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The promise of digital trace data for sociological research is still partly un-

fulfilled due to the complexities of trace data. Such data are behavioral

byproducts rather than collected to directly answer sociological questions.

In this dissertation, I address two fundamental challenges to working with

networked digital trace data: the opacity problem and the demographic

prediction problem. The opacity problem presents a fundamental and un-

recognized limitation to our ability to understand the dynamics of social

contagion using behavioral data. I examine the problems it creates and

demonstrate that careful statistical methodology can reduce error and pro-

vide meaningful insight into contagion dynamics. Then, I address the

well-known demographic prediction problem in the context of networks.

Network-correlated errors present a formidable challenge for our ability to

use any method with measurement error (such as predictions or recall of

alter group) to quantify intergroup contact. I formalize the problem and

present a solution, employing the methodology I develop to derive esti-

mates of interaction within and between groups on Twitter. These estimates

are compared to the General Social Survey, indicating that homophily by

race and gender are somewhat less than is present in offline discussion net-

works. Finally, I employ evolutionary game theory to examine conditions



under which homophily can facilitate or inhibit cooperation in pairwise

games.
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CHAPTER 1

INTRODUCTION

The rise of digital trace network data (139) provides rich insight into so-

cial and communication networks. The benefits of digital trace data have

frequently been heralded as providing a “telescope” (180) for the social sci-

ences. Studies of mass behavior (62; 81) have provided an unprecedented

picture of large-scale human social and economic behavior.

Networks are complex, however, and present researchers with funda-

mental challenges to understanding. These challenges arise both from the

complexity of networks, and the interplay of networks and behavioral trace

data. This dissertation studies two such fundamental problems at the inter-

section of sociology and online social networks.

First: how can we estimate individual sensitivity to peer behavior in net-

worked diffusion processes. While this question has long been addressed in

sociological research (44; 170), I discover that data generated by networked

diffusion processes poses previously unrecognized challenges for diffusion

studies. Substantively, this finding has implications for our ability to esti-

mate whether a contagion is complex—or whether contagion is present at

all. By extension, it has implications for our ability to understand broader

contagion dynamics, particularly in environments of heterogeneous agents

as is common in online social networks.

Second: I address the incorporation of demographics into studies of on-
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line social network data. Demographics are generally missing from digital

trace data, making much otherwise rich data unable to answer core soci-

ological questions about race, class, and gender. I develop an estimation

strategy using supervised machine learning to predict demographics in net-

works which addresses the difficulties of making prediction in networked

spaces. Importantly, this strategy makes it more likely that we obtain valid

estimates of network properties like intergroup contact.

Using this methodology, I then study homophily along race and gen-

der lines in two major metropolitan areas in the United States drawing on

data from Twitter, finding that homophily on Twitter is generally less pro-

nounced than in available data on offline social interaction. There is sub-

stantial nuance to this pattern, however, and these findings suggest further

investigation is necessary to understand changing patterns of social inter-

action in both online and offline spaces.

As a final note, I develop a game theoretic model of behavior within

given homophily arrangements which explores the potential causal impact

of homophily on resolving pairwise social dilemmas. This indicates that

homophily itself can be a factor in facilitating cooperation in coordination

games, and it can reduce the strength of ingroup bias needed to overcome

the Prisoner’s Dilemma.

It is my hope that findings here will be useful to both sociologists and

social scientists in other disciplines.
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CHAPTER 2

THE OPACITY PROBLEM: A HIDDEN LIMITATION FOR

CONTAGION RESEARCH

Many social phenomena can be modeled as cascades in networks, where

nodes adopt a behavior in response to peers adopting. When studying cas-

cades, researchers typically assume that the number of active peers when

a node adopts is equivalent to the node’s threshold for adoption. This

assumption is rarely justified due to the “opacity problem”: networked

cascades reveal intervals which contain thresholds, rather than point esti-

mates. Existing approaches take the maximum of each node’s threshold

interval, which biases models of social influence. Opacity is inevitable in

many small graphs when using the threshold model, resulting from the

networked process itself rather than data collection techniques. Using sim-

ulation, we extend this finding to the probabilistic SI (independent cascade)

model. We confirm these theoretical results by studying 50 large hashtag

cascades among 3.2 million Twitter users, finding that 20% of adoptions

suffer from opacity. Different assumptions in response to opacity quali-

tatively change conclusions about peer influence. While opacity is a far-

reaching problem, it can be addressed. Using information from nodes who

have tightly bounded intervals allows building models to reduce error in

estimating node thresholds.
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2.1 Introduction

Like epidemic diseases (110; 172; 32), social contagions are ubiquitous,

highly consequential, and widely studied (85; 164; 165; 34; 119; 169; 170;

40; 171). Unlike nearly all diseases, social contagions often require multi-

ple sources of infection, especially if adoption is costly, risky, motivated by

affect, or entails positive network externalities (34).

In this paper, we explore a challenge for studies of contagion: data gen-

erated by networked processes typically does not provide all of the informa-

tion needed to recover peer influence, even when cascades are tracked pre-

cisely. This occurs due to the “opacity problem”: cascades provide intervals

in which node thresholds lie, but often do not indicate the threshold itself.

Researchers typically infer the amount of social reinforcement required for

adoption by recording node exposure (number of active neighbors) when

the node activates. We refer to this practice as the exposure-at-activation

(EAA) rule, which is equivalent to taking the maximum of the threshold

interval for each node. This leads to an upward bias in estimates of peer

reinforcement needed for adoption at the node level, and can bias models

of peer effects.

The EAA rule can be found in diverse studies across disciplines, includ-

ing sociology (71; 170; 58), economics (56; 28; 12), medicine (40), and infor-

mation science (3; 150; 163; 83; 168; 25; 183). It is even implicitly present in

“snapshot” studies (8; 50) and in networks surveyed in waves such as Add
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Health (17).

Simulated cascades using both deterministic and probabilistic activation

rules indicate that the opacity problem creates substantial bias. An empiri-

cal study of hashtag cascades among 3.2 million users on Twitter confirms

this intuition: about 20% of hashtag first usages have uncertain adoption

thresholds. For 2 in 5 hashtags, different responses to the opacity problem

produce qualitatively different conclusions about whether peer reinforce-

ment promotes diffusion.

We provide several tools for addressing the opacity problem. First, a

simple condition can be applied to recover node threshold intervals. Nodes

with small threshold intervals can be used to estimate a threshold model,

which can then be applied to all nodes. In simulations, this process sub-

stantially reduces error in estimating thresholds. In addition, we expect

future research to develop novel ways to further reduce measurement error

introduced by opacity and the EAA rule.

While the opacity problem may seem complex, the core intuition is sim-

ple and is summarized in Figure 2.1: for some network-threshold configu-

rations, some nodes will always activate with exposure greater than thresh-

old. This occurs because all nodes cannot check the status of neighbors

all of the time. To use a familiar example: suppose a person “looks away”

from her phone while many friends adopt a behavior on a social media plat-

form. When she comes back, she sees that several friends have adopted and

she promptly adopts. Ascertaining which friend was pivotal is a complex
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counterfactual question which the data does not directly answer. A similar

analogy can be made about states adopting policies (176), college students

selecting majors (56), or any number of other behaviors.

The paper proceeds as follows: In Section 2, we introduce the threshold

model and show that for some specific network configurations, the opac-

ity problem is inevitable. An exhaustive survey of all small graphs with

all threshold assignments is conducted, which indicates that even in small

networks, the opacity problem creates substantial uncertainty. We propose

a condition for bounding node-level uncertainty which is the basis of many

of our subsequent results. In Section 3, we conduct a variety of simula-

tions using the threshold model from Section 2, finding that the application

of the EAA rule creates substantial upward bias in estimates of thresholds.

We also simulate the susceptible-infected (SI) (96) or independent cascade

model (ICM) (107), finding that the opacity problem arises in the probabilis-

tic case as well. We show that a modeling procedure using node threshold

intervals with low uncertainty can substantially reduce the upward bias of

the EAA rule. In Section 4 we turn to an empirical case: hashtag cascades on

Twitter. This analysis indicates that the opacity problem is present in a data-

rich case from social media. We conclude with a discussion of implications

and suggestion for future work.

To our knowledge, we are the first to highlight the full scope of this

problem, although aspects of it have been discussed in (170; 115; 150).
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2.2 Model

2.2.1 Model definition

We choose a threshold model similar to previous work (85; 179; 107) to il-

lustrate the opacity problem. We study the threshold model formally, and

show using simulation below that our results apply to probabilistic models

of contagion as well.

A graph G = (V, E) has nodes V and edges E. We assume that G is undi-

rected and connected. Nodes are indexed by i and j, with N(i) indicating

all nodes in the neighborhood of i. A diffusion process plays out on this

graph over times t ≥ 0. Nodes have activation statuses at each t indicated

by yi(t) ∈ {0, 1}, with yi(t) = 0 indicating inactive and yi(t) = 1 indicating

active. Once a node activates, it remains active for the rest of the diffusion

process. Edges may have weights wi j, although weights are set to 1 in re-

sults presented here to reduce the complexity of the model space1. Nodes

have integer-valued thresholds hi ≥ 0, indicating the minimum level of peer

reinforcement required for adoption2. A node adopts when it updates at

time t and exposure is greater than threshold, ki(t) =
∑

j∈N(i) wi jyt
j ≥ hi, where

j ranges over neighbors of i.

1Constructing a weighted example where opacity happens is straightforward. For ex-
ample, change one of the edge weights to 2 in Figure 2.1.

