× Ḣ−1,2 (µ ∗ ησ).

Thus,
√

n(Tn,1, Tn,2) ∈ TΞµ×Ξµ(0, 0) and (Gµ,G′µ) ∈ TΞµ×Ξµ(0, 0) by the portmanteau

theorem.
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Now, apply the extended functional delta method, Lemma 1, to conclude that

√
nWσ

p (µ̂n, ν̂n) =
√

n
(
Φ

(
Tn,1, Tn,2

)
− Φ (0, 0)

)
d
→ Φ′(0,0)(Gµ,G

′
µ) = ∥Gµ − G

′
µ∥Ḣ−1,2(µ∗ησ).

The one-sample result is obtained analogously. □

A.3.6 Proof of Proposition 7

Let Zi = (δXi − µ) ∗ ησ be i.i.d. Ḣ−1,2 (µ ∗ ησ)-valued random variables appearing in the

proof of Lemma 54. By Proposition 2.1 of [105],

Wσ
2 (µ̂n, µ) ≤ 2∥(µ̂n − µ) ∗ ησ∥Ḣ−1,2(µ∗ησ) = 2

∥∥∥∥∥∥∥n−1
n∑

i=1

Zi

∥∥∥∥∥∥∥
Ḣ−1,2(µ∗ησ)

.

Since Ḣ−1,2 (µ ∗ ησ) is a separable Hilbert space, the expectation on the right-hand side is

bounded as

2n−1/2
√
E

[
∥Z1∥

2
Ḣ−1,2(µ∗ησ)

]
.

From the proof of Lemma 58,

E
[
∥Z1∥

2
Ḣ−1,2(µ∗ησ)

]
≤ C2

µ,σE

[∥∥∥∥∥ χσ(X − ·)
E[χσ(Y − ·)]

∥∥∥∥∥2

L2(µ∗ησ,Γ)

]
≤ C2

µ,σ(1 ∨ ∥χ2
σ∥∞)λ(Xσ).

This completes the proof. □

A.3.7 Proofs of Theorem 6 and Corollary 4

Recall Fσ = { f ∗ χσ : f ∈ Lip1,0}.

Lemma 61. The function class Fσ is µ-Donsker for any µ ∈ P(X).
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Proof. Pick any f ∈ Lip1,0. Since | f (y)| = | f (y) − f (0)| ≤ ∥y∥, ∥y∥ ≤ ∥x∥ + σ for

y ∈ B(x, σ), and χσ is supported on B(0, σ), we have

|( f ∗ χσ)(x)| ≤
∫

B(x,σ)
∥y∥χσ(x − y)dy ≤

∫
B(x,σ)

(∥x∥ + σ)χσ(x − y)dy = ∥x∥ + σ.

Next, we study the derivatives. For any multi-index k = (k1, . . . , kd) ∈ Nd
0, let

∂k = ∂k1
1 · · · ∂

kd
d denote the differential operator and set k̄ :=

∑d
j=1 k j. Observe that, for any

x, x′ ∈ Rd,∣∣∣∂k( f ∗ χσ)(x) − ∂k( f ∗ χσ)(x′)
∣∣∣ ≤ ∫

B(0,σ)
| f (x − y) − f (x′ − y)|

∣∣∣∂kχσ(y)
∣∣∣ dy

≤ ∥∂kχσ∥∞λ(B(0, σ))∥x − x′∥.

Since χσ is smooth and compactly supported, for any s ∈ N, there exists a constant Cs

independent of f such that ∥∂k( f ∗ χσ)∥∞ ≤ Cs for any multi-index with 1 ≤ k̄ ≤ s.

Pick sufficiently large R > 0 such that X ⊂ B(0,R). Let Fσ|B(0,R) = { f |B(0,R) : f ∈ Fσ}.

Then, by Theorem 2.7.1 in [201], we have

log N(Fσ|B(0,R), ∥ · ∥∞, ϵ) = O(ϵ−d/s), ϵ ↓ 0 (A.11)

for any s ∈ N. Choosing s = ⌊d/2⌋ + 1 > d/2, we see that the function class Fσ is

µ-Donsker from Theorem 2.5.6 in [201]. □

Proof of Theorem 6. Recall that Wσ
1 (µ, ν) = sup f∈Fσ(µ − ν)( f ) by the Kantorovich-

Rubinstein duality. Since Fσ is Donsker w.r.t. µ and ν, the conclusion of the theorem

follows from a similar argument to the proof of Theorem 3 Parts (iii) and (iv). We omit

the details for brevity. □

Proof of Corollary 4. Recall the expression Wσ
1 (µ̂n, µ) = sup f∈Fσ(µ̂n − µ)( f ). As µ is

compactly supported, the desired result follows by the bracketing entropy bound (A.11)

combined with Theorem 2.14.2 in [201]. □
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A.4 Computational Aspects of Smooth Wasserstein Distances

We take here a first step towards addressing computational aspects for smooth Wasserstein

distances, leveraging the framework of [197] for computing the W2 distance between

measures with smooth compactly supported densities that are bounded from above and

below. We first outline the approach of [197], then present a truncation argument that

enables applying it for Wσ
2 , and lastly describe some practical limitations of the original

method.

A.4.1 Summary of the method

Throughout, let c(x, y) = ∥x − y∥2/2 and µ1, µ2 ∈ P(Rd) be such that Ai := int(spt(µi)) is

bounded and convex for i = 1, 2. Assume in addition that µi has (Lebesgue) density fi

which is bounded away from zero and infinity on Ai with Lipschitz derivatives up to order

m > d and that Ai is smooth and uniformly convex (see e.g. [95, p.339]) for i = 1, 2.2

These technical conditions guarantee that the OT potentials φ⋆1 , φ
⋆
2 solving the alternate

dual,
1
2

W2
2(µ1, µ2) = sup

(φ1,φ2)∈L1(µ1)×L2(µ2)
φ1⊕φ2≤c

[∫
A1

φ1dµ1 +

∫
A2

φ2dµ2

]
, (A.12)

are elements of certain Sobolev spaces.

The first insight of [197] is to exploit the reproducing kernel Hilbert spaces (RKHS)

of such Sobolev spaces (cf. [212], [197, Proposition 4]) so as to facilate computations

via the kernel trick [178] and a representer theorem [197, Lemma 13]. Next, (A.12)

is replaced by an equivalent equality-constrained problem [197, Equation 2]. This is

2Assumption 1 in [197] omits smoothness and uniform convexity of Ai. However, in the absence of
these conditions it is unclear if their claimed boundary regularity of OT maps and potentials hold (cf.
Theorem 3.3 in [58]).
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motivated by the observation that equality constraints can be subsampled (i.e., enforced

only on a set Zℓ of cardinality ℓ) at the cost of incurring an error of O(hm+1−d
ℓ ) provided

hℓ ≲ m−2, where hℓ := supx∈A1,y∈A2
inf(x̃ℓ,ỹℓ)∈Zℓ ∥(x, y) − (x̃ℓ, ỹℓ)∥ [149, Theorem 2.12].

Finally, the objective of the subsampled and equality-constrained version of (A.12)

is regularized to guarantee the uniqueness of its solution. The dual of this prob-

lem is a tractable ℓ-dimensional optimization problem whose solution can be used

to compute the estimate W̃2
2(µ1, µ2) of W2

2(µ1, µ2). The error of that estimate is

O
(
λ1 + λ2 + (γ + hm+1−d

ℓ )2/λ2
)
, provided that hℓ ≲ m−2 and hm+1−d

ℓ ≲ λ1. Here (λ1, λ2) are

positive hyperparameters introduced in the regularization procedure, and γ is related to

the error of approximate integration (see Theorem 9 in [197]). A variant of Newton’s

method is shown to solve the dual problem within a tolerance of ϵ with time complexity

O(C + Eℓ + ℓ3.5 log(ℓ/ϵ)) and memory complexity O(ℓ2), where C and E are costs of

evaluating certain functions which may depend on ℓ [197, Equation 7].

The followup work [196] provides a variant of this method tailored for approximate

computation of OT maps for the cost c(x, y) = ⟨x, y⟩ given samples from µ and ν. The

improvement of this approach upon the method of [197] is twofold: it provides a heuristic

by which to choose the hyperparameters and it proposes an alternative regularization

method so as to leverage optimization methods which scale better with ℓ than the Newton

method.

Remark 27 (Smoothness versus subsampling). The value of hm+1−d
ℓ plays an important

role in the proposed method. While it may appear negligible provided m is sufficiently

large and hℓ < 1, the theoretical guarantees of [197] are contingent on assuming hℓ ≲

m−2. Indeed, this condition enables controlling the amount by which solutions of the

subsampled equality constraint violate the original constraint [149, Theorem 2.12].

Hence, utilizing higher regularity of densities comes at the cost of increasing the number
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of subsamples which in turn implies a greater computational cost in terms of time and

memory.

A.4.2 Truncation of measures and application of the algorithm

We first observe that the above described method is not directly applicable to Wσ
2 , since

the density of µ ∗ ησ decays to zero on spt(µ ∗ ησ), which violates the required lower-

boundedness. To rectify this issue, we truncate the measures of interest and quantify the

OT gap between the original measure and its truncated version.

Let µ ∈ P(Rd) be arbitrary and A ⊂ Rd be Borel measurable with µ(A) > 0. The

truncation of µ to A, denoted µ|A, is the conditional probability measure µ(·|A). The next

result quantifies the error (in Wp) of approximating a measure by its truncation.

Proposition 13 (Truncation error). Let µ ∈ Pp+1(Rd), and A ⊂ Rd be a bounded Borel

set with µ(A) > 0. The following hold.

(i) If 1 < p < ∞ and µ has a (c1, c2)-regular density fµ 3, then

Wp
p(µ|A, µ) ≤ C

(
Eµ[∥X∥] + Eµ

[
∥X∥p+1]+ (

1−2µ(A)
)(
Eµ|A[∥Y∥]+Eµ|A

[
∥Y∥p+1])) ,

where C depends only on p, d, c1, c2, diam(A), and a lower bound on fµ(0).

(ii) If 1 ≤ p < ∞ and µ has compact support, then

Wp
p(µ|A, µ) ≤

(
1

µ(A)
− 1

)
diam

(
spt(µ)

)p
.

These bounds exhibit the expected behaviour in the sense that the larger µ(A) is,

the closer µ|A is to µ under Wp, and if µ(A) = 1 the error is zero. Both results follow

3 fµ is a (c1, c2)-regular density if ∥∇ log fµ∥ ≤ c1∥ · ∥ + c2 for c1 > 0 and c2 ≥ 0.

245



from estimates for OT potentials between probability measures adhering to the above

assumptions; see Section A.4.3.

Proposition 13 implies that, at the cost of introducing an approximation error, kernel

smoothed measures can be truncated so as to match the assumptions of Section A.4.1.

The following result summarizes the overall accuracy and complexity guarantees obtained

by combining the algorithm from [197] with Proposition 13.

Proposition 14 (Computational guarantees). Let µ1, µ2 ∈ P(Rd) be compactly supported,

and B1, B2 ⊂ R
d be closed sets with µi ∗ ησ(Bi) > 0, such that Ai := int(Bi) is smooth and

uniformly convex for i = 1, 2. Further, assume that the density of µi ∗ ησ is bounded away

from 0 on Bi for i = 1, 2. Then, W̃2
(
µ1 ∗ ησ|A1 , µ2 ∗ ησ|A2

)
described in Section A.4.1 can

be computed up to accuracy ϵ in O(C + Eℓ + ℓ3.5 log(ℓ/ϵ)) time using O(ℓ2) memory and,

for any choice of m ∈ N, this estimate approximates W2(µ1 ∗ ησ, µ2 ∗ ησ) within error

O
(
(µ1(A1)−1 − 1)1/2 + (µ2(A2)−1 − 1)1/2 +

(
λ1 + λ2 + (γ + hm+1−d

ℓ )2/λ2

)1/2
)

provided hm+1−d
ℓ ≲ λ1, 0 < λ2, and hℓ ≲ m−2.

Proposition 14 can be adapted to the case where µ1 ∗ ησ, µ2 ∗ ησ, or both have regular

densities by replacing the truncation error for the compactly supported case with the one

from Proposition 13(i). For instance, if the densities of µ1 and µ2 are regular, then so are

those of the convolved measures (cf. Proposition 3 in [162]).

Remark 28 (Truncation to smooth uniformly convex sets). In Proposition 14, if

int
(
spt(µi ∗ ησ)

)
is convex, then it can be approximated from the inside by a sequence

of open smooth uniformly convex sets converging to int
(
spt(µi ∗ ησ)

)
in the Hausdorff

distance [128]. In particular, if spt(µi) is convex, then so is int
(
spt(µi ∗ ησ)

)
.
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A.4.3 Proof of Proposition 13

The following result is a minor adaptation of Lemma 5.3 from [105] using the fact that

distributions with regular densities are equivalent to the Lebesgue measure [162, Section

2].

Lemma 62. Let 1 < p < ∞. Assume that ν is β-sub-Weibull for β ∈ (0, 2]4, and that

µ ∈ Pp(Rd) has a (c1, c2)-regular density fµ. Let φ be an optimal transport potential from

µ to ν for Wp. Then there exists a constant C depending only on p, d, β, c1, c2, an upper

bound on ∥∥Y∥∥ψβ for Y ∼ ν, and a lower bound on fµ(0), such that

|φ(x) − φ(0)| ≤ C
(
1 + ∥x∥2p/β)∥x∥, ∀x ∈ Rd. (A.13)

Proof of Proposition 13. Part (i). We note that Lemma 62 is applicable in the transport

from µ to µ|A, as µ is (c1, c2)-regular and µ|A is compactly supported.

Let φ be an OT potential from µ to µ|A for Wp with φ(0) = 0 which satisfies (A.13).

Then,

Wp
p(µ, µ|A) =

∫
Rd
φdµ +

∫
Rd
φcdµ|A

=

∫
Rd
φdµ −

∫
Rd
φdµ|A +

∫
Rd
φdµ|A +

∫
Rd
φcdµ|A

≤

∫
Rd
φdµ −

∫
Rd
φdµ|A,

where the last inequality is because
∫
Rd φdµ|A +

∫
Rd φ

cdµ|A ≤ Wp
p(µ|A, µ|A) = 0. It remains

4For β ∈ (0, 2], ν ∈ P(Rd) is β-sub-Weibull if ∥∥Y∥∥ψβ := inf{C > 0 : E[ψβ(|Y |/C)] ≤ 1} < ∞ for Y ∼ ν,
where ψβ(t) = etβ − 1 for t ≥ 0.
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to analyze the last term of the above display,∫
Rd
φdµ −

∫
Rd
φdµ|A =

∫
Ac
φdµ +

(
1 −

1
µ(A)

) ∫
A
φdµ

≤

∫
Ac

C(∥x∥ + ∥x∥p+1)dµ(x) +
(

1
µ(A)

− 1
) ∫

A
C(∥x∥ + ∥x∥p+1)dµ(x)

=

∫
Rd

C(∥x∥ + ∥x∥p+1)dµ(x) +
(

1
µ(A)

− 2
) ∫

A
C(∥x∥ + ∥x∥p+1)dµ(x)

= C
(
Eµ[∥X∥ + Eµ[∥X∥p+1] + (1 − 2µ(A))(Eµ|A[∥Y∥] + Eµ|A[∥Y∥p+1])

)
.

Part (ii). Let φ be an OT potential from µ|A to µ for Wp with 0 ≤ φ ≤ diam(spt(µ))p;

cf. Remark 1.13 of [207]. Then,

Wp
p(µ|A, µ) =

∫
X

φdµ|A +
∫
X

φcdµ

=

∫
X

φdµ|A −
∫
X

φdµ +
∫
Rd
φdµ +

∫
Rd
φcdµ

≤

∫
Rd
φdµ|A −

∫
Rd
φdµ,

where the last inequality is because
∫
Rd φdµ +

∫
Rd φ

cdµ ≤ Wp
p(µ, µ) = 0. Since φ is

nonnegative,∫
X

φdµ|A −
∫
X

φdµ ≤
(

1
µ(A)

− 1
) ∫
X

φdµ ≤
(

1
µ(A)

− 1
)

diam(spt(µ))p.

This completes the proof. □

A.4.4 Proof of Proposition 14

The result follows by noting that

∣∣∣∣Wσ
2 (µ1, µ1) − W̃2(µ1 ∗ ησ|A1 , µ2 ∗ ησ|A2)

∣∣∣∣ ≤ E1 + E2,
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where

E1 =
∣∣∣Wσ

2 (µ1, µ2) −W2(µ1 ∗ ησ|A1 , µ2 ∗ ησ|A2)
∣∣∣ ,

≤ (µ1(A1)−1 − 1)1/2 diam(spt(µ1)) + (µ2(A2)−1 − 1)1/2 diam(spt(µ2)),

where the upper bound is due to Proposition 13(ii), and

E2 =
∣∣∣∣W2(µ1 ∗ ησ|A1 , µ2 ∗ ησ|A2) − W̃2(µ1 ∗ ησ|A1 , µ2 ∗ ησ|A2)

∣∣∣∣ ,
≤

∣∣∣∣W2
2(µ1 ∗ ησ|A1 , µ2 ∗ ησ|A2) − W̃2

2(µ1 ∗ ησ|A1 , µ2 ∗ ησ|A2)
∣∣∣∣1/2 .

Conclude by applying the error of approximating W2
2 by W̃2

2 from Section A.4.1. □

A.5 Proof for Section 2.6

A.5.1 Proof of Theorem 7

We will mostly focus on the one-sample case and prove the two-sample case as an

extension of the proof for the one-sample case. We start from recalling certain regularity

properties of optimal EOT potentials between sub-Gaussian distributions. Recall that,

for a multi-index k = (k1, . . . , kd) ∈ Nd
0, ∂k = ∂k1

1 · · · ∂
kd
d denotes the differential operator

and k̄ :=
∑d

j=1 k j. We say that µ is σ2-sub-Gaussian for σ > 0 if Eµ[e∥X∥
2/(2dσ2)] ≤ 2.

Observe that if µ is σ2-sub-Gaussian, then µ is σ̄2-sub-Gaussian for any σ̄ > σ. Also

µ is sub-Gaussian (i.e., ∥∥X∥∥ψ2 < ∞ for X ∼ µ) if and only if µ is σ2-sub-Gaussian for

some σ > 0. The following directly follows from Proposition 1 in [142] and its proof.

Lemma 63 (Regularity of optimal EOT potentials [142]). Let µ, ν ∈ P(Rd) be σ2-sub-

Gaussian. Then, there exist a version of optimal EOT potentials (φ, ψ) for (µ, ν) such that

the following hold: for any positive integer s ≥ 2, there exists a constant Cs,d,σ < ∞ that
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depends only on s, d, σ such that

φ(x) ≤
1
2

(∥x∥ +
√

2dσ)2, ∀x ∈ Rd,

|∂kφ(x)| ≤ Cs,d,σ(1 + ∥x∥s), ∀x ∈ Rd, ∀k ∈ Nk
0 with k̄ ≤ s,

ψ(y) ≤
1
2

(∥y∥ +
√

2dσ)2, ∀y ∈ Rd,

|∂kψ(y)| ≤ Cs,d,σ(1 + ∥y∥s), ∀y ∈ Rd, ∀k ∈ Nk
0 with k̄ ≤ s.

(A.14)

Further, the optimality condition (2.13) holds for every (x, y) ∈ Rd × Rd.

In what follows, for sub-Gaussian distributions, we always choose versions of optimal

EOT potentials that satisfy (2.13) for every (x, y) ∈ Rd×Rd; with this convention, optimal

EOT potentials are unique up to additive constants.

With the estimates (A.14) for optimal EOT potentials in mind, let

Fσ =
{
f ∈ C s(Rd) : |∂k f (x)| ≤ Cs,d,σ(1 + ∥x∥s),∀x ∈ Rd,∀k ∈ Nk

0 with k̄ ≤ s
}

(A.15)

for s = max{⌊d/2⌋ + 1, 2}. We may assume without loss of generality that Cs,d,σ is

increasing in σ, so that Fσ ⊂ Fσ̄ for any σ̄ > σ. We first establish Lipschitz continuity

of the EOT objective w.r.t. ∥ · ∥∞,Fσ and characterize its (directional) derivative.

Lemma 64. Let µ0, µ1, ν ∈ P(Rd) be σ2-sub-Gaussian. Then,

|S(µ1, ν) − S(µ0, ν)| ≤ ∥µ0 − µ1∥∞,Fσ . (A.16)

Furthermore, we have

lim
t↓0

S(µ0 + t(µ1 − µ0), ν) − S(µ0, ν)
t

=

∫
φ0d(µ1 − µ0) = (µ1 − µ0)(φ0), (A.17)

where (φ0, ψ0) are optimal EOT potentials for (µ0, ν).