2Results do not change with fractional thresholds, as demonstrated in simulations be-
low.
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The update step proceeds as follows: at time t, an inactive node i is cho-

sen at random to update. This update process produces a well-defined

update ordering contained in vector u. The vector ui indicates all times

at which i updates. When i updates, i checks the status of all neighbors

j ∈ N(i), and if
∑

j∈N(i) y j ≥ hi, i activates immediately and yi(t) = 1. While

random updating and instantaneous activation are not realistic modeling

choices, results are not sensitive to these simplifications3.

In an important distinction from past work, whether or not i activates

at t, i’s exposure ki(t) is recorded. Recording i’s exposure when i does not

update is crucial to addressing the opacity problem. Throughout the paper,

we will refer to exposure-at-activation (EAA) and the “EAA rule”, which

we define here.

Definition 1. Assume node i first activates at time t. Then i’s exposure-at-

activation (EAA) is ki(t).

Definition 2. The exposure-at-activation (EAA) rule estimates threshold hi by

the exposure-at-activation. If i first activates at time t, the EAA is ki(t) and the

EAA rule assumes hi = ki(t).

The use of the EAA rule is straightforward when adoptions are times-

tamped. However, many studies of diffusion use networks surveyed in

3Figure 2.1 shows a case which demonstrates this: the opacity problem occurs regard-
less of the order in which nodes update, meaning that random updating is not a critical
assumption. Giving nodes an activation delay after updating would not substantively
change results, since j or k would have to activate first, leading to the other node being
measured with error.
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waves, such as Add Health (e.g. (17)) or network snapshots (8). The activa-

tion decision is only observed after a (potentially unknown) delay. In this

case, the time a survey is administered is functionally the “adoption time”,

since it is the first time a node is observed as active. If “survey time” or

“collection time” is substituted for “activation time”, our results fully apply

to network snapshots as well.

2.2.2 Model remarks

We have chosen a simple threshold model which abstracts away many as-

pects of reality. While past work has made similar simplifying assumptions

(85; 107; 108; 34; 179), this paper fundamentally concerns empirical data.

We use a model to motivate a claim about the empirical study of social con-

tagion.

Because of this, it is crucial that results presented here are not artifacts

of particular modeling assumptions. We have attempted to examine our

results under as many assumptions as possible. Cases we have considered

are: integer and fractional thresholds, weighted networks, non-random up-

date orderings, various distributions of thresholds (normal, uniform, expo-

nential), allowing nodes to update simultaneously, probabilistic activation

models (independent probabilities), allowing nodes to have activation de-

lays, allowing nodes to have transmission delays, and allowing nodes to

notify neighbors of activation. In each of these cases, the opacity problem
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remains a problem, and can be demonstrated with simple examples akin to

Figure 2.1.

On the other hand, the threshold model considered here has a surprising

amount of flexibility. It makes few assumptions about G or the distributions

of hi and u. This is by design: the opacity problem occurs in small graphs

that are very likely to occur for a wide range of specific assumptions.

While we consider several extensions to this model, four assumptions

are fixed throughout. The most important of these is the static nature of the

graph G. In reality, edges are created and decay in networks all the time

(111). While a dynamic graph does not eliminate the opacity problem, it

may reduce its impact by sparsifying the graph. A second simplification

is the assumption that diffusion is entirely endogenous: once the threshold

is known, no other node-level information is relevant for the unfolding of

the diffusion process. In practice, changing circumstances may dynamically

alter node thresholds, creating additional challenges for estimating peer ef-

fects. Third, we assume throughout that peer influence is driving adoption,

rather than a process orthogonal to the social network. Fourth, we assume

that people are aware of the activation statuses of their neighbors and do

not suffer from limited attention (182).
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2.2.3 The opacity problem in the threshold model

The opacity problem is inevitable in certain network configurations using

the threshold model defined above. Consider the simple network in Fig-

ure 2.1, which is a triad among nodes i, j, k. Node i is an innovator with

threshold 0, while nodes j and k have threshold 1. Any update ordering

for this graph will produce an over-estimate of at least one node’s thresh-

old. Since node i must adopt first, there are only two possible orderings

in which nodes can activate: (i, j, k) or (i, k, j). In the former case, k adopts

with 2 active neighbors despite having threshold 1, while in the latter case

j adopts with 2 active neighbors despite having threshold 1. Applying the

exposure-at-activation (EAA) rule would produce an over-estimate of the

node threshold in these cases.

In practice, how can we determine if node thresholds are measured pre-

cisely or not? For instance, in Figure 2.1-A, node j could activate with 1

active neighbor but have a true threshold of zero. We need to place a lower

bound on the threshold in addition to an upper bound. Recording exposure

ki(t) when nodes remain inactive allows us to do this.

Consider the diffusion process in Figure 2.2, which replicates the graph

and threshold assignment of Figure 2.1 but changes the update ordering

to u = ( j, k, i, j, k). This update ordering does not affect the order in which

nodes activate (which remains (i, j, k)), but provides lower bounds on the

thresholds of nodes j and k. The lower bound on node i arises by assum-
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ing there are no negative thresholds4. Note that node j has an interval of

[0, 1], indicating that 0 active neighbors were insufficient to trigger adop-

tion, while 1 active neighbor was sufficient. j’s threshold is therefore known

with certainty to be 1 (recall we assume integer thresholds). For node k, 0

neighbors was insufficient while 2 neighbors were sufficient, indicating un-

certainty about whether k’s threshold is 1 or 2. Therefore, j’s threshold is

measured precisely while k’s threshold suffers from opacity.

This suggests a formal precise measurement condition. Consider a node

i which updates at t and some later t′. Assume i is inactive at t (yi(t) = 0) and

active at t′ (yi(t′) = 1), giving threshold interval [ki(t), ki(t′)].

Condition 1. The threshold for i is precisely measured if i is inactive at t (yi(t) =

0), active at t′ (yi(t′) = 1), and the width of the interval [ki(t), k(t′)] = 1.

In other words, if exposure changed by exactly one and this triggered

i’s adoption, then we know the last neighbor to activate provided the “final

push” for adoption.

Condition 1 has two edge cases. First, innovators who adopt with 0

active neighbors are measured precisely only by assumption. These nodes

technically have no lower bound on their threshold intervals. Second, some

nodes may have no lower bound, for instance a node who first updates and

activates at exposure 2. Condition 1 categorizes these nodes as imprecisely

measured.
4The appropriateness of this assumption has to be investigated in each individual case.

Negative thresholds may indicate “super-eager” nodes.
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In Figure 2.3 we apply Condition 1 to all small graphs of orders 2 to

4, with all threshold assignments that support diffusion. These graph-

threshold combinations are the building blocks of large cascades. Figure

2.3 indicates that for 75% of these graph-threshold combinations, at least

one node always has an interval which is not precisely measured according

to Condition 1. This plot also shows the proportion of precisely measured

nodes given nodes update randomly, indicating that measurement is diffi-

cult in many small graphs.

2.3 Simulation evidence

Simulating the threshold model in the previous section provides a method

to examine the severity of the opacity problem under different assumptions

(121). In this case, thresholds are known with certainty which allows exact

quantification of error.

We use simulation to perform two analyses. First, the impact of opacity

on observational threshold distributions is assessed. Then, we demonstrate

that combining Condition 1 with a predictive model such as linear regres-

sion can reduce the error in estimated thresholds.

Graphs are generated either with a power law with clustering (PLC) al-

gorithm (101) with clustering parameter 0.1, or with a Barabàsi-Albert (BA)

procedure (13). All graphs have 1000 nodes, and have degrees ranging be-
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tween 12 and 20. Each parameter set is replicated 1000 times to minimize

sampling variance5.

The threshold model developed above is simulated in the following way.

At each time step t′, choose an inactive i. Node i checks its exposure ki(t′),

and we record this exposure regardless of whether i activates. If ki(t′) ≥ hi,

yi(t′) is set to 1. If i activates, its exposure at t′ is differenced from its exposure

at i’s previous update at t, ki(t′) − ki(t). We apply Condition 1, and call i

“precisely measured” if ki(t′) − ki(t) = 1. By assumption, nodes that activate

with 0 active neighbors are precisely measured.

In addition to the threshold model, we also simulate the susceptible-

infected (SI), or independent cascade model (ICM) (96; 107; 140). We pro-

vide the simulation algorithms in the Appendix. Since the SI model is prob-

abilistic, this analysis provides a robustness check against the deterministic

nature of the threshold model. In the SI model, each active node provides

an independent chance for its neighbors to adopt. We set this transmission

probability to p = 0.2. Two types of contagion mechanics are simulated for

the SI model. First “pull” dynamics: when a node is selected to update,

it checks how many newly active neighbors it has, flips that many coins

with P(heads) = p, and activates if at least one comes up heads. Second,

“push” dynamics: an active node is selected at random, and a single coin

with P(heads) = p is flipped for each of its neighbors. Any neighbors that

flip a heads are activated immediately. Each active node may only “push”

5We also examined Watts-Strogatz graphs but omit them for brevity since they did not
meaningfully change the results.
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the contagion once.

For the SI model, the true “threshold” or “critical value” for any node

is unknown in advance. The simulation process reveals, for each node, a

series of coin flips. We record the first such coin flip that comes up heads as

the “critical value” or “threshold” for the node.

2.3.1 Effect of opacity on threshold distributions

The distribution of active neighbors recovered using the EAA rule system-

atically differs from the true threshold distribution. Figure 2.5 shows the

divergence using the Barabàsi-Albert graph with mean degree 12. Distri-

butional divergence is the case for integer thresholds, fractional thresholds,

and the SI model. The case in Figure 2.5-D is surprising: all nodes have

a fractional threshold of 0.2, yet the distribution recovered using the EAA

rule is roughly uniform. In this case, the EAA rule records about 10% of

nodes as having “threshold” 1.0.

The EAA rule performs best in Figure 2.5-B, where the threshold dis-

tribution is normal. In this case, the EAA rule still produces a long tail of

“high threshold” nodes, which gives the impression that a heroic level of

peer reinforcement is required for some nodes to adopt.

These results indicate that opacity presents substantial challenges for es-

timating threshold distributions. Regression-based approaches relying on a
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biased distribution can have an influence coefficient biased in either direc-

tion. When the EAA rule moves observations from zero to nonzero thresh-

olds, the strength of influence can be overestimated. On the other hand,

when the EAA rule moves low threshold nodes to higher values, the effect

of peer influence can be under-estimated. The particular bias is based on

the relative strength of these two forces.

2.3.2 Reducing measurement error with predictive models

Bias in thresholds can be meaningfully reduced using predictive models.

The strategy is straightforward: apply Condition 1 to all nodes, determine

which nodes are measured precisely, and estimate a model on these nodes

only. We use Ordinary Least Squares (OLS) regression, although in princi-

ple any machine learning regressor can be used. Then, we predict thresh-

olds for nodes with measurement error. As shown in Figure 2.4 Results in-

dicate this approach reduces root mean squared error (RMSE) dramatically,

from 3.1 to 8.1 times baseline to 1.15 to 1.35 times baseline.

We use a power law with clustering graph and threshold function hi =

5+3xi+εi, where xi, εi ∼ N(0, 1). Thresholds below 0 are set to 0. Cascade dy-

namics are simulated as described above. The covariate xi represents some

feature of i (e.g. age, wealth) that provides information about how much

social reinforcement i needs before activation.

Treating thresholds as a function of node-level attributes (170) allows
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Mean degree Nodes Activations Precisely measured
12 1000 720.7 113.4
16 1000 924.1 43.0
20 1000 983.1 13.0

Table 2.1: Descriptive statistics on simulations, averaged over 1000 runs.
The average number of activated nodes increases as degree in-
creases. However, it becomes more difficult to precisely measure
nodes in higher mean degree graphs.

estimating a threshold model

hi = α + βxi + εi (2.1)

This model can be estimated using only the precisely measured set of

nodes to reduce bias in thresholds. Results of this procedure compared to

the EAA rule are displayed in Figure 2.4. We note that this model predicts

thresholds based on node attributes, rather than on endogenous network

characteristics.

The error variance represents the inherent unpredictability in thresholds

and provides a natural baseline error for comparing error-reduction meth-

ods. An ordinary least squares (OLS) model estimated on the true data will

have a root-mean-square error (RMSE) equal to the error variance, which

here is set to 1.
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2.4 Hashtag cascades

Studying hashtag cascades on Twitter, we find that the opacity problem can

qualitatively change conclusions about the effects of peer reinforcement on

adoption. Twitter provides an ideal setting for this analysis: tweets (and

therefore adoption events) are timestamped and the contagion (a hashtag)

can be clearly tracked. For about 2 in 5 hashtags, different responses to

opacity yield opposite conclusions about the effectiveness of social rein-

forcement. At the adoption level, about 1 in 5 hashtag adoptions show

uncertainty about the amount of peer reinforcement required for adoption.

We tracked cascades for 50 hashtags (see Appendix for list and selection

procedure) with between 40,000 and 360,000 unique adopters and 41,000 to

1.3 million total usages per tag. Retweets were filtered out. A total of 3.2

million users (“active users”) tweeted using one or more of these hashtags.

These active users are connected by 45 million bidirected @mention links,

which is a common measure of ties on Twitter (150). An additional 105

million bidirected @mention edges connect active users to users who were

exposed but never adopted (“inactive users”). These data contain a total of

7 billion tweets.

We choose to construct the network from bidirected @mentions because

they represent a relatively strong connection that can facilitate diffusion.

This type of link is sparser than other types of edges on Twitter, such as

follows. Combined with our findings above about the positive correlation
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between network density and severity of the opacity problem, using the

sparser bidirected @mention graph can be considered a conservative test of

the impact of opacity.

We examine the effect of peer reinforcement with p(k) curves (50; 150;

114), which plot the probability of first activation with exposure k, given

ever being k-exposed. Work using this methodology has found that higher

exposure levels substantially increase the probability of hashtag adoption,

particularly for controversial issues like politics (50; 150). More recent work

has found that hashtags spread more like simple contagion where nodes are

immunized after the first exposure (114). Since complex contagions have

different cascade dynamics than simple contagions (33; 14), understanding

the effects of reinforcement is consequential for predictions and interven-

tions in online networks.

2.4.1 Constructing threshold intervals

To construct threshold intervals, we assume updates correspond with tweet

times. While this is not a perfect assumption, a user is engaged with the

Twitter platform when tweeting, and likely checks tweets in the seconds

before or after sending a tweet. Let ui be the times i tweeted in increasing

order. For hashtag g, let tg
i ∈ ui be i’s first usage of g, and tg−1

i ∈ ui be the

tweet immediately prior to i’s first usage of g.

We construct descending time intervals (tg−1
i , tg

i ], (tg−2
i , tg−1

i ], etc., which
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give the periods of time between i’s updates. Iterating through these in-

tervals, we find the most recent interval for which one or more neighbor

adopted g, and count the total number T ∗ of neighbor adoptions in that in-

terval. If T ∗ = 1, then Condition 1 is satisfied, since i’s exposure changed

by exactly one and then i adopted. Otherwise if T ∗ > 1, i’s threshold is

uncertain within an interval of size greater than 1. For instance if 2 neigh-

bors activated in (tg−1
i , tg

i ] and 4 total neighbors activated before tg−1
i , then

i’s threshold interval is [4, 6]. This interval is considered “imprecisely mea-

sured” since it has size greater than 1.

2.4.2 Empirical measurement rates

Measurement uncertainty affects 21% of activations, although there is sub-

stantial variation both by hashtag and exposure level. We exclude innova-

tors (0 active neighbors at activation) from this analysis both to focus on the

effects of opacity on estimates of peer reinforcement. Nodes which adopt

with higher exposure are more likely to suffer from measurement uncer-

tainty 2.2. Among nodes that activate with exposure 1, 91% are measured

precisely. Among nodes that activate with exposure 2, only 66% are pre-

cisely measured. For each hashtag, we compute the clustering coefficient

(178) among the induced subgraph of adopters, and display measurement

rates for the top and bottom quartile of hashtags.
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All Low clustering High clustering
Exposure Proportion precisely measured

1 0.91 0.90 0.97
2 0.66 0.74 0.46
3 0.64 0.70 0.43
4 0.63 0.68 0.41
5 0.63 0.66 0.42

N hashtags 50 13 13
N adoptions 1,625,759 548,420 262,890

Table 2.2: Descriptive statistics for Twitter hashtag cascades. There are 1.6
million adoption events where exposure is between 1 and 5 at
the time of adoption. Precise measurement rates are higher for
adoptions with exposure 1 than higher exposure levels. Splitting
hashtags into quartiles of clustering coefficient among adopters,
low and high clustering tags display substantially different pre-
cise measurement rates.

2.4.3 Social reinforcement and p(k) curves

We construct two p(k) curves for each hashtag based on the threshold inter-

vals for each node. The “upper” p(k) curve, notated pU(k), takes the maxi-

mum of each threshold interval for each activation. This is equivalent to ap-

plying the EAA rule found in much work on social contagion. The “lower”

p(k) curve, notated pL(k), takes the minimum of each threshold interval for

each activation. In other words, it assumes that the EAA rule is maximally

wrong. While taking the minimum of each threshold interval may seem

like an unrealistic assumption, it has two advantages: 1) the lower curve

does not have the long right tail present when using the EAA rule (as seen

in Figure 2.5); 2) assuming the EAA rule is maximally wrong allows us to

bound the true value in an interval, assuming that peer influence was the
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actual reason for adoption.

This analysis is presented in Figure 2.6. We find that nearly all hashtags

had initially increasing upper curves, pU(2) > pU(1), corresponding to so-

cial reinforcement facilitating adoption and qualitatively agreeing with past

work (50; 150). When turning to lower curves, we noticed via visual inspec-

tion that many hashtags had the opposite pattern, pL(2) < pL(1), where the

probability of adoption drops after the first exposure. This pattern indicates

that contagion spreads more like an independent cascade, with exposure

leading to immunization (as proposed in (114)). We find that for 19 out of 50

hashtags (full list in Appendix), the upper curve displays the usual pattern

of increasing adoption probability in k, while the lower curve displays the

decreasing pattern. For the remaining 31 hashtags, both upper and lower

curves indicate adoption probability increasing in k, with a smaller increase

for the lower curve.

We examine three characteristics of cascades which could be correlated

with discrepancies between the upper and lower curves: 1) the total num-

ber of hashtag adopters; 2) the clustering coefficient among the induced

subgraph of adopters; 3) the temporal burstiness of the cascade, measured

by the Gini coefficient of the number of adoptions across days between the

first and last usages of a particular hashtag. Of these three factors, clustering

coefficient and burstiness have correlations with a decreasing lower curve

(Pearson correlation for clustering coefficient: 0.26, p = 0.063, for Gini coef-

ficient: 0.34, p = 0.017). Hashtags with high clustering coefficients tend to
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have particularly pronounced differences between upper and lower curves,

as seen in Figure 2.6-B.

Taken together, these results indicate that the opacity problem creates

more uncertainty about cascade dynamics when adopters are clustered in

dense networks and cascades happen in short time spans. This paradoxi-

cally makes it difficult to determine the effects of social reinforcement when

adopters have high clustering, even though contagion which requires social

reinforcement is most likely to spread in clustered networks (34).

2.5 Implications and future work

The opacity problem and the application of the EAA rule present several

challenges for the study of contagion and social influence. These can be

summarized into the following categories: 1) estimating individual thresh-

olds and the distribution of thresholds; 2) assessing impacts on empirical

models of contagion; 3) using data to better assess uncertainty.