Proof. We first prove (A.17). Let µt = µ0 + t(µ1 − µ0) = (1 − t)µ0 + tµ1 for t ∈ [0, 1] and

let (φt, ψt) be optimal EOT potentials for (µt, ν). Since µt is σ2-sub-Gaussian, we may
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choose (φt, ψt) in such a way that they satisfy (2.13) for every (x, y) ∈ Rd × Rd with (µ, ν)

replaced with (µt, ν) and (A.14) for s = 2. Observe that

S(µt, ν) =
∫

φtdµt +

∫
ψtdν ≥

∫
φ0dµt +

∫
ψ0dν −

∫
eφ0⊕ψ0−cdµt ⊗ ν + 1

=

∫
φ0dµt +

∫
ψ0dν =

∫
ψ0dµ0 +

∫
ψ0dν + t

∫
φ0d(µ1 − µ0)

= S(µ0, ν) + t
∫

φ0d(µ1 − µ0),

(A.18)

where the third equality uses the fact that
∫

eφ0(x)+ψ0(y)−c(x,y)dν(y) = 1 for all x ∈ Rd. Thus,

lim inf
t↓0

S(µt, ν) − S(µ0, ν)
t

≥

∫
φ0d(µ1 − µ0).

Likewise, we have

S(µt, ν) =
∫

φtdµt +

∫
ψtdν =

∫
φtdµ0 +

∫
ψtdν + t

∫
φtd(µ1 − µ0)

≤

∫
φ0dµ0 +

∫
ψ0dν +

∫
eφt⊕ψt−cd(µ0 ⊗ ν) − 1 + t

∫
φtd(µ1 − µ0)

=

∫
ψ0dµ0 +

∫
ψ0dν + t

∫
φtd(µ1 − µ0)

= S(µ0, ν) + t
∫

φtd(µ1 − µ0),

(A.19)

where the penultimate equality is because
∫

eφt(x)+ψt(y)−c(x,y)dν(y) = 1 for all x ∈ Rd. It

suffices to show that for any sequence tn ↓ 0,

lim
n→∞

∫
φtnd(µ1 − µ0) =

∫
φ0d(µ1 − µ0). (A.20)

Pick any subsequence n′ of n. From (A.14) and the Ascoli-Arzela theorem, there exists

a further subsequence n′′ such that φtn′′ → φ and ψtn′′ → ψ locally uniformly for some

(continuous) functions φ, ψ. Again, from (A.14) and the dominated convergence theorem,

(φ, ψ) satisfies (2.13) for every (x, y) ∈ Rd × Rd, so that they are optimal EOT potentials

for (µ0, ν). We shall now verify that φ(x) = φ0(x) + a for every x ∈ Rd for some constant

a ∈ R. To see this, by uniqueness of optimal EOT potentials, ψ(y) = ψ0(y) − a for

ν-almost every y ∈ Rd for some constant a ∈ R. We then have

φ(x) = − log
∫
Rd

eψ(y)−c(x,y)dν(y) = − log
∫
Rd

eψ0(y)−c(x,y)dν(y) + a = φ0(x) + a
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for every x ∈ Rd. Conclude that, by (A.14) and the dominated convergence theorem,

lim
n′′→∞

∫
φtn′′d(µ1 − µ0) =

∫
φd(µ1 − µ0) =

∫
φ0d(µ1 − µ0).

Since the limit does not depend on the choice of subsequence, we have proved (A.20),

completing the proof of (A.17).

Next, we prove (A.16). From the inequalities (A.18) and (A.19), we have

|S(µ1, ν) − S(µ0, ν)| ≤
∫

φ0d(µ1 − µ0)
∨∫

φ1d(µ1 − µ0).

In view of the estimates (A.14), we see that the right-hand side can be bounded by

∥µ1 − µ0∥∞,Fσ . □

Second, we will verify that the function class Fσ is µ-Donsker.

Lemma 65. If µ is sub-Gaussian, then Fσ is µ-Donsker.

The proof relies on the the following lemma, which is a simple application of Theorem

1.1 in [199].

Lemma 66 (Lemma 8 in [152]). Let F ⊂ C s(Rd) be a function class where s is a

positive integer with s > d/2, and let {X j}
∞
j=1 be a cover of Rd consisting of nonempty

bounded convex sets with bounded diameter. Set M j = sup f∈F ∥ f ∥Cs(X j) with ∥ f ∥Cs(X j) =

maxk̄≤s supx∈int(X j) |∂
k f (x)|. If

∑∞
j=1 M jµ(X j)1/2 < ∞, then F is µ-Donsker.

Proof of Lemma 65. We construct a cover {X j}
∞
j=1 and verify the conditions of Lemma 66

for the function class Fσ. Let Br = {x : ∥x∥ ≤ r}. For r = 2, 3, . . . , let {x(r)
1 , . . . , x

(r)
Nr
} be a

minimal 1-net of Br \ Br−1. Set x(1)
1 = 0 with N1 = 1. From a simple volumetric argument,

we see that Nr = O(rd−1). Set X j = {x : ∥x − x(r)
j ∥ ≤ 1} for j =

∑r−1
ℓ=1 Nℓ + 1, . . . ,

∑r
ℓ=1 Nℓ.

By construction, {X j}
∞
j=1 forms a cover of Rd with diameter 2. Further, by construction, for
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M j := sup f∈Fσ ∥ f ∥Cs(X j) with s = max{⌊d/2⌋+1, 2}, we have max∑r−1
ℓ=1 Nℓ+1≤ j≤

∑r
ℓ=1 Nℓ

M j ≲ rs.

The function class Fσ is µ-Donsker if
∑∞

r=1 rs+d−1µ(Bc
r−1)1/2 < ∞, which holds as µ is

sub-Gaussian. □

We are ready to prove Theorem 7.

Proof of Theorem 7. The proof for the bootstrap consistency for each case of (i) and (ii)

is analogous to that of Wp in Theorem 1, so we only prove the CLT results.

Part (i). Suppose µ is σ2-sub-Gaussian. Observe that, for any constant σ̄ > σ, µ̂n is

σ̄2-sub-Gaussian with probability approaching one. Indeed, by the law of large numbers,

Eµ̂n[e
∥X∥2/(2dσ̄2)] =

1
n

n∑
i=1

e∥Xi∥
2/(2dσ̄2) → Eµ[e∥X∥

2/(2dσ̄2)] ≤ 2σ
2/σ̄2

< 2

a.s., so Eµ̂n[e
∥X∥2/(2dσ̄2)] ≤ 2 with probability approaching one.

With this in mind, for any fixed σ̄ > σ, we apply Proposition 1 withP0 = {ρ ∈ P(Rd) :

ρ is σ̄2-sub-Gaussian}, F = Fσ̄, F(x) = Cs,d,σ̄(1 + ∥x∥s) with s = max{⌊d/2⌋ + 1, 2}, and

δ(ρ) = S(ρ, ν). We have already verified Conditions (a)–(c) in Proposition 1 with

δ′µ(m) = m(φ). Conclude that

√
n
(
S(µ̂n, ν) − S(µ, ν)

)
=
√

n
(
δ(µ̂n) − δ(µ)

) d
→ δ′µ(Gµ) = Gµ(φ) ∼ N

(
0,Varµ(φ)

)
.

As the derivative δ′µ is the point evaluation at φ, the fact that Varµ(φ) coincides with

the semiparametric efficiency bound follows directly from Proposition 2 (note: since µ

is σ2-sub-Gaussian and σ̄ > σ, for any bounded µ-mean zero function h, (1 + th)µ is

σ̄2-sub-Gaussian for sufficiently small t > 0).

Part (ii). Suppose µ, ν are σ2-sub-Gaussian. Set s = max{⌊d/2⌋ + 1, 2}. Let

F ⊕σ = {φ ⊕ ψ : (φ, ψ) satisfies (A.14)}.
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We will show that, if µi, νi, i = 0, 1 are σ2-sub-Gaussian, then

|S(µ1, ν1) − S(µ0, ν0)| ≤ ∥µ1 ⊗ ν1 − µ0 ⊗ ν0∥∞,F ⊕σ (A.21)

Let (φi, j, ψi, j) be optimal EOT potentials for (µi, ν j) satisfying (A.14). Then, from (A.18),

we have

S(µ1, ν1) − S(µ1, ν1) = S(µ1, ν1) − S(µ0, ν1) + S(µ0, ν1) − S(µ0, ν0)

≥

∫
φ0,1d(µ1 − µ0) +

∫
ψ0,0d(ν1 − ν0)

=

∫
(φ0,1 ⊕ ψ0,0)d

(
µ1 ⊗ ν1 − µ0 ⊗ ν0

)
.

Likewise, using (A.19), we see that

S(µ1, ν1) − S(µ1, ν1) ≤
∫

(φ1,1 ⊕ ψ0,1)d
(
µ1 ⊗ ν1 − µ0 ⊗ ν0

)
.

Since all (φi, j, ψi, j) satisfy (A.14), we obtain (A.21).

Further, arguing as in the proof of Lemma 64, we have

lim
t↓0

S(µ0 + t(µ1 − µ0), ν0 + t(ν1 − ν0)) − S(µ0, ν0)
t

=

∫
(φ0,0 ⊕ ψ0,0)d

(
µ1 ⊗ ν1 − µ0 ⊗ ν0

)
.

We shall verify that

√
n(µ̂n ⊗ ν̂n − µ ⊗ ν)

d
→ Gµ⊗ν in ℓ∞(F ⊕σ )

for some tight Gaussian process Gµ⊗ν in ℓ∞(F ⊕σ ). But this follows from the same argument

as in the proof of Theorem 1 Part (ii); we omit the details for brevity.

Pick and fix any σ̄ > σ. Then µ̂n and ν̂n are σ̄2-sub-Gaussian with probabil-

ity approaching one. We now apply Proposition 1 with P0 = {ρ1 ⊗ ρ2 ∈ P(R2d) :

ρ1, ρ2 are σ̄2-sub-Gaussian}, F = F ⊕σ̄ , F(x, y) = Cs,d,σ̄(2 + ∥x∥s + ∥y∥s) with s =

max{⌊d/2⌋ + 1, 2}, and δ(ρ1 ⊗ ρ2) = S(ρ1, ρ2). As in the proof of Theorem 1 Part
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(ii), we may identify (1 − t)(µ0 ⊗ ν0) + t(µ1 ⊗ ν) and
(
(1 − t)µ0 + tµ1

)
⊗

(
(1 − t)ν0 + tν1

)
as elements of ℓ∞(F ), and the class P0 is convex as a subset of ℓ∞(F ). We have already

verified Conditions (a)–(c) in Proposition 1 with δ′µ⊗ν(m) = m(φ⊕ψ) (see also Remark 2).