The first challenge we have substantially addressed in this paper. Future

work can build on this by assessing the information contained in low-error

observations. We have only considered observations measured precisely,

but an observation with a threshold interval of size 2 is much more certain

than one with size 20. Bayesian and machine learning techniques may prove

useful in this direction. For instance, formulating the labeling problem as a
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semi-supervised task could lead to lower error threshold predictions than

the method we have proposed. In addition, the predictive value of various

signals remains to be assessed empirically. For instance, in the Twitter case,

using text embeddings (130) representing cultural taste and graph embed-

dings (86) indicating attention may prove useful for predicting thresholds.

The second category poses a series of issues that we have not touched

upon in this paper: the specific implications of using exposure as an inde-

pendent variable in a model estimating peer effects on adoption. A simple

version of this model can be written yi(t) = βki(t)+ εi. In this case, the opacity

problem plus EAA rule presents a difficult errors-in-variables problem: ki(t)

is measured with error conditional on yi(t) = 1, with non-negative error for

all nodes i. Depending on the specific form measurement error takes, β̂ may

be over- or under-estimated. Future work can assess the impacts of opacity

in a variety of empirical cases.

The third challenge takes two forms. When data about adoption times is

relatively granular (as in the case of social media), methodology proposed

here can be applied to assess the impacts of opacity. This is straightforward,

and doing so will provide insight both about the substantive social process

and the difficulty of measuring various diffusion processes. When data is

not granular, as in the case of surveys which may be administered yearly,

care needs to be taken to assess opacity. To address the problem, a yearly

survey may consider asking about the adoption of a behavior and about the

specific time that behavior was adopted, allowing a partial reconstruction
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of the adoption ordering among network neighbors. This could reduce the

severity of the opacity problem and lead to better inferences about social

influence.

We are aware of one case where the opacity problem can be avoided en-

tirely: ego-network randomization(10; 4). In this experimental design, the

researcher can control the number of active neighbors displayed, leading to

valid estimates of adoption probabilities at various exposure levels.

Recognizing and addressing the opacity problem has the potential to

yield more precise answers to important questions. For instance, models

of node critical values can be used to better study complex contagion (34)

empirically. Results from such an analysis can then be applied to problems

such as influence maximization (107; 108) and the cascade prediction prob-

lem (38).

2.6 Figures
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Figure 2.1: A triad between nodes (i, j, k) with thresholds (0, 1, 1) over three
time periods. A) and B) display the only possible activation
orderings: (i, j, k) or (i, k, j), respectively. Node thresholds are
displayed on the node, while the exposure at activation (EAA)
is displayed below the node. Blue indicates a node activates
with EAA equal to threshold, while red indicates that EAA is
greater than threshold. Since these are the only two possible
activation orderings, either j or k will always have EAA greater
than threshold, leading to measurement error.
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Figure 2.2: A triad between nodes (i, j, k) with thresholds (0, 1, 1) over five
time periods. Nodes update in order ( j, k, i, j, k). This order-
ing allows placing bounds on thresholds for each node, indi-
cated by the intervals below each node (where “-” indicates
no measurement). Gray indicates a node updates but does
not activate, blue indicates a node activates with exposure-at-
activation (EAA) equal to threshold, while red indicates a node
activates with EAA greater than threshold. When nodes j and k
update at t = 1, 2, respectively, their exposure is recorded even
though neither activates. This allows placing a lower bound on
their thresholds. As the process plays out, k activates with EAA
greater than threshold. The lower bound of 0 from k’s update
at t = 2 means k has a threshold interval of [0, 2].
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sion. Each point represents a unique threshold assignment for
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of nodes whose thresholds are uncertain when applying Con-
dition 1. For 86/115 (75%) of graph-threshold combinations,
the EAA rule always produces at least one uncertain node (red
dots). Since these small graph-threshold combinations are the
beginnings of large cascades, we should expect measurement
error when studying social contagion observationally.
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Figure 2.5: True thresholds (blue) compared to measurements using the
exposure-at-activation (EAA) rule (red) for a variety of conta-
gion processes. A) and B) show the threshold model with in-
teger thresholds drawn from an exp(β = 3) and N(5, 1), respec-
tively. C) and D) use fractional thresholds (note the different
x-axis scale) with 5% seed nodes. C) uses an exp(β = 3) nor-
malized to the [0, 1] interval, while D) sets all non-seed nodes
to have threshold 0.2. E) and F) use a susceptible-infected
(SI) model, also called the independent cascade model (ICM),
where each node has an independent chance p = 0.2 to activate
peers. In this case, the “threshold” is the first coin flip to come
up heads. In E), when a node activates it “pushes” contagion
to its neighbors by causing them to activate with probability
p in a random order. In F), when nodes update they check all
neighbor statuses and flip a probability p coin for each newly
activated neighbor.
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Figure 2.6: Different responses to the opacity problem support different
conclusions of the importance of peer reinforcement for adop-
tion. This can be seen with p(k) curves, which plot the probabil-
ity of first activation at k-exposure given ever being k-exposed.
Solid lines indicate using the exposure-at-activation (EAA) rule
(the maximum of threshold intervals). Dashed lines indicate
using the minimum of threshold intervals. The shaded region
is the discrepancy between the two methods. A) shows that
for 19/50 hashtags (blue), the upper and lower curves lead to
different conclusions about the importance of reinforcement:
use of the EAA rule supports a complex contagion hypothesis,
while taking the minimum of threshold intervals supports an
independent contagion hypothesis. B) shows that this pattern
can be replicated by taking hashtags with high and low cluster-
ing in the bidirected @mention graph among adopters, indicat-
ing that the dynamics of hashtags in highly clustered networks
are particularly uncertain.
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2.7 Appendix

2.7.1 Simulation details

We simulate cascades using the NetworkX package in Python 3 (87). All

code is available at https://github.com/georgeberry/thresholds. Statistical

analyses are done using Scikit Learn (141) in Python 3, and in R.

We use 4 different graph generation routines at various points: Barabàsi-

Albert (13), power-law with clustering (101), Watts-Strogatz (181), and an

“atlas” of all small graphs (146). All four are built-in to the NetworkX pack-

age.

Threshold model

The algorithm for simulating diffusion is as follows.

At each time step t′,

1. An inactive node i is chosen at random

2. Node i checks how many active neighbors it has, ki(t′)

3. The exposure at t′ is recorded

4. If ki(t′) ≥ hi, set yi(t′) = 1

5. If i activates at t′

32



(a) Apply Condition 1 by differencing the exposure between t′ and

i’s previous update at t, ki(t′) − ki(t)

(b) If i did not update at any previous t, we set node i to “imprecisely

measured” unless node i activated with exposure 0, in which case

we set it to “precisely measured”

(c) If ki(t′) − ki(t) = 1, set node i to “precisely measured”, otherwise

“imprecisely measured”

End iteration when A) all nodes have activated; B) each inactive node

has been checked consecutively without activating.

2.7.2 SI/ICM “pull” model

This model is similar to the threshold model, except activations are decided

by coin flips instead of deterministically.

At each time step t′,

1. An inactive node i is chosen at random

2. Node i checks how many active neighbors it has, ki(t′)

3. i checks the difference between its exposure at last update t and

present, di = ki(t′) − ki(t)

4. i flips di coins, each of which has probability P(heads) = 0.2
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5. If the jth coin comes up heads, activate i and set i’s “threshold” to

ki(t)+ j (previous exposure plus coins flipped at t′ before getting heads)

6. If i activates at t′

(a) Apply Condition 1 by differencing the exposure between t′ and

i’s previous update at t, ki(t′) − ki(t)

(b) If i did not update at any previous t, we set node i to “imprecisely

measured” unless node i activated with exposure 0, in which case

we set it to “precisely measured”

(c) If ki(t′) − ki(t) = 1, set node i to “precisely measured”, otherwise

“imprecisely measured”

End iteration when A) all nodes have activated; B) each inactive node

has been checked consecutively without activating.

2.7.3 SI/ICM “push” model

In this model active nodes are selected to update, and they get a single

chance to activate each one of their neighbors.

Initialize an empty array of active nodes that have updated, a.

At each time step t′,

1. An active node i not in a is chosen at random and appended to a
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2. The neighbors of i are randomized, shuffle(N(i))

3. For each j in shuffle(N(i))

(a) Node j’s exposure k j(t′) is recorded

(b) Node j flips a coin with P(heads) = 0.2 and activates if it comes

up heads

(c) If j activates at t′

i. Apply Condition 1 by differencing the exposure between t′

and j’s previous update at t, k j(t′) − k j(t)

ii. If i did not update at any previous t, we set node j to “impre-

cisely measured” unless node j activated with exposure 0, in

which case we set it to “precisely measured”

iii. If k j(t′) − k j(t) = 1 , set node j to “precisely measured”, other-

wise “imprecisely measured”

End iteration when A) all nodes have activated; B) all active nodes are

in a.

2.7.4 Small graphs

NetworkX provides a full enumeration of all small graphs (“graph atlas”).

We take all such graphs with between two and four nodes. Then, we filter

out graphs which have more than one component, giving a set of all con-
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nected graphs with between two and four vertices. Call this set of graphs

G.

For each g ∈ G, we generate all possible critical value assignments given

that the critical value is less than or equal to node degree. For node i in

graph G with degree di, i has the critical value set Hi = {hi : hi ≤ di}. Taking

the product of Hi for all i ∈ g gives the set of critical value assignments for

the graph H(g).

For each critical value assignment, we simulate cascades by updating

nodes randomly and activating nodes immediately if exposure is greater

than critical value, ki ≥ hi. We filter out graphs where at least one node never

activates, which occurs when each inactive node has updated yet none acti-

vates.