Conclude that

√
n
(
S(µ̂n, ν̂n) − S(µ, ν)

)
=
√

n
(
δ(µ̂n ⊗ ν̂n) − δ(µ ⊗ ν)

)
d
→ Gµ⊗ν(φ ⊕ ψ) ∼ N(0,Varµ(φ) + Varν(ψ)).

Finally, the fact that Varµ(φ)+Varν(ψ) coincides with the semiparametric efficiency bound

follows directly from Corollary 2. □
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APPENDIX B

SUPPLEMENT TO CHAPTER 3

B.1 Variational Formulation of Entropic Gromov-Wasserstein Dis-

tances

The GW variational form (3.8) adapts to the entropic case, for any ε ≥ 0, as follows (see

Theorem 1 in [223]),

Dε(µ0, µ1)2 = Dε(µ̄0, µ̄1)2 = S1(µ̄0, µ̄1) + S2,ε(µ̄0, µ̄1), (B.1)

where S1(µ0, µ1) is defined as in (3.8), while S2,ε(µ0, µ1) is obtained by replacing

OTA(µ0, µ1) in S2(µ0, µ1) with OTA,ε(µ0, µ1) B OTcA,ε(µ0, µ1), with the same cost function

cA(x, y) = −4∥x∥2∥y∥2 − 32x⊺Ay. Again, S1 is a constant whereas S2,ε is a minimization

problem with objective function,

Φ(µ0,µ1),ε : A ∈ Rd0×d1 7→ 32∥A∥2F + OTA,ε(µ0, µ1), (B.2)

and, if π⋆ is optimal for (3.10), then A⋆ = 1
2

∫
xy⊺dπ⋆(x, y) is optimal for (B.2) provided

that µ0, µ1 are centered (see the proof of Theorem 1 in [223]). The implications of

Theorem 8 carry over to the entropic case as follows.

Theorem 23 (On minimizers of (B.2)). Fix ε > 0. If (µ0, µ1) ∈ P4,σ(Rd0) × P4,σ(Rd1) are

4-sub-Weibull with parameter σ2 > 0, then

1. Φ(µ0,µ1),ε is locally Lipschitz continuous and coercive. Moreover, Φ(µ0,µ1),ε is Fréchet

differentiable at A ∈ Rd0×d1 with
(
DΦ(µ0,µ1),ε

)
[A]

(B) = 64⟨A − 1
2

∫
xy⊺dπA(x, y),B⟩F,

where πA is the unique optimal coupling for OTA,ε(µ0, µ1).
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2. If A⋆ minimizes (3.9), then 2A⋆ =
∫

xy⊺dπ⋆(x, y) ∈ BF(
√

M2(µ0)M2(µ1)) for the

EOT plan π⋆ for OTA⋆,ε(µ0, µ1). If µ0, µ1 are centered, then π⋆ solves (3.7).

Compared with Theorem 8, Theorem 23 holds under the weaker assumption of 4-

sub-Weibull measures with the advantage that Φ(µ0,µ1),ε is guaranteed to be continuously

differentiable. These improvements are obtained by leveraging the strong structural

properties of solutions to the EOT problem, see Section B.1.1 for details.

B.1.1 Proof of Theorem 23

Lemma 67. Φ(µ0,µ1),ε is Fréchet differentiable at any A ∈ Rd0×d1 with

(
DΦ(µ0,µ1),ε

)
[A]

(B) = 64⟨A −
1
2

∫
xy⊺dπA(x, y),B⟩F,

where πA is the unique optimal coupling for OTA,ε(µ0, µ1).

Proof. As noted in the proof of Lemma 4, ∥ · ∥2F is Fréchet differentiable at A with

derivative 2⟨A, ·⟩F. Now, for any H ∈ Rd0×d1 , we have that

OTA+H(µ0, µ1) − OTA(µ0, µ1) ≤
∫

cA+HdπA −

∫
cAdπA = −32

∫
x⊺HydπA(x, y),

for the unique EOT plan πA for OTA,ε(µ0, µ1). Similarly,

OTA+H(µ0, µ1) − OTA(µ0, µ1) ≥ −32
∫

x⊺HydπA+H(x, y),

for the optimal coupling πA+H for OTA+H,ε(µ0, µ1). Proceeding as in the proof of Lemma 4,

it suffices to show that∥∥∥∥∥∫ xy⊺dπA+H(x, y) −
∫

xy⊺dπA(x, y)
∥∥∥∥∥

F
→ 0

as H ↓ 0.
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To this end, consider an arbitrary sequence Hn converging to 0 and let (φ0,n, φ1,n) be

EOT potentials for OTA+Hn,ε(µ0, µ1). By Lemma 4 in [223], we may choose the EOT

potentials as to satisfy the estimates

φi,n ≤ K(1 + ∥ · ∥2), −φi,n ≤ K(1 + ∥ · ∥4), i ∈ {0, 1},

for all n sufficiently large, where K is a constant that depends only on ∥A∥∞, σ, d0, d1, ε

(though the cited result holds for ε = 1, the proof of Lemma 26 shows how to extend the

result to arbitrary ε > 0). Applying the Arzelà-Ascoli theorem, for any subsequence n′

of n there exists a further subsequence n′′ along which (φ0,n, φ1,n) converges to a pair of

continuous functions (φ0, φ1) uniformly on compact sets (in particular pointwise). Note

also that cA+Hn′′ → cA pointwise. It follows from the 4-sub-Weibull condition and the

dominated convergence theorem that

e−
φ0,n′′ (x)

ε =

∫
e
φ1,n′′ −cA+Hn′′

(x,·)

ε dµ1 →

∫
e
φ1−cA(x,·)

ε dµ1 = e−
φ0(x)
ε ,

e−
φ1,n′′ (y)

ε =

∫
e
φ0,n′′ −cA+Hn′′

(·,y)

ε dµ0 →

∫
e
φ0−cA(·,y)

ε dµ0 = e−
φ1(y)
ε ,

for µ0 ⊗ µ1-a.e. (x, y) so that (φ0, φ1) solve the Schrödinger system for OTA,ε(µ0, µ1).

Given the characterization of the optimal coupling in terms of the EOT potentials from

Section 3.2.3, we obtain that∫
xy⊺dπA+Hn′′ (x, y) =

∫
xy⊺e

φ0,n′′ (x)+φ1,n′′ (y)−cA+Hn′′
(x,y)

ε dµ0 ⊗ µ1(x, y),

→

∫
xy⊺e

φ0(x)+φ1(y)−cA(x,y)
ε dµ0 ⊗ µ1(x, y),

=

∫
xy⊺dπA(x, y),

by applying the dominated convergence theorem; recalling the EOT potential estimates

and the sub-Weibull assumption. Given that the limit is independent of the choice

of original subsequence, we have that
∫

xy⊺dπA+H(x, y) →
∫

xy⊺dπA(x, y) as H → 0

proving the claim. □
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Proof of Theorem 23. Given Lemma 67, the remainder of the proof of Theorem 23 (1)

follows the same lines as the proof of Lemma 6, noting that the proof of that result

requires only that µ0 and µ1 have finite fourth moments.

Given the coercivity of Φ(µ0,µ1),ε and the fact that it is continuously differentiable, its

minimizers must be stationary points. □

B.2 Convergence of minimizers of Φ

Let X0 and X1 be compact subsets of Rd0 and Rd1 . We prove the following general result.

Proposition 15. Let (ν0,n)n∈N ⊂ P(X0) and (ν1,n)n∈N ⊂ P(X1) converge weakly to ν0 and

ν1 respectively. Then, if An ∈ argminRd0×d1 Φ(ν0,n,ν1,n), any limit point of (An)n∈N minimizes

Φ(ν0,ν1).

Proof. By Theorem 8, the minimizers of all relevant problems are contained in BF(M)

for M = 1
2∥X0∥∞∥X1∥∞. Consider the functions

Fn(A) =


Φ(ν0,n,ν1,n)(A), if A ∈ BF(M),

+∞, otherwise,

F(A) =


Φ(ν0,ν1)(A), if A ∈ BF(M),

+∞, otherwise,

and note that, upon restriction to BF(M), they are Lipschitz continuous with a shared

Lipschitz constant (see the proof of Lemma 6). As OTA(ν0,n, ν1,n) converges to OTA(ν0, ν1)

for any A ∈ BF(M) (see Theorem 5.20 in [208]), it follows from Proposition 7.15 in [168]

and Corollary 1.8.6 in [26] that Fn epi-converges to F relative to BF(M). Explicitly,

this means that lim infn∈N Fn(An) ≥ F(A) for every sequence BF(M) ⊃ An → A and
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lim supn∈N Fn(A′n) ≤ F(A) for some sequence BF(M) ⊃ A′n → A, for any choice of

A ∈ BF(M). As BF(M) is closed, both of these conditions extend verbatim with Rd0×d1 in

place of BF(M). With this, we may apply Theorem 7.33 in [168] to obtain that any limit

point of a sequence An ∈ argminRd0×d1 Fn minimizes F as desired. □

As each of the empirical measures ρ̂k,i j,n converge weakly to ρ̂k,i j with probability 1

for k ∈ {0, 1} and i, j ∈ [N], i < j (see e.g. Theorem 3 in [203]), it readily follows that

µ0,n and µ1,n converge weakly to µ0 and µ1 with probability 1.

B.3 Additional experiments

B.3.1 Initialization of the local solver for distributions on binary

graphs

This experiment illustrates the value obtained at each of the matrices (AT )T∈T when

applying the exhaustive search procedure described in Section 3.6.3.

First, we fix isomorphic distributions, ν0, ν1, on the set of all binary graphs with 7

vertices, see Figure B.1 for the precise edge probabilities and the choice of permutation.

Next, we sample n ∈ {10, 25, 50, 500, 5000} graphs according to these distributions to

construct the empirical estimators µ0,n and µ1,n. Finally, we run Algorithm 2 at each matrix

(AT )T∈T and store the resulting value, denoted ΛT , for each of of the 5040 permutations in

T and for each of the pairs (µ0,n, µ1,n) as well as population distributions (µ0, µ1). These

values are compiled in Figure B.2.

We highlight that, for these experiments, argminT∈T ΛT = {T̄ }, where T̄ coincides

260



Figure B.1: Underlying distributions for this experiment. First, edge probabilities for ν0

were sampled from the uniform distribution on [0, 1], then a random permutation was
chosen to generate ν1 from ν0 as depicted. Edge probabilities are presented with two
significant figures for ease of reading.

Figure B.2: Each image corresponds to performing the described experiment with
different numbers of samples or on the true population distributions ν0 and ν1 as illustrated
by the title. Each pixel of the 70 × 72 images above is the inverse of the value obtained
starting from one of the 5040 possible initializations. Apart from the experiment with n =
10, the images contain a unique yellow pixel, indicating that the associated permutation
results in a value significantly closer to the true value of 0 than the other permutations
and, indeed, corresponds to the permutation relating ν0 and ν1.

with the true permutation, T⋆, even when only 10 samples are used. On the other hand,

the relaxed graph matching approach, Algorithm 3 fails to recover T⋆ for n = 10, but

succeeds otherwise.
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The ratio minT∈T\{T̄ } ΛT

ΛT̄
was computed for each experiment and is of the order 1.05, 1.30,

3.63, 4.49, 9.61, and 8.47 × 1012 for n = 10, 25, 50, 500, 5000, and the exact distributions

respectively. This illustrates that there is a substantial gap between the smallest and next

smallest value (i.e. ΛT̄ is significantly smaller than ΛT for every T , T̄ ). Finally, as

ν0 and ν1 are isomorphic, D(µ0,n, µ1,n) converges to 0 as n→ ∞, this is reflected by the

values obtained for ΛT̄ as n varies.

Comparison between warm-start methods

As evidenced by Figure 3.2, using relaxed graph matching to approximate the GW

distance between distributions on graphs appears to result in inflated values when the

number of samples is low. It is thus of interest to explore if the exhaustive search approach

fares better. To this end, we repeat the procedure described in Section 3.7.1 with binary

graphs on 6 nodes so that both methods can be implemented. The distributions for this

experiment are displayed in Figure B.3.

Figure B.3: Distributions for Section B.3.1. ν0 is generated by sampling (p0,i j)i, j∈[N]
i< j

from the uniform distribution on [0, 1]. ν1 is obtained from ν0 by a randomly chosen
permutation. The modified probability for ν2 is highlighted in orange. Edge probabilities
are presented with two significant figures for ease of reading.

It can be seen from Figure B.4 that, as expected, the exhaustive search results in a

better approximation of the GW distance than the relaxed graph matching approach. This
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Figure B.4: Comparison of the type 1 and type 2 error between the warm-start method
based on relaxed graph matching and the exhaustive search for the experiment described
in Section B.3.1.

is particularly evident when n = 10 or 25 as reflected by the behaviors of the type 1 and

type 2 errors.

B.4 The delta method

Our approach to proving limit distributions for GW distances is based on the functional

delta method [182, 74, 169, 79]. To introduce this approach, we treat probability measures

(ν0, ν1) ∈ P ⊂ P(Rd0) × P(Rd1) as functionals on some function space F ⊕ = F0 ⊕ F1 B

{ f0 ⊕ f1 : f0 ∈ F0, f1 ∈ F1}, where Fi is a class of Borel measurable functions on Rdi for

i ∈ {0, 1}. Here, we require P and F ⊕ to be compatible in the sense that

∥ν0 ⊗ ν1∥∞,F ⊕ B sup
( f0, f1)∈F0×F1

|ν0 ⊗ ν1( f0 ⊕ f1)| < ∞, ∀(ν0, ν1) ∈ P,

whereby ν0 ⊗ ν1 can be identified with an element of ℓ∞(F ⊕).

With these preliminaries, we may specialize Proposition 1 in [106] as follows.

Proposition 16 (Proposition 1 in [106]). For i ∈ {0, 1}, let Fi be a class of Borel

measurable functions on Rdi with a finite envelope Fi and set F ⊕ = F0 ⊕ F1. Fix

(µ0, µ1) ∈ P(Rd0) × P(Rd1) and let L be a functional on a subset P of P(Rd0) × P(Rd1),

where P can be identified with a convex subset of ℓ∞(F ⊕) and
∫

F0dν0 +
∫

F1dν1 < ∞

for every (ν0, ν1) ∈ P. Suppose, furthermore, that
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(a) (µ0,n, µ1,n) : Ω → P, n ∈ N, are pairs of random probability measures with values

in P such that
√

n(µ0,n − µ0) ⊗
√

n(µ1,n − µ1)
d
→ Gµ0⊗µ1 in ℓ∞(F ⊕), where Gµ0⊗µ1 is a

tight random variable in ℓ∞(F ⊕).

(b) there exists a finite constant C for which |L(ν0, ν1)−L(ρ0, ρ1)| ≤ C∥ν0⊗ν1−ρ0⊗ρ1∥∞,F ⊕

for any pairs (ν0, ν1), (ρ0, ρ1) ∈ P.

(c) for any pair (ν0, ν1) ∈ P, the limit limt↓0 t−1(L(µ0 + t(ν0 − µ0), µ1 + t(ν1 − µ1)) −

L(µ0, µ1)
)
C L′(µ0,µ1)(ν0 − µ0, ν1 − µ1) exists.

Then,
√

n
(
L(µ0,n, µ1,n) − L(µ0, µ1)

) d
→ L′(µ0,µ1)(Gµ0⊗µ1).

264



APPENDIX C

SUPPLEMENT TO CHAPTER 4

C.1 Sharpness of variance bound from Corollary 7

Let µ0 =
1
2 (δ0 + δa) and µ1 =

1
2 (δ0 + δb) for a ∈ Rd0 and b ∈ Rd1 . In this case, any

coupling π ∈ Π(µ0, µ1) is of the form π00δ(0,0) + π0bδ(0,b) + πa0δ(a,0) + πabδ(a,b) with the

constraint that π00 = πab and π0b = πa0 =
1
2 −πab. For any A ∈ DM, OTA,ε(µ0, µ1) is given

by

inf
π∈Π(µ0,µ1)

{∫
−4∥x∥2∥y∥2 − 32x⊺Ay dπ(x, y) + εDKL(π∥µ0 ⊗ µ1)

}
= inf

πab∈(0,1/2)

{
−πab(4∥a∥2∥b∥2 + 32a⊺Ab) + 2επab log(4πab) + (1 − 2πab) ε log (2 − 4πab)

}
,

the objective is a sum of convex functions and the first-order optimality condition reads

4∥a∥2∥b∥2 + 32a⊺Ab = 2ε log(4πab) − 2ε log(2 − 4πab) ⇐⇒ πab =
ez

2 (1 + ez)
,

for z =
(
2∥a∥2∥b∥2 + 16a⊺Ab

)
/ε. Let π⋆ be the EOT coupling for OTA,ε(µ0, µ1). For any

C ∈ Rd0×d1 ,

Varπ⋆[X⊺CY] = π⋆ab(1 − π⋆ab)(a⊺Cb)2 ≤ π⋆ab(1 − π⋆ab)∥C∥2F∥a∥
2∥b∥2,

with equality for C = Cab⊺ with C ∈ R. Hence,

sup
∥C∥F=1

{Varπ⋆[X⊺CY]} = π⋆ab(1 − π⋆ab)∥a∥2∥b∥2,

which can be made arbitrarily close to 1
4∥a∥

2∥b∥2 for fixed a, b by choosing A ∈ DM and

ε > 0 as to make z sufficiently large. On the other hand,
√

M4(µ0)M4(µ1) = 1
2∥a∥

2∥b∥2,

such that the variance bound in Corollary 7 is tight up to a constant factor.
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C.2 Sinkhorn’s Algorithm as an inexact oracle

Given µ0 =
∑N0

i=1 aiδx(i) ∈ P(Rd0) and µ1 =
∑N1

j=1 b jδy( j) ∈ P(Rd1), let a, b denote the

corresponding (positive) probability vectors. Fix an underlying cost function c : Rd0 ×

Rd1 → R and ε > 0, and let K ∈ RN0×N1 with Ki j = e−
c(x(i) ,y( j))

ε . Consider the standard

implementation of Sinkhorn’s algorithm (cf. e.g. [53, 82]).

Algorithm 7 Sinkhorn Algorithm
1: Fix a threshold γ and a maximum iteration number kmax.
2: u0 ← 1N0/N0

3: k ← 1
4: repeat
5: vk ← b/(K⊺uk−1)
6: uk ← a/(Kvk)
7: Πk ← diag(uk)Kdiag(vk)
8: k ← k + 1
9: until ∥(Πk)⊺1N0 − b∥2 < γ or k > kmax

10: return Πk

In Algorithm 7 and the remainder of this section, the division of two vectors is

understood componentwise. The stopping condition is based only on one of the marginal

constraints, as Πk1N1 = a by construction.

The following definitions enable describing the convergence properties of Algo-

rithm 7; we follow the approach of [84] with only minor modifications. Let Rd
+ denote

the set of vectors with positive entries and, for x, y ∈ Rd
+, let

dH(x, y) = log max
1≤i, j≤d

xiy j

yix j
,

denote Hilbert’s projective metric1 on Rd
+. By definition,

dH(x, y) = dH(x/y,1d), (C.1)
1dH(x, y) = 0 if and only if x = αy for α > 0, dH is symmetric and satisfies the triangle inequality.
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for any x, y ∈ Rd
+ and, setting x = ew, y = ez componentwise,

dH(x, y) = log max
1≤i, j≤d

ewi+z j−w j−zi ,

= max
1≤i, j≤d

wi + z j − w j − zi,

= max
1≤i≤d

(log xi − log yi) − min
1≤i≤d

(log xi − log yi),

= max
1≤i≤d

log
(

xi

yi

)
− min

1≤i≤d
log

(
xi

yi

)
.

(C.2)

It was proved in [19, 173] that multiplication with a positive matrix is a strict contraction

w.r.t. dH. Precisely,

dH(Ax, Ay) ≤ λ(A)dH(x, y), (C.3)

for any A ∈ Rd′×d
+ and x, y ∈ Rd

+, where

λ(A) =

√
η(A) − 1√
η(A) + 1

< 1, η(A) = max
1≤i, j≤d′
1≤k,l≤d

Aik A jl

A jk Ail
.