For these set of “admitted” graphs G∗ where all nodes eventually acti-

vate, we simulate 100 cascades per graph. For each simulated cascade, we

record exposure at each node update. This allows applying the exposure-at-

activation (EAA) rule to determine if nodes are precisely measured or not.

If node i updates at t and some later t′, and kt
i + 1 = kt′

i , then the node is

precisely measured. If there is no lower bound (e.g. no update before acti-

vation) and the exposure at activation is greater than zero, we call the node

imprecisely measured. Innovators which adopt with 0 active neighbors are

considered precisely measured here. As we discuss in the main text, this

assumption about innovators may not be appropriate in all cases.
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2.8 Twitter analysis

The Twitter data used for this analysis was collected for another project

via the Twitter REST API between November 2013 and October 2014. This

was supported by an NSF grant (SES 1226483). Tweets were localized to a

country using the method described in (48). Users in Anglophone countries

(US, UK, CA, AU, NZ, SG) were extracted and retweets were filtered out.

We selected users who had used one or more of 50 hashtags with moderate-

to-high usage. We analyzed the entire timeline of these users which was

collected during the data collection process.

2.8.1 Hashtag selection

Hashtags were selected in the following way. The first occurrence of the

hashtag in the data was between 2012 and 2014. Two authors (G.B. and

C.C) manually examined the top 1000 hashtags by usage, and indepen-

dently nominated tags which they believed were related to 1) specific of-

fline events, such as #riprobinwilliams; 2) social media phenomena, such

as #windows8. The nominated tags were pooled and the authors discussed

disagreements.

The list of lowercased tags which are classified as “reinforcement sup-

ported” in Figure 2.6 is: benghazi, bringbackourgirls, cantbreathe, draw-

something, election2012, euro2012, firstvine, gop2012, harlemshake, ios6,
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jodiarias, justicefortrayvon, linsanity, marriageequality, miley, nfldraft2014,

nobama, obama2012, romney, romney2012, romneyryan2012, samelove,

snowden, springbreak2014, teamobama, trayvon, trayvonmartin, vo-

teobama, whatdoesthefoxsay, windows8, zimmerman

The list of lowercased tags which are classified as “reinforce-

ment uncertain” in Figure 2.6 is: betawards2014, debate2012, fergu-

son, goodbyebreakingbad, governmentshutdown, hurricanesandy, in-

aug2013, ivoted, kony2012, mentionsomebodyyourethankfulfor, newtown,

olympics2014, prayersforboston, prayfornewtown, replaceashowtitlewith-

twerk, rippaulwalker, riprobinwilliams, sharknado2, worldcupfinal
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CHAPTER 3

GRAPH WALKING AND POST-HOC CORRECTIONS FOR

ESTIMATING GROUP PROPERTIES IN NETWORKS

We consider the problem of obtaining unbiased estimates of group prop-

erties in social networks when using a classifier for node labels. Inference

for this problem is complicated by two factors: the network is not known

and must be crawled, and even high-performance classifiers provide biased

estimates of group proportions. We propose and evaluate AdjustedWalk

for addressing this problem. This is a three step procedure which entails: 1)

walking the graph starting from an arbitrary node; 2) learning a classifier

on the nodes in the walk; and 3) applying a post-hoc adjustment to classi-

fication labels. The walk step provides the information necessary to make

inferences over the nodes and edges, while the adjustment step corrects for

classifier bias in estimating group proportions. This process provides de-

biased estimates at the cost of additional variance. We evaluate Adjusted-

Walk on four tasks: the proportion of nodes belonging to a minority group,

the proportion of the minority group among high degree nodes, the propor-

tion of within-group edges, and Coleman’s homophily index. Simulated

and empirical graphs show that this procedure performs well compared to

optimal baselines in a variety of circumstances, while indicating that vari-

ance increases can be large for low-recall classifiers.

39



3.1 Introduction

When seeking to understand social interaction online, researchers are com-

monly faced with a paradox: online data is behaviorally rich but lacks even

basic demographic annotation. The lack of demographic information frus-

trates seemingly straightforward questions: for instance, what is the gen-

der breakdown on an online platform? Since many important social sci-

ence questions require demographic data, classifiers are commonly used

to predict node-level attributes such as gender (144; 41; 118; 65), educa-

tion (59), age (134), race (131; 129), income (122; 52), or political affiliation

(1; 15). However, classifiers introduce error which can bias estimates of

group properties, from demographic distributions to cultural homophily.

Adding to the challenge posed by limited demographic information,

studies often rely on convenience samples of the underlying social network.

The combination of classification error and non-representative sampling

poses substantial challenges for obtaining valid estimates of group prop-

erties.

We propose a framework, which we term AdjustedWalk, to address

these dual problems in order to obtain unbiased estimates of group prop-

erties in networks. The idea is to combine re-weighted random walk sam-

pling (also called respondent driven sampling) (77; 152) with quantification

learning (68; 69). The sampling method provides the information necessary

for inference over nodes and edges. A subset of the nodes is labeled and
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Figure 3.1: A demonstration of the steps in the AdjustedWalk process.
First, the graph is randomly walked and node degrees are
recorded. Second, a subset of the walked nodes are given
ground-truth labels (nodes 1 and 2) and a machine learning
model is used to predict for the remaining nodes in the sample
(nodes 4 and 5). Third, the mean of the relevant quantity (e.g.
proportion in b) is estimated using the RWRW estimator and
then adjusted to remove bias.

classified, and a post-hoc correction is applied to correct for classification

bias at the group level.

We assume that the sampling procedure starts with an arbitrary node

in an undirected graph, and that node labels are predicted by a possibly

biased classifier with a known error rate. We show that the framework pro-

posed performs well relative to baselines in four estimation tasks: group

proportions, within-group edge proportions, group visibility (the propor-

tion of the minority group in the top 20% of the degree distribution) (104),

and Coleman’s homophily index (45).
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The problem we study has three parts: drawing a representative sam-

ple from a network, building a classifier to predict node attributes, and

correcting classification error to obtain unbiased estimates of group pro-

portions. Many previous studies have examined each of these parts indi-

vidually. Research on applications of respondent driven sampling (RDS)

to online social networks has provided a robust toolkit for sampling online

social networks when demographics are freely available from the site itself

(152; 80; 77; 78; 79). On the other hand, many studies have addressed the

task of predicting demographics with high observation-level accuracy, with

less attention paid to the representativeness of the sample or group-level

estimates (52; 65; 53; 173; 15; 122; 41; 134; 118; 59; 82; 1; 177; 129). Finally, a

literature on quantification learning (68; 69; 73) has addressed the problem

of using a classifier to make population inferences. We demonstrate that

combining these separate literatures allows social scientists to make better

inferences about social groups in online social networks. This has applica-

tions for digital demography and can be useful for online-offline compar-

isons of social interaction, homophily, and representation (104).

3.2 Summary of contributions

• This paper proposes AdjustedWalk, a framework for estimating group

properties in online networks when neither the network nor group la-

bels are known in advance. It contains the following steps: 1) a re-

weighted random walk (RWRW) of the graph; 2) training a classifier
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by labeling a subset of the nodes walked; 3) adjusting group-level er-

ror introduced by the classifier to remove bias. The process is visual-

ized in Figure 3.1. Importantly, walking the graph before labeling and

classification makes it more likely that population-level inferences will

be valid.

• The performance of RWRW sampling is compared to three other plau-

sible sampling procedures: node sampling, edge sampling, and snow-

ball sampling (175). RWRW performs well relative to the optimal sam-

pling method for each task, and performs only slightly worse than

node sampling overall despite the absence of a sampling frame.

• An analytical expression for the increased variance of the adjusted es-

timate is provided, which can be expressed as a function of classifier

recall.

• AdjustedWalk is evaluated in a variety of conditions. We examine

both simulated and empirical graphs, across a range of sampling frac-

tions and classification accuracies. These analyses demonstrate that

relatively small samples perform quite well. When considering clas-

sification accuracy, recall scores greater than 0.8 produce reasonable

estimates, while recall scores lower than 0.8 quickly increase variance.

• We discuss the conditions under which the results presented here ap-

ply to directed graphs in addition to undirected ones.
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3.3 Problem setup

3.3.1 Graph and groups

We sample from a graph G = (V, E), where V indicates vertices and E indi-

cates edges. N is the number of nodes in G. Call a node i and an edge from

i to j ei j. Let di be the degree of i, D =
∑

i di the total degree of the graph,

and d̄ = D/N the average degree of the graph. We assume G is undirected,

so that ei j ∈ E =⇒ e ji ∈ E. We also assume there are no self links or multi-

edges, that the graph has at least one triangle, that G is connected, and that

all edges have weight 1.

Nodes belong to one of two social groups, denoted a and b. By conven-

tion, b is the minority group. These groups represent characteristics of in-

dividuals such as age, race, ethnicity, gender, or wealth status. pa is the

proportion of nodes belonging to group a, and p = (pa, pb) is the vector of

population proportions. Since pa+ pb = 1, we will frequently reason about one

group with the implication that the same analysis holds for the other one.

sab is the proportion of edges from group a to group b, with s = (saa, sab, sbb)

the vector of edge proportions. Since the graph is undirected, sab represents

all edges with one end in a and the other in b.

When a classifier is used to categorize nodes, we do not observe p or s

directly. We instead obtain estimates of these quantities after classification

error. m = (ma,mb) is p after classification error, and t = (taa, tab, tbb) is s after
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classification error. We use hat notation (e.g. m̂) for estimates resulting from

sampling part of the graph and then classifying the sampled nodes.