Of note is that λ(A) = λ(A⊺). Let

E = {A ∈ RN0×N1
+ : A = diag(x)Kdiag(y) for some x ∈ RN0

+ , y ∈ R
N1
+ },

and observe that if A, B ∈ E, there exists xA,B ∈ R
N0
+ , yA,B ∈ R

N1
+ for which A =

diag(xA,B)Bdiag(yA,B). In this setting, let d : E × E 7→ [0,∞) be such that

d(A, B) = dH(xA,B,1N0) + dH(yA,B,1N1),

then d is a metric on E. As the EOT coupling Π⋆ satisfies

Π⋆
i j

aib j
= e

φ(x(i))+ψ(y( j))−c(x(i) ,y( j))
ε ,

where (φ, ψ) is any pair of EOT potentials, Π⋆ = diag(u⋆)Kdiag(v⋆) ∈ E for

u⋆i = aie
φ(x(i))

ε , v⋆j = b je
ψ(y( j))

ε .

Note that u⋆ = a/(Kv⋆) and v⋆ = b/(K⊺u⋆).

In the sequel, we analyze the convergence of Πk to Π⋆ under d. The following result

translates bounds on d(Πk,Π⋆) to bounds on ∥Πk −Π⋆∥∞.
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Lemma 68. Fix δ > 0. If d(Πk,Π⋆) ≤ δ, it follows that ∥Πk −Π⋆∥∞ ≤ eδ − 1.

Proof. By Lemma 3 in [84], whenever d(Πk,Π⋆) ≤ δ it holds that

e−δ − 1 ≤
Π⋆

i j

Πk
i j

− 1 ≤ eδ − 1,

for every 1 ≤ i ≤ N0, 1 ≤ j ≤ N1. As such,

|Π⋆
i j −Π

k
i j| ≤ Π

k
i j

(
(1 − e−δ) ∨ (eδ − 1)

)
≤ (1 − e−δ) ∨ (eδ − 1) = eδ − 1,

yielding ∥Π⋆ −Πk∥∞ ≤ eδ − 1. □

The number of iterations required to achieve d(Πk,Π⋆) ≤ δ can be bounded as

follows.

Proposition 17. Let Πk be given by Algorithm 7 and fix δ > 0. Then, if

k ≥ 1 +
1

2 log (λ(K))
log

(
δ(1 − λ(K))

dH((Π1)⊺1N0 , b)

)
,

it follows that d(Πk,Π⋆) ≤ δ.

The proof of Proposition 17 follows immediately from Lemma 70 ahead. We first

prove an auxiliary lemma.

Lemma 69. For k ≥ 1, the iterates uk, vk of Algorithm 7 satisfy

dH(uk+1, u⋆) ≤ λ(K)2dH(uk, u⋆), dH(vk+1, v⋆) ≤ λ(K)2dH(vk, v⋆),

dH(uk, u⋆) ≤
dH(uk, uk+1)
1 − λ(K)2 , dH(vk, v⋆) ≤

dH(vk, vk+1)
1 − λ(K)2 .

Proof. To prove the first claim, we have by (C.3) that

dH(uk+1, u⋆) = dH
(
a/(Kvk+1), a/(Kv⋆)

)
= dH(Kv⋆, Kvk+1) ≤ λ(K)dH(vk+1, v⋆).
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It follows similarly that dH(vk+1, v⋆) ≤ λ(K)dH(uk, u⋆). Combining these bounds,

dH(uk+1, u⋆) ≤ λ(K)2dH(uk, u⋆), dH(vk+1, v⋆) ≤ λ(K)2dH(vk, v⋆),

which proves the first claim. Applying the triangle inequality yields

dH(uk, u⋆) ≤ dH(uk+1, u⋆) + dH(uk, uk+1) ≤ λ(K)2dH(uk, u⋆) + dH(uk, uk+1),

such that (1 − λ(K)2)dH(uk, u⋆) ≤ dH(uk, uk+1) which proves the second claim; the same

argument holds for the iterates vk. □

Lemma 70 translates the bound from Lemma 69 to a bound on d(Πk,Π⋆). We

introduce the notation ⊙ to denote the componentwise product of vectors.

Lemma 70. For k ≥ 2, d(Πk,Π⋆) ≤ λ(K)2(k−1)

1−λ(K) dH((Π1)⊺1N0 , b).

Proof. As Πk = diag(uk)Kdiag(vk) and Π⋆ = diag(u⋆)Kdiag(v⋆),

d(Πk,Π⋆) = dH(uk, u⋆) + dH(vk, v⋆)

≤ λ(K)2(k−1)(1 + λ(K))dH(v1, v⋆)

≤
λ(K)2(k−1)

1 − λ(K)
dH(v1, v2),

where both inequalities follow from Lemma 69 and its proof. Finally,

dH(v1, v2) = dH

(
v1,

b
K⊺u1

)
= dH (v1 ⊙ K⊺u1, b) = dH((Π1)⊺1N0 , b).

□

Now, we demonstrate why the termination condition based on the 2-norm endows us

with a δ′-oracle approximation and provide a bound on the number of iterations required

to achieve it. Theorem 1 in [77] proves that there exists k̄ ≤ 1 + R
γ

satisfying

∥uk̄ ⊙ Kvk̄+1 − a∥1 + ∥(Πk)⊺1N0 − b∥1 ≤ γ,
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for R = −2 log
(
e−∥C∥∞/ε min1≤i≤N0

1≤ j≤N1

ai ∧ b j

)
. This gives a bound on the maximal number

of iterations to achieve the 2-norm termination condition via the standard inequality

∥ · ∥2 ≤ ∥ · ∥1. We clarify that the analysis in [77] is for a slightly different implementation

of Sinkhorn’s algorithm. First, running Algorithm 7 is tantamount to running their

algorithm with reversed marginals. Next, one iteration of Algorithm 7 corresponds to

two iterations in their analysis. Finally, their approach uses 1N0 rather than 1N0/N0 for

the initialization. This difference is innocuous for achieving the termination condition, as

the iterates are identical up to multiplying vk by N0 and dividing uk by N0; Πk is invariant

this operation.

We now bound dH in terms of the Euclidean distance with the aim of controlling

d(Πk,Π⋆) by ∥(Πk)⊺1N0 − b∥2.

Lemma 71. Let r, s ∈ Rd
+ be arbitrary, then

dH(s, r) ≤ (r−1
i⋆ + s−1

i⋆ )∥r − s∥2,

where i∗ ∈ argmax1≤i≤d
si
ri

and i∗ ∈ argmin1≤i≤d
si
ri

.

Proof. We have by (C.2) that

dH(s, r) = max
1≤i≤N0

log
(

si

ri

)
− min

1≤i≤N0
log

(
si

ri

)
.

Observe that 1 − ri
si
≤ log

(
si
ri

)
≤

si
ri
− 1, as follows the inequalities x

1+x ≤ log(1 + x) ≤ x

for x > −1. Whence,

dH(s, r) ≤ r−1
i⋆ (si⋆ − ri⋆) − s−1

i⋆

(
si⋆ − ri⋆

)
≤

(
r−1

i⋆ + s−1
i⋆

)
∥s − r∥2 .

□

Note that the bound in Lemma 71 is symmetric in the sense that interchanging s

and r does not modify the constant. This can be seen by noting that argmax1≤i≤d
si
ri
=
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argmin1≤i≤d
ri
si

and argmin1≤i≤d
si
ri
= argmax1≤i≤d

ri
si

. By combining Lemmas 70 and 71 we

arrive at the desired result.

Proposition 18. Let b = min1≤i≤N1 bi and set 0 < γ < b. Then, for k ≥ 1,

d(Πk,Π⋆) ≤

(
(Πk)⊺1N0

)−1

i⋆
+ b−1

i⋆

1 − λ(K)
∥(Πk)⊺1N0 − b∥

where i∗ ∈ argmax1≤i≤N1

((Πk)⊺1N0)i
bi

and i∗ ∈ argmin1≤i≤N1

((Π1)⊺1N0)i
bi

. Further, there exists

k̄ ≤ 1 + R
γ

for which ∥Πk̄⊺1N0 − b∥ ≤ γ and d(Πk̄,Π⋆) ≤ (b−γ)−1+b−1

1−λ(K) γ. In particular, setting

γ = ᾱb for ᾱ =
δ(1 − λ(K)) + 2 −

√
δ2(1 − λ(K))2 + 4

2
∈ (0, 1),

it holds that d(Πk,Π⋆) = δ.

Proof. From the proof of Lemma 70,

d(Πk,Π⋆) ≤ (1 + λ(K))dH(vk, v⋆) ≤
dH(vk, vk+1)
1 − λ(K)

=
dH((Πk)⊺1N0 , b)

1 − λ(K)
,

where the final inequality and equality stem from Lemma 69 and its proof. Applying

Lemma 71 proves the first claim.

As for the second claim, it is clear from the discussion preceding Lemma 71 that

∥(Πk̄)⊺1N0 − b∥ ≤ γ for some k̄ ≤ 1 + R
γ
. Now, let w = (Πk̄)⊺1N0 and observe that

∥w − b∥∞ ≤ ∥w − b∥ ≤ γ such that bi − γ ≤ wi ≤ bi + γ for i = 1, . . . ,N1. Hence

w−1
i ≤ (bi − γ)−1 ≤ (b − γ)−1 as γ < b. Applying this bound to the previous inequality

proves the claim.

For the final claim, observe that ᾱ solves the equation 2α−α2

1−α = δ(1−λ(K)) for α ∈ (0, 1)

(indeed, δ(1 − λ(K)) <
√
δ2(1 − λ(K))2 + 4 < δ(1 − λ(K)) + 2). Setting γ = ᾱb in the

previously derived bound on d(Πk,Π⋆) gives

d(Πk,Π⋆) ≤
(1 − ᾱ)−1 + 1

1 − λ(K)
ᾱ =

2ᾱ − ᾱ2

(1 − ᾱ)(1 − λ(K))
= δ.
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□

The proof of Proposition 11 follows by combining Propositions 17 and 18; the

maximal number of iterations for Algorithm 7 to output a matrix Π̃ satisfying d(Π̃,Π⋆) ≤

δ is

k̃ =min
{

1 +
1

2 log (λ(K))
log

(
δ(1 − λ(K))

dH((Π1)⊺1N0 , b)

)
,

1 −
4b−1

δ(1 − λ(K)) + 2 −
√
δ2(1 − λ(K))2 + 4

log
(
e−∥C∥∞/ε min

1≤i≤N0
1≤ j≤N1

ai ∧ b j

)}
,

(C.4)

which corresponds to an (eδ − 1)-oracle for the entropic transport plan in light of

Lemma 68.

C.3 Convergence of Algorithm 6

In what follows, we slightly adapt the proof of Theorem 2 in [89] to conform to the

inexact setting. We first clarify that they treat the composite problem

inf
x∈Rd

f (x) + g(x) + Q(x),

where f is L′-smooth and non-convex, g is L′′-smooth and convex, and Q is non-smooth

and convex with a bounded domain. Hence f + g is L = L′ + L′′ smooth and possibly

non-convex.

Our problem conforms to this setting (up to vectorization) with f = OT(·),ε(µ0, µ1),

g = 32∥ · ∥2F , and Q = IDM , the indicator function of the setDM, defined by

IDM (A) =


0, if A ∈ DM,

+∞, otherwise.

When Φ is convex, we set f = 0 and g = Φ hence L′ = 0, L = L′′.
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As Φ is L-smooth, by Lemma 5 in [89],

Φ(Bk) ≤ Φ(Ak) + tr
(
DΦ⊺[Ak](Bk − Ak)

)
+

L
2
∥Bk − Ak∥

2
F , (C.5)

and for any H ∈ Rd0×d1 , letting L′ denote the Lipschitz constant of OT(·),ε(µ0, µ1), the

same result yields

Φ(Ak) − ((1 − τk)Φ(Bk−1) + τkΦ(H))

= τk (Φ(Ak) − Φ(H)) + (1 − τk) (Φ(Ak) − Φ(Bk−1))

≤ τk

(
tr

(
DΦ⊺[Ak](Ak − H)

)
+

L′

2
∥H − Ak∥

2
F

)
+ (1 − τk)

(
tr

(
DΦ⊺[Ak](Ak − Bk−1)

)
+

L′

2
∥Bk−1 − Ak∥

2
F

)
= tr

(
DΦ⊺[Ak](Ak − τkH − (1 − τk)Bk−1)

)
+

L′τk

2
∥H − Ak∥

2
F +

L′(1 − τk)
2

∥Bk − Ak∥
2
F︸       ︷︷       ︸

τ2
k∥Bk−1−Ck−1∥

2
F

,

(C.6)

recalling the update Ak = τkCk−1 + (1 − τk)Bk−1.

Denote the subdifferential of IDM at A ∈ Rd0×d1 by

∂IDM (A)B
{
P ∈Rd0×d1 : IDM (X)−IDM (A) ≥ tr (P⊺(X− A)) , for every X ∈Rd0×d1

}
.

As Ck is optimal for the problem argminV∈Rd0×d1

{
1

2γk
∥V − (Ck−1 − γkGk) ∥2F + IDM (V)

}
,

there exists P ∈ ∂IDM (Ck) for which Gk + P + 1
γk

(Ck − Ck+1) = 0 (see Theorem 23.8,

Theorem 25.1, and p. 264 in [167]). Thus, for any U ∈ Rd0×d1 ,

tr ((Gk + P)⊺(Ck − U)) =
1
γk

tr ((Ck − Ck−1)⊺(U − Ck))

=
1

2γk

(
∥Ck−1 − U∥2F − ∥Ck − U∥2F − ∥Ck − Ck−1∥

2
F

)
,

where the final line follows from some simple algebra. As P ∈ ∂IDM (Ck), tr(P⊺(Ck −

U)) ≥ IDM (Ck) − IDM (U) = −IDM (U), whence

tr
(
G⊺k (Ck − U)

)
≤ IDM (U) +

1
2γk

(
∥Ck−1 − U∥2F − ∥Ck − U∥2F − ∥Ck − Ck−1∥

2
F

)
. (C.7)
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By the same steps applied to the other subproblem with Bk and Ak taking the place

of Ck and Ck−1 respectively,

tr
(
G⊺k (Bk − U)

)
≤ IDM (U) +

1
2βk

(
∥Ak − U∥2F − ∥Bk − U∥2F − ∥Bk − Ak∥

2
F

)
.

Setting U = τkCk + (1 − τk)Bk−1 ∈ DM (by convexity) in the previous display, bounding

−∥Bk −U∥2F above by 0, and recalling that Ak = τkCk−1 + (1− τk)Bk−1 such that Ak −U =

τk(Ck−1 − Ck),

tr
(
G⊺k (Bk − τkCk + (1 − τk)Bk−1)

)
≤

1
2βk

(
τ2

k∥Ck − Ck−1∥
2
F − ∥Bk − Ak∥

2
F

)
.

Combining with (C.7) upon scaling by τk,

tr
(
G⊺k (Bk−τkU+ (1−τk)Bk−1)

)
≤ τkIDM (U) +

1
2βk

(
τ2

k∥Ck − Ck−1∥
2
F − ∥Bk − Ak∥

2
F

)
,

+
τk

2γk

(
∥Ck−1 − U∥2F − ∥Ck − U∥2F − ∥Ck − Ck−1∥

2
F

)
,

by the choice of τk, βk, γk, we have that τ2
k
βk
−

τk
γk
≤ 0 such that

tr
(
G⊺k (Bk − τkU + (1 − τk)Bk−1)

)
≤ τkIDM (U) +

τk

2γk

(
∥Ck−1 − U∥2F − ∥Ck − U∥2F

)
−

1
2βk
∥Bk − Ak∥

2
F .

Combining the equation above with (C.5) and (C.6) and setting H = U ∈ DM (otherwise

the bound is vacuous),

Φ(Bk)−Φ(H)

≤ (1−τk) (Φ(Bk−1)−Φ(H))+ tr
(
DΦ⊺[Ak](Bk−τkH− (1−τk)Bk−1)

)
+

L′τk

2
∥H− Ak∥

2
F +

L′(1−τk)
2

τ2
k ∥Bk−1−Ck−1∥

2
F +

L
2
∥Bk− Ak∥

2
F

≤ (1−τk) (Φ(Bk−1) − Φ(H))+δ′+
τk

2γk

(
∥Ck−1−H∥2F −∥Ck−H∥2F

)
+

L′τk

2
∥H− Ak∥

2
F +

L′(1−τk)
2

τ2
k ∥Bk−1−Ck−1∥

2
F +

(
L
2
−

1
2βk

)
∥Bk− Ak∥

2
F ,

274



where the inequality follows from the δ-oracle which implies the bound (cf. (4.16))

sup
Y,Z∈DM

{∣∣∣tr (Gk − DΦ[Ak])⊺(Y − Z)
)∣∣∣} ≤ δ′,

observing that Bk, τkH + (1 − τk)Bk−1 ∈ DM by convexity (τk ∈ (0, 1]).

Applying Lemma 1 in [89] yields, for Ai =
2

i(i+1) ,

Φ(Bk) − Φ(H)
Ak

≤

k∑
i=1

A−1
i

(
δ′ +

τi

2γi

(
∥Ci−1 − H∥2F − ∥Ci − H∥2F

)
+

L′τi

2
∥H − Ai∥

2

+
L′(1 − τi)

2
τ2

i ∥Bi−1 − Ci−1∥
2
F +

(
L
2
−

1
2βi

)
∥Bi − Ai∥

2
)

≤
∥C0 − H∥2F

2γ1
+

k∑
i=1

A−1
i

(
δ′ +

L′τi

2
∥H − Ai∥

2

+
L′(1 − τi)

2
τ2

i ∥Bi−1 − Ci−1∥
2
F +

(
L
2
−

1
2βi

)
∥Bi − Ai∥

2
)
.

By convexity of ∥ · ∥2F ,

∥H − Ai∥
2
F + τi(1 − τi)∥Bi−1 − Ci−1∥

2
F

≤ 2
(
∥H∥2F + ∥Ai∥

2
F + τi(1 − τi)

(
∥Bi−1∥

2
F + ∥Ci−1∥

2
F

))
≤ 2

(
∥H∥2F + (1 − τi)∥Bi−1∥

2
F + τi∥Ci−1∥

2
F + τi(1 − τi)

(
∥Bi−1∥

2
F + ∥Ci−1∥

2
F

))
≤ 2

(
∥H∥2F + (1 + τi(1 − τi)) max

DM
∥ · ∥2F

)
≤ 2

(
∥H∥2F +

5
16

M2
)
,

observing that τi ∈ (0, 1] hence τi(1 − τi) ≤ 1
4 . Thus, for H = B⋆, a global minimizer of

Φ,

Φ(Bk) − Φ(B⋆)
Ak

+

k∑
i=1

1 − Lβi

2Aiβi
∥Bi − Ai∥

2
F ≤
∥C0 − B⋆∥2F

2γ1

+

k∑
i=1

A−1
i

(
δ′+L′τi

(
∥B⋆∥2F +

5
16

M2
))
.
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By construction,
∑k

i=1 A−1
i L′τi =

L′
Ak

, and Φ(Bk) − Φ(B⋆) ≥ 0. It follows that

k
min
i=1

∥∥∥β−1
i (Bi − Ai)

∥∥∥2

F

≤ 2

 k∑
i=1

βi (1 − Lβi)
Ai

−1 ∥C0 − B⋆∥2F

2γ1
+

k∑
i=1

A−1
i δ
′ +

L′

Ak

(
∥B⋆∥2F +

5
16

M2d2
0d2

1

))
.

As βi =
L
2 , γ1 =

1
4L , and Ai =

2
i(i+1) ,

∑k
i=1

βi(1−Lβi)
Ai
= 1

4L

∑k
i=1 A−1

i =
k(k+1)(k+2)

24L , so

k
min
i=1

∥∥∥β−1
i (Bi− Ai)

∥∥∥2

F
≤

96L2

k(k+1)(k+2)
∥C0−B⋆∥2F + 8Lδ′ +

24LL′

N

(
∥B⋆∥2F +

5M2

16

)
.

This proves the claimed result in the non-convex setting.

In the convex regime, recall from the prior discussion that we may set L′ = 0 in the

previous display, proving the claim.

C.4 Additional Results

C.4.1 Proof of Lemma 33

The proof of Lemma 33 follows from the following lemma coupled with the chain rule

for Fréchet differentiable maps.

Lemma 72. Let µi ∈ P(Rdi), for i = 0, 1, be compactly supported with spt(µi) = S i. Then,

the map f ∈ C(S 0 × S 1) 7→
(∫

e f (·,y)dµ1(y),
∫

e f (x,·)dµ0(x)
)
∈ C(S 0) × C(S 1) is smooth

with first derivative at f ∈ C(S 0 × S 1) given by

h ∈ C(S 0 × S 1) 7→
(∫

h(·, y)e f (·,y)dµ1(y),
∫

h(x, ·)e f (x,·)dµ0(x)
)
∈ C(S 0) × C(S 1).