3.3.2 Classification for quantification

Assume we have a relationship between a set of features xi and an outcome

yi ∈ {a, b}, yi = f (xi). A classifier approximates f , yi = f̂ (xi) + εi. The model

f̂ makes classification errors, which are counted and stored in a confusion

matrix

F =

count(â | a) count(â | b)

count(b̂ | a) count(b̂ | b)

 .
We use the notation (b̂ | a) to represent “a true member of a classified as a

member b”. We will work with the column-stochastic misclassification ma-

trix, which we get by column-normalizing f̂ ,

C =

câ|a câ|b

cb̂|a cb̂|b

 ,
where cb̂|a = count(b̂ | a)/count(â | a) + count(b̂ | a)) represents the probabil-

ity of a true member of a being classified as b. In practice f̂ and C are con-

structed via cross-validation and holdout sets.

The matrix C is important for removing bias from estimates. We refer
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to the off-diagonal elements of C as the “misclassification rate”, and note

that the diagonals are equivalent to both recall and accuracy. Precision de-

pends on the relative sizes of groups. The misclassification rate represents

the probability that a true member of group a is classified as b, and vice

versa.

If C is known and only m is observed, p can be recovered. C maps p to

m,

câ|a câ|b

cb̂|a cb̂|b


pa

pb

 =
ma

mb

 ,
which can be written compactly as

Cp = m. (3.1)

This implies that inverting C provides a way to recover the true population

proportions p,

p = C−1m. (3.2)

This procedure is referred to as “adjusted classify and count” in the ma-

chine learning literature on quantification (68; 69), or recovering population

proportions. In general, even high performance classifiers produce biased

estimates of group proportions (73), particularly for small groups. While
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group proportions may be both over- and under-estimated, classifiers tend

to favor larger groups since loss functions are optimized at the observation

level. This means that the size of large groups is often overstated by clas-

sifier predictions. Models which directly try to estimate group proportions

(73) usually under-perform models trained at the observation level and then

corrected as in Equation 3.2.

For quantification, an important assumption is required for inference to

be valid from the individual to group level (69).

Assumption 1. Stable conditional feature distribution

Ptrain(X = xi|Y = yi) = Ppopulation(X = xi|Y = yi) (3.3)

Assumption 1 states that the feature distribution within each class is the

same in training set and population. This can fail for some (but not all)

types of sample selection bias (187; 117). For instance, Assumption 1 would

fail to hold in a case where one group (e.g. men) tended to be sampled

only if they had a certain feature (e.g. owned a car), and this feature was

used in the model f̂ . In this case, car owners would be over-represented in

the training set relative to the population. Assumption 1 allows sampling

different groups at different rates, as long as the samples drawn from within

each group preserve the within-group feature distribution.

If these assumptions hold, then Ctrain = Cpopulation. This implies that bias

can be corrected in the entire sample. If the sample is drawn from the pop-

ulation, this provides an inference about the population quantity.
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We propose conducting the network walk before labeling and classifying

cases so that Assumption 1 is more likely to be satisfied. In this case, if

the walk draws a valid sample from the population, then Assumption 1

holds. In cases where a classifier is trained on cases not from the sample,

Assumption 1 cannot be tested since yi is unknown in the sample. We also

assume that the misclassification matrix Ctrain learned from the labeled set is

known exactly. In practice, there is some uncertainty around the confusion

matrix, although this can be addressed both through cross validation and

the use of holdout set.

3.3.3 Matrix adjustment vs. calibration

We work with the class labels, but an alternative to the matrix method dis-

cussed here is to train a second model which calibrates f̂ . A calibration

model takes predicted scores ŝi ∈ [0, 1] from f̂ and fits a model so that

ŝi ≈ P(yi = a). Gao and Sebastiani (73) examine a variety of quantification

methods on many natural language processing tasks and find that the “ad-

justed classify and count” method used in this paper is statistically indis-

tinguishable from using a calibrated model. However, the calibrated model

has somewhat better average performance.

When considering the increased variance of adjustment methods, a

closed-form can be derived for the matrix method (shown in the Appendix).

A calibration method has the potential to provide lower variance estimates
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because it incorporates more information. However, it can also be more dif-

ficult to assess the increased variance because of correlated errors between

observations which enter into the variance. For simplicity, we study the

matrix method and note that variance may be reduced by instead fitting a

calibration model.

3.3.4 Graph walking

Re-weighted random walking (RWRW) is a Markov Chain Monte Carlo

(MCMC) sampling procedure (80). It is also commonly referred to as Re-

spondent Driven Sampling (RDS) (152), which is a process for applying

RWRW to offline social networks such as those of jazz musicians (90) or

injection drug users (143).

RWRW allows randomly walking a connected, undirected graph and

obtaining a valid estimate of node properties through reweighting by node

degree. The basic intuition is to conduct a random walk of the undirected

graph G, recording node degrees along the walk. The walk itself provides a

random sample of edges, while degree information can be used to approxi-

mate a random sample of the nodes.

We present only the RWRW estimator here. A derivation may be found

in (80). A more general introduction to the method may be found in (152;

174). For extensions to online network applications, see (148; 112).
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Assume we wish to take a mean of a function g over the nodes i of graph

G, where g is an indicator function for i being a member of minority group

b. Choose a seed node with probability π(i) = di/D, or proportional to the

node’s degree. Then randomly walk the graph starting from the seed for n

steps. Each jump samples node i with probability π(i) = di/D. For each node

j along the walk, we record the node’s degree d j and g(X j), where X j rep-

resents the jth node encountered while walking. The RWRW estimator for

estimating the proportion of nodes belonging to b (assume no classification

error) is given by

p̂b =
1∑n−1

j=0 1/d j

n−1∑
j=0

g(X j)
d j

. (3.4)

Since the random walk naturally samples nodes proportional to degree, we

correct for this through the weighting procedure in Equation 3.4. This esti-

mator provides an asymptotically unbiased estimate of pb.

Note that g may be a continuous valued function as well, allowing esti-

mates of mean degree and the degree distribution (see (148) for an example).

In addition to a mean of g over the nodes of the graph, the RWRW pro-

cess records information which may be used to estimate the distribution

of g. We discuss the details in the Appendix, and use this fact to estimate

quantiles of the degree distribution for estimating node visibility.
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3.3.5 Walking in a directed graph

The RWRW procedure relies on an important property of walks in undi-

rected graphs: the probability of being at a given node at any time is propor-

tional to that node’s degree. However, many online networks are directed,

such as Twitter follow relationships. If the directed graph can be redefined

as an undirected one, than a walk can still be conducted. For instance, if

both inlinks and outlinks can be accessed when a node is visited, then the

combined inlink-outlink graph can be walked as if it were undirected. If this

is not possible, additional approaches are possible but beyond the scope of

this paper (see (79) for suggestions).

3.4 Results

We study four outcomes: proportion of nodes in the minority group, the

fraction of in-group edges in the minority group, the percentage of minority

group members in the top 20% of the degree distribution (visibility), and

Coleman’s homophily index.

Node and edge proportions are straightforward measures. Visibility has

been studied in recent work (104; 175). It can indicate lack of status among

minority group members. For instance, if the minority group comprises

20% of the population but only 10% of the top quintile of the degree dis-

tribution, minority group members are systematically underrepresented in
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the highest status positions.

Coleman’s homophily index (45) has long been employed by social sci-

entists. It treats random mixing as a baseline, with a value of 1 indicating

perfect homophily and -1 indicating perfect heterophily. For group a, this

measure is defined as

Ha =


sa−pa
1−pa

for sa − pa ≥ 0

sa−pa
pa

for sa − pa < 0

 . (3.5)

3.4.1 Simulation parameters

We follow the procedure in (175) to generate homophilous power-law

graphs for the simple case of two groups, a and b. Graphs have 10,000

nodes, mean degree of 8, minority group fraction of 0.2, ingroup preference

parameter of 0.8 (strong ingroup preference). The graph generation proce-

dure balances ingroup preference with preference for links to high degree

nodes. Note that the preference parameter is not the Coleman homophily

index, but is correlated with the homophily index.

These graph parameters present a challenge for the technique pre-

sented in this paper, since RWRW is known to have higher variance in ho-

mophilous networks.1

1We also conducted simulations with minority group sizes of 0.35 and 0.5, and ingroup
preferences of 0.2 (heterophily) and 0.5. The case we present is on balance the most chal-
lenging, although heterophilous graphs can present difficulties as well. We omit these ad-
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Misclassification rates (off-diagonals of C) considered are 0%, 10%, 20%

and 30%. We discuss the 20% case most frequently because it is high enough

to present a challenge for our method and low enough to correspond to

much published research. We draw samples of size 1000 to 3000, in incre-

ments of 500.

We compare the proposed RWRW method with three other sampling

methods that have been used in recent literature: random node sampling,

random edge sampling, and snowball sampling (175). These methods pro-

vide reasonable comparisons: we expect node sampling to outperform

RWRW for node-level tasks and edge sampling to outperform RWRW for

edge-level tasks. Snowball sampling is included since it is a convenience

sampling method that was commonly used before RWRW was developed.

3.4.2 Group proportions and visibility

Figure 3.2 shows node proportion and visibility estimates across the four

sampling methods for a 20% misclassification rate and a sample size of

30002. Performance for each sampling method is presented for three cases:

no classification error, classification error with no correction, and classifi-

cation error with correction. We present error distributions rather than the

standard normalized root mean squared error (148; 112) in order to assess

ditional cases for brevity, and because homophilous graphs are the case we are most often
faced with empirically.

2The process for estimating the degree distribution for visibility is described in the Ap-
pendix.
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Figure 3.2: Estimates of group proportions and minority group visibility
across sampling methods for 20% classification error and sam-
ple size of 3000. For each plot, estimates are presented for three
cases: no classification error, classification error, and corrected
classification error. The dashed line at 0 indicates no error, and
the black dot for each estimate indicates the mean. Whiskers
represent 95% of the distribution. RWRW performs well in
both cases, while node sampling has the lowest variance as ex-
pected. Correcting for classification error removes bias only for
RWRW and node sampling, while edge sampling and snowball
sampling demonstrate bias even after correction.

For group proportions, node sampling and RWRW are both unbiased,

and node sampling has a lower variance as expected. Edge and snowball

sampling perform poorly. For visibility, RWRW performs the best since it

does not have bias in the corrected case, while applying the correction to
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Figure 3.3: Estimates of ingroup edge proportions and group homophily
across sampling methods for 20% classification error and sam-
ple size of 3000. For each plot, estimates are presented for
three cases: no classification error, classification error, and cor-
rected classification error. The dashed line at 0 indicates the
true value, and the black dot for each estimate indicates the
mean. Whiskers represent 95% of the distribution. Ingroup
edge proportions are sampled well by RWRW, node sampling,
and edge sampling. Homophily is more difficult but is well
captured by both RWRW and node sampling.

node sampling does not remove bias.

A 20% misclassification rate without correction introduces a large mag-

nitude error. While pb is 20% in the population, misclassification causes this

to rise to around 30% in all cases, an inflation of 50%. Since uncorrected esti-

mates are low variance, a draw from an uncorrected distribution is likely to
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Figure 3.4: Performance of RWRW as a function of misclassification rate
and sampling fraction. For misclassification rate, a fixed walk
size of 3000 is chosen. for a sample size of 3000. Circles indicate
that bias correction has been applied, while plus signs indicate
no correction. For group proportions and visibility, bias correc-
tion reduces NRMSE by a large amount. For edge proportions,
the NRMSE reduction is smaller and disappears completely for
misclassification rates of 0.3. Homophily shows large gains
at misclassification rates of 0.1 and 0.2, and smaller gains at
0.3. In all cases, increasing sample size produces better after-
correction estimates while barely changing before-correction
estimates.

produce a poor estimate of the true value. In cases where assessing the size

of a minority group is of importance, the upwardly biased estimates can

lead to conclusions that understate the differences between groups. Smaller

groups are likely to incur larger relative upward biases, since classifier loss

functions penalize errors at the observation level and therefore tend to make

errors at greater rates on smaller groups.
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3.4.3 Edge proportions and homophily

Figure 3.3 shows error for estimates for edge proportions and homophily.

The variance for these measures is larger than for the node-level measures

(note the rescaled axes compared to Figure 3.2).

Homophily in particular is a difficult inference task since it combines es-

timates of both group sizes and interaction rates. The error magnitude for

uncorrected homophily estimates is large, averaging -0.35 on a -1 to 1 scale.

Crossing 0 for the homophily score causes a qualitative difference in inter-

pretation. This error can easily turn an insular minority into a gregarious

plurality. In the graphs studied here, the true average homophily value is

0.42, meaning that the average error introduced by misclassification is about

83% of the true value.

The corrected estimates remove bias in exchange for an increase in esti-

mate variance. For this level of misclassification (20%), we argue researchers

should take the variance in exchange for bias reduction. After correcting

for classification error, RWRW produces estimates with error drawn from

N(0.005, 0.136) while the 95th percentile of the uncorrected error distribu-

tion is -0.282 (this is the “top” closest to the no-error line). This indicates

that nearly all draws (about 98%) from the corrected distribution are lower-

error than even the best draws from the uncorrected one.

57



Group Visibility Homophily

0 0.1 0.2 0.3 0 0.1 0.2 0.3 0 0.1 0.2 0.3

0.0

0.1

0.2

0.3

Misclassification rate

N
R

M
S

E

Rocha et al. network

Figure 3.5: Performance of RWRW after bias correction on the sexual con-
tact network in (149) as misclassification rate is increased, with
sample size given in Table 3.1. The denominator of the NRMSE
is 0 for edge proportions, so we omit that measure. Akin to
other studied graphs, this network shows reasonable perfor-
mance at low misclassification rates, although group propor-
tion NRMSE is somewhat higher than expected. This is poten-
tially caused by the perfectly heterophilous nature of the graph.
At high misclassification rates, NRMSE becomes quite large for
homophily and begins to rapidly increase for other measures.

3.4.4 Sample size and misclassification rates

Both increasing sample size and building better classifiers have costs. Fig-

ure 3.4 reports the sensitivity of RWRW estimates to sample sizes and classi-

fication error rates. Corrected RWRW estimates are unbiased, and are com-

pared to uncorrected estimates, which are biased but have lower variance.

The metric of performance used is the normalized root mean squared error

(NRMSE), given by

NRMS E =

√
E[(θ̂ − θ)2]

θ
.
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When increasing classification error (Figure 3.4, first panel), two pat-

terns emerge. For group proportions and visibility, bias correction substan-

tially reduces NRMSE at all misclassification rates. On the other hand, the

NRMSE reduction is modest for edge proportions at misclassification rates

of 0.1 and 0.2, while the uncorrected estimate has lower NRMSE at a mis-

classification rate of 0.3. For homophily, there is substantial reduction in

NRMSE at misclassification rates of 0.1 and 0.2, with a more modest correc-

tion at misclassification rate of 0.3.

When examining NRMSE response to sample size (Figure 3.4, second

panel) while holding misclassification at 20%, we find an interesting pat-

tern: increasing sampling fraction has little effect on the NRMSE of the un-

corrected estimate for all measures, but reduces NRMSE for the corrected

estimates. This indicates that increasing sampling fraction without correct-

ing for classifier error may not bring estimates closer to the truth. In the

simulated graphs here, tripling the sample size hardly changes the error

without correction.

3.5 Empirical graphs

We study two empirical graphs, the social network Pokec (166) and the sex-

ual contact network studied in (149). The Pokec graph (166) was crawled

from an online social network in Slovakia and comes labeled with gender

and age attributes. Age was binarized into “over 28 years old” or not, corre-
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Pokec gender Pokec age Sexual contact
Number of nodes 1,198,235 764,845 15,810
Number of edges 8,312,749 4,172,385 38,540

Group studied Female > 28 years old Female
Group proportion 51.3% 22.2% 39%
Group homophily 0.034 0.344 -1

Sample size 25,000 25,000 3,000

Table 3.1: Summary statistics for empirical graphs

sponding roughly to the top quintile of the distribution. The sexual contact

network (149) was collected in Brazil and represents links between high end

escorts and their clients. We study gender as our category of interest, and

note that this network is perfectly heterophilous (all ties are between men

and women). Summary statistics for both networks can be found in Ta-

ble 3.1. These graphs were preprocessed by limiting the graph to mutual

ties in the largest connected component, and then deleting nodes which

had missing values for the relevant demographic. In the case of the Pokec

graph, where two different demographics are examined, we created sepa-

rate graphs for each demographic.

Figures 3.5 and 3.6 present results for these empirical graphs using

RWRW and bias correction as misclassification rate is increased. Perfor-

mance is comparable to the simulated graphs. For the low-homophily

graph (Pokec gender), sampling is quite easy at all misclassification levels.

The sexual contact network presents a possible challenge since it is perfectly

heterophilous, but performance is in line with the other graphs considered.

The Pokec age graph has a moderate amount of homophily, although sam-
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pling a relatively small proportion of the network (25,000 out of 764,000

nodes) produces reasonable results.

3.6 Limitations

There are several limitations to the work presented here, which researchers

should consider carefully. Most importantly, we have assumed that the clas-

sifier error rate is known. Cross validation and holdout sets can be used to

estimate this quantity, but empirically some uncertainty will still exist. An

alternate route may be to train a calibrated model, although then the chal-

lenge becomes estimating the calibration accuracy. In some cases, either

with small training sets or difficult classification problems, there may be

substantial uncertainty about classifier performance.

Beyond this issue, online networks present data quality issues which

may impact the validity of estimates. For instance, bots or inactive accounts

which appear to belong to a certain demographic group can bias estimates.

Accounting for bias from these factors can be difficult.

3.7 Conclusion

Classifiers offer an opportunity for social scientists to study demograph-

ics and other attributes online, in combination with rich behavioral data
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often absent from offline surveys. However, care must be taken in order

for classification to yield accurate population-level estimates, particularly

in networked online settings where the sampling frame is unknown. The

framework we study in this paper provides a method to obtain unbiased es-

timates of group proportions in this setting. Additionally, it can be applied

in many domains and requires relatively small adjustments to existing prac-

tice. This offers new opportunities for digital demography and comparisons

of online settings with offline survey data.

3.8 Appendix

3.8.1 Variance of corrected estimates

Consider the simple case of classifying group proportions with two groups.

We obtain a sample from the population with true proportions p̂ and esti-

mated proportions m̂. Multiplying out Equation 3.2 gives expressions for

for the estimated p̂a and p̂b,

p̂a =
m̂acb̂|b − m̂bcâ|b

det(C)
, p̂b =

m̂bcâ|a − m̂acb̂|a

det(C)
. (3.6)

The variance of the mean is given by,
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Var(E[ p̂a]) = Var(
E[m̂a] − câ|b

det(C)
) (3.7)

=
1

det(C)2 Var(E[m̂a]), (3.8)

where we use the assumption that C is constant to pull it out of the variance

expression.

When there is no classification error, det(C) = 1, and when the classifier

guesses randomly (.5 in every cell), det(C) = 0 and the variance is undefined.

det2(C) provides a clear quantification of the variance increase we expect for

group proportions. For instance, if C = [0.8, 0.2; 0.2, 0.8] with det2(C) = 0.6,

we expect a variance increase of 1/0.62 = 2.78. If classifier performance

improves to C = [0.9, 0.1; 0.1, 0.9], the variance increase is 1/0.82 = 1.56.