Proof. First, we show that the map f ∈ C(S 0 × S 1) 7→ e f ∈ C(S 0 × S 1) is Fréchet
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differentiable with D(e(·))[ f ](h) = he f . Fix f ∈ C(S 0 × S 1) and consider

lim
h∈C(S 0×S 1)
∥h∥∞,S 0×S 1→0

∥∥∥e f+h − e f − he f
∥∥∥
∞,S 0×S 1

∥h∥∞,S 0×S 1

≤ ∥e f ∥∞,S 0×S 1 lim
h∈C(S 0×S 1)
∥h∥∞,S 0×S 1→0

∥∥∥eh − 1 − h
∥∥∥
∞,S 0×S 1

∥h∥∞,S 0×S 1

.

Fix arbitrary (x, y) ∈ S 0 × S 1. By a Taylor expansion,

eh(x,y) = 1 + h(x, y) +
1
2

eξ(x,y)h2(x, y),

where |ξ(x, y)| ∈ [0, |h(x, y)|] i.e. ∥ξ∥∞,S 0×S 1 ≤ ∥h∥∞,S 0×S 1 . That is,

lim
h∈C(S 0×S 1)
∥h∥∞,S 0×S 1→0

∥∥∥eh − 1 − h
∥∥∥
∞,S 0×S 1

∥h∥∞,S 0×S 1

≤ lim
h∈C(S 0×S 1)
∥h∥∞,S 0×S 1→0

1
2

e∥ξ∥∞,S 0×S 1 ∥h∥∞,S 0×S 1 = 0.

On the other hand, the derivative of f ∈ C(S 0 × S 1) 7→
∫

f (x, y)dµ1(y) ∈ C(S 0) at any

point is given by h ∈ C(S 0 × S 1) 7→
∫

h(x, y)dµ1(y) ∈ C(S 0). The claimed expression

for the first derivative then follows by the chain rule. The derivatives of this map can be

computed to arbitrary order inductively by the prior argument. □

Proof of Lemma 33. Observe that the map (A, φ0, φ1) ∈ Rd0×d1 × E 7→ φ0 ⊕ φ1 − cA ∈

C(S 0 × S 1) is smooth with first derivative at (A, φ0, φ1) ∈ Rd0×d1 × E given by

(B, h0, h1) ∈ Rd0×d1 × E 7→ h0 ⊕ h1 + 32x⊺By ∈ C(S 0 × S 1).

The result then follows from Lemma 72 by applying the chain rule. □

C.4.2 Compactness of L

Lemma 73 (Example 2 in [220]). Let ε > 0, µ0 ∈ P(Rd0), µ1 ∈ P(Rd1), and A ∈ Rd0×d1

be arbitrary and let (φA
0 , φ

A
1 ) be EOT potentials for OTA,ε(µ0, µ1). Then, the map L :

L2(µ0) × L2(µ1) 7→ L2(µ0) × L2(µ1) defined by

L( f0, f1) =
(∫

f1(y)e
φA

0 (x)+φA
1 (y)−cA(x,y)
ε dµ1(y),

∫
f0(x)e

φA
0 (x)+φA

1 (y)−cA(x,y)
ε dµ0(x)

)
,
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is compact.

Proof. For simplicity, we prove only that

L2 : f ∈ L2(µ0) 7→
∫

f (x)ξ(x, ·)dµ0(x) ∈ L2(µ1),

is a compact operator for ξ : (x, y) ∈ Rd0 × Rd1 7→ e
φA

0 (x)+φA
1 (y)−cA(x,y)
ε . For any y ∈ Rd1

and f ∈ L2(µ0), |L2( f )(y)|2 ≤ ∥ f ∥2L2(µ0)

∫
|ξ(·, y)|2dµ0, as ξ(·, y) is bounded on spt(µ0) this

operator is well-defined.

Let fn be a bounded sequence in L2(µ0). By the Eberlein-Šmulian theorem [220, p.

141], up to passing to a subsequence, fn converges weakly to f ∈ L2(µ0). For fixed

y ∈ Rd1 , ξ(·, y) ∈ L2(µ0), hence L2( fn)(y)→ L2( f )(y) and it follows from the dominated

convergence theorem that, for any g ∈ L2(µ1),
∫
L2( fn)gdµ1 →

∫
L2( f )gdµ1 such that

L2( fn)→ L2( f ) weakly in L2(µ1). Also, by dominated convergence,

∥L2( fn)∥2L2(µ1) =

∫
L2( fn)2dµ1 →

∫
L2( f )2dµ1 = ∥L2( f )∥2L2(µ1),

such that L2( fn)→ L2( f ) strongly in L2(µ1). As fn was an arbitrary bounded sequence

in L2(µ0) and L2( fn)→ L2( f ) strongly in L2(µ1) up to a subsequence, L2 is a compact

operator. □

C.5 The Inner Product Cost

In this section, we summarize how the previous theory adapts when the inner product

cost is used in place of the quadratic cost. Explicitly, the inner product EGW problem

between µ0 ∈ P(Rd0), µ1 ∈ P(Rd1) is given by

Fε(µ0, µ1) = inf
π∈Π(µ0,µ1)

∫
|⟨x, x′⟩ − ⟨y, y′⟩|2 dπ ⊗ π(x, y, x′, y′) + εDKL(π∥µ0 ⊗ µ1).
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Of note is that Fε is invariant to orthogonal transformations, but not to translations.

Following the arguments of [223], it is straightforward to show that

Fε(µ0, µ1) = F1(µ0, µ1) + F2
ε(µ0, µ1), (C.8)

where

F1(µ0, µ1) =
∫
|⟨x, x′⟩|2dµ0 ⊗ µ0(x, x′) +

∫
|⟨y, y′⟩|2dµ1 ⊗ µ1(y, y′),

F2
ε(µ0, µ1) = inf

π∈Π(µ0,µ1)
−2

∑
1≤i≤d0
1≤ j≤d1

(∫
xiy j dπ(x, y)

)2

+ εDKL(π∥µ0 ⊗ µ1),

= inf
A∈DM

8∥A∥2F + IOTA,ε(µ0, µ1),

whereDM = {A ∈ Rd0×d1 : ∥A∥F ≤ M/2} for any M ≥
√

M2(µ0)M2(µ1) and IOTA,ε(µ0, µ1)

is the EOT problem with cost function cA : (x, y) ∈ Rd0 ×Rd1 7→ −8x⊺Ay. We remark that,

in contrast to the quadratic case, µ0 and µ1 need not be centered for this decomposition

to hold. Given the similarities between the variational forms for the quadratic and inner

products, all of the results in the main text hold with only minor modifications to the

constants and replacing OTA,ε by IOTA,ε.

Corollary 10 (Stability of Inner Product EGW). Assume that µ0 ∈ P(Rd0), µ1 ∈ P(Rd1)

are compactly supported and define the map Ψ : A ∈ Rd0×d1 7→ 8∥A∥2F + IOTA,ε(µ0, µ1).

Then,

1. Ψ is smooth and coercive, and DΦ[A](B) = 16tr(A⊺B)− 8
∫

x⊺BydπA(x, y), where πA

is the unique EOT coupling for IOTA,ε(µ0, µ1). As such, all global minima of Ψ are

critical points, i.e. satisfy 1
2

∫
xy⊺dπA(x, y) = A ∈ DM.

2. Ψ is weakly convex with parameter at most 82ε−1
√

M4(µ0)M4(µ1) − 16 and, if ε/4 >√
M4(µ0)M4(µ1), it is strictly convex and admits a unique minimizer.

3. Ψ is L-smooth onDM with L ≤ 16 ∨
(
82ε−1

√
M4(µ0)M4(µ1) − 16

)
.
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4. A minimizes Ψ if and only if πA is optimal for Fε and satisfies A = 1
2

∫
xy⊺dπA(x, y).

Using this result, Algorithm 5 and Algorithm 6 can be used to minimize Ψ by

substituting D̃Φ by D̃Ψ and setting the step size according to the value of L provided in

the corollary.

We conclude this section with a numerical experiment. Namely, we empirically

validate Theorem 2 in [223]2, which states that if X0,1, . . . , X0,n and X1,1, . . . , X1,n are

independent and identically distributed samples from µ0 and µ1, respectively, and µ̂0,n B

1
n

∑n
i=1 δX0,i , µ̂1,n B

1
n

∑n
i=1 δX1,i are the corresponding empirical distributions, then

E
[
|Fε(µ0, µ1) − Fε(µ̂0,n, µ̂1,n)|

]
≤ Cd0,d1,σ,εn

−1/2,

where Cd0,d1,σ,ε is a constant which depends only on d0, d1, ε and σ, where σ is a shared

sub-Gaussian constant of µ0 and µ1 (i.e. the smallest constant for which Eµ0[e
∥X∥2/2σ2

] ∨

Eµ1[e
∥X∥2/2σ2

] ≤ 2) which is assumed to be finite.

To verify this result, we set µ0 = N(0, diag(0.1, 0.2, 0.3, 0.4)), the mean

zero normal distribution on R4 with covariance diag(0.1, 0.2, 0.3, 0.4), and µ1 =

N(0, diag(0.1, 0.2, 0.3, 0.4, 0.5)) defined similarly. To estimate Fε(µ̂0,n, µ̂1,n), we draw

n samples from µ0 and µ1, construct the empirical measures, and use Algorithm 5 to min-

imize the corresponding function Ψ. To guarantee that each such subproblem is strictly

convex (so that Algorithm 5 is guaranteed to converge to an approximate minimizer), we

set ε = 12 and numerically verify that this choice of ε satisfies the condition of point 2 in

Corollary 10. The value of the population level quantity, Fε(µ0, µ1), is computed to be

0.85 by applying Theorem 3.1 in [127] which, to our knowledge, is the only nontrivial

case where an explicit formula has been derived for the EGW distance. To estimate

E
[
|Fε(µ0, µ1) − Fε(µ̂0,n, µ̂1,n)|

]
for a fixed number of samples, we recompute Fε(µ̂0,n, µ̂1,n)

2Though the cited result holds for the quadratic cost, it can easily be adapted to the inner product cost.
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based on n new samples from µ0 and µ1, and repeat this procedure 2000 times to estimate

the average value. The results of this experiment are presented in Figure C.1.

101 102 103

n

10−2

10−1

E[
|F
ε(
µ

0
,µ

1
)
−

F
ε(
µ̂

0,
n
,µ̂

1,
n
)|]

O(n−1/2)

Figure C.1: We plot the expected gap between Fε(µ0, µ1) and its empirical analogue as
a function of the number of samples, n ∈ {10, 25, 50, 100, 250, 500, 1000, 2500, 5000},
based on 2000 repetitions on a log-log scale. It is seen that this quantity scales at the
theoretical rate of O(n−1/2).
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