Var(E[m̂a]) comes from the random walking procedure itself and is gen-

erally not known in closed form. Two methods for closed-form variance

have been proposed (174; 80). The Volz-Heckathorn (174) estimator is bi-

ased but provides reasonable estimates in practice. The Goel-Salganik (80)

variance estimator relies on knowing the homophily of the network. Boot-

strap resampling methods based on creating “synthetic chains” from the

estimated transition matrix between groups have also often been used (92).

Simulations of various RWRW estimators (75) show that factors such as

a non-equilibrium seed selection, group homophily, and number of waves

from each seed affect both the bias and variance of RWRW estimates. Gen-
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erally, one long chain provides the best results, rather than many shorter

chains. It is easier to sample from lower homophily networks, and equilib-

rium seed selection (proportional to degree) is useful if one must use rela-

tively short chains. Otherwise, if chains may be long, a burn-in period can

be used to simulate equilibrium seed selection.

3.8.2 Correcting visibility

While RWRW gives the mean of g over the population of nodes, the distri-

bution of g is often an object of interest. For instance, if we wish to estimate

the proportion of minority group members in the top 20% of the degree

distribution, we need to estimate the joint distribution of (g(i), di) and take

nodes in the top 20% of the distribution of di.

Fortunately, importance resampling (151; 125) based on the data ob-

tained during an RWRW walk provides a method to do this. If we know

node i with degree di is sampled with probability π(i) and we want to sam-

ple it with probability 1/N (a uniform distribution over the nodes), then we

construct an importance weight using the ratio of desired over actual distri-

butions

1/N
π(i)
=

D
Ndi
=

d̄
di
= wi. (3.9)

wi provides a resampling weight for node i. We then normalize wi/
∑

j w j and
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resample data ( f (i), di) according to this probability to approximate draws

from the desired distribution 1/N.

An importance resample produces a distribution of (di, g(i)) which mir-

rors the distribution in the population. We then sort the resampled nodes

by degree di and take the proportion in the top 20% of degree where g(i) = b,

or where i is a member of the minority group. In the case with no classifica-

tion error, this procedure produces an unbiased estimate of the fraction of

minority group members in the top 20% of the degree distribution.

With classification error, we need to add an additional step to correct the

importance resample. Call m̂Ib (20) the measured proportion of group b in

the top 20% of the degree distribution in importance resample I. Likewise,

there is a vector that contains measures for all groups m̂I(20). Then we can

use a procedure similar to Equation 3.2 to correct the importance resample

proportions:

p̂I(20) = C−1m̂I(20). (3.10)

To see when p̂I(20) is unbiased, repeat the reasoning for estimating the

population proportion p̂ above. This shows that p̂I(20) is unbiased when the

importance resample provides an unbiased estimate of mI(20). A similar

argument applies for the variance, and the determinant of C may be used

to estimate the increase in variance.
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3.8.3 Correcting edge proportions

Correcting estimates of ties between groups presents a more substantial

challenge than correcting group proportions. Akin to C, there is a dyadic

misclassification matrix M which maps s to t,

Ms = t, (3.11)

where

M =


c2

â|a câ|acâ|b c2
â|b

2 ∗ câ|acb̂|a câ|acb̂|b + câ|bcb̂|a 2 ∗ câ|bcb̂|b

c2
b̂|a

cb̂|acb̂|b c2
b̂|b

 ,

which implies that we can use a technique similar to Equation 3.2 at the

dyad level

s = M−1t. (3.12)

In practice, we obtain a sample t̂ rather than t for the entire graph, which

is then used to estimate true edge proportions ŝ. ŝ is unbiased when the

sampling method employed produces unbiased estimates of t. If B = M−1,

the expectation for ŝa is given by
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E[ŝaa] = b00E[t̂aa] + b01E[t̂ab] + b02E[t̂bb]. (3.13)

As in the node case, we can expect the variance of E[ŝaa] and E[ŝa] to

increase when applying classification bias correction. Simulations below

indicate that variance inflation for E[ŝa] is larger than for E[ p̂a]. Note that

ŝa = 2ŝaa/(2ŝaa + ŝab) is unbiased under the same conditions as ŝaa.

If B = M−1, then the variance for ŝaa is

Var(E[ŝaa]) = b2
00 Var(E[t̂aa]) + b2

01 Var(E[t̂ab]) + b2
02 Var(E[t̂bb]). (3.14)
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Figure 3.6: RWRW performance after bias correction on two graphs de-
rived from the Pokec network (166), with sample size given
in Table 3.1. The top panel presents results for age, which is
moderately homophilous. The pattern of quickly accelerating
error at misclassification rates of 0.3 appears again. The bottom
panel shows performance on gender in the Pokec graph, where
we omit the homophily measure since its true value is very
close to 0 which inflates NRMSE. This is the homophily value
closest to 0 that we study in the paper, and as expected per-
formance is quite good (note the y-axis on the bottom panel).
Ingroup edge proportion is typically difficult to sample, but
even with a misclassification rate of 0.3, performance is strong.
This suggests that when graphs do not display large amounts
of homophily, less accurate classifiers can be used or smaller
samples drawn.
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CHAPTER 4

USING NETWORK-AWARE PREDICTIONS TO ESTIMATE

HOMOPHILY

In online social networks, it is common to use predictions of node cat-

egories to estimate measures of homophily and other relational properties.

However, online social network data often lacks basic demographic infor-

mation about the nodes. Researchers must rely on predicted node attributes

to estimate measures of homophily, but little is known about the validity of

these measures. We show that estimating homophily in a network can be

viewed as a dyadic prediction problem, and that homophily estimates are

unbiased when dyad-level residuals sum to zero in the network. Node-level

prediction models, such as the use of names to classify ethnicity or gender,

do not generally have this property and can introduce large biases into ho-

mophily estimates. Bias occurs due to error autocorrelation along dyads.

Importantly, node-level classification performance is not a reliable indica-

tor of estimation accuracy for homophily. We compare estimation strategies

that make predictions at the node and dyad levels, evaluating performance

in different settings. We propose a novel “ego-alter” modeling approach

that outperforms standard node and dyad classification strategies. While

this paper focuses on homophily, results generalize to other relational mea-

sures which aggregate predictions along the dyads in a network. We con-

clude with suggestions for research designs to study homophily in online

networks.
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4.1 Introduction

Researchers have long sought to understand the pattern (124; 127), causes

(111), and consequences (23) of homophily (45), or the tendency for like to

associate with like. Measuring the similarity of nodes along along racial

(124; 127; 162; 37; 133; 185), ethnic (99), gender (129; 167; 39), social sta-

tus (111), cultural (116), emotional (97), political (88; 11; 47), and socioe-

conomic (60) lines is a core area of research in network science (128). In

online networks, understanding the structure of homophily is crucial for

understanding echo chambers (16), access to information, and network in-

tegration (105).

Online social networks present a particular challenge for understand-

ing this fundamental aspect of networks: demographic and attitudinal in-

formation is often absent. The common strategy for addressing this is to

predict demographics or attitudinal attributes (37; 129) based on publicly

available information such as names, profile photos, text, or other informa-

tion (15; 1; 100; 39; 129). This information is combined with ground truth

labels (known values of the category of interest for a set of individuals),

and a supervised learning classifier (132) is then used to predict the node

category for all nodes in the network.

Although predicted node attributes are widely used to empirically mea-

sure homophily and other relational properties (37; 129; 97; 26; 98; 11; 47; 39),

there is a lack of theoretical methodological work investigating when and
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Figure 4.1: A depiction of how the models studied in this paper (node,
dyad, and ego-alter) turn a simple network into a prediction
task. The node model trains on each ground truth node using
only ego features Xi. The dyad model trains on each ground
truth dyad using features from both ego and alter, Xi, X j. The
ego-alter model fits an “ego model” predicting ego’s category
for each link from ego, and a second “alter model” for each
link incoming to each alter. Both ego and alter models incor-
porate features of ego and alter, Xi and X j, for each prediction,
producing a “family of predictions” for each node.

to what extent the predictions produce reasonable estimates (20). The most

common strategy is to choose a model which maximizes a node-level mea-

sure of classification performance. Because of the complexities of networks,

this criterion is not sufficient for reliable estimation of relational measures

such as homophily.

In this paper, we formalize the homophily estimation problem as a
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dyadic prediction problem. This expression clarifies the difficulty in us-

ing node-level predictions to draw larger inferences: node residuals are

multiplied along edges, magnifying a node’s residual in proportion to its

degree, and opening the door to residual autocorrelation along dyads. The-

oretically, we should expect correlated errors along edges due to latent ho-

mophily (57), or the correlation of unobserved factors in the network. For

example, name-based classifiers (100; 39; 98) have frequently been used for

gender classification. If a name-based method codes “Leslie” as “woman”

because this is more common in the population, yet for a specific network

community the name “Leslie” tends to indicate “man”, model errors will

be correlated with the network and can bias overall gender homophily es-

timates. This issue is compounded by the highly skewed degree distribu-

tions of online networks (106), which introduces the additional possibility

that misclassification for high degree nodes will bias the overall estimate.

We show that dyad-level predictions produce unbiased homophily esti-

mates. However, such estimates are often high-variance for a given ground

truth labeling budget1. This motivates a two-step modeling procedure

(called “ego-alter”) which predicts the category of a node from the per-

spective of each one of its network neighbors. This allows incorporating

network information beyond the ego level, while still using standard mod-

eling tools such as logistic regression. This ego-alter approach is theoreti-

cally less biased than a node-level model, and across a range of simulations

1This fact suggests that even when possessing the “ideal” random edge sample with
labels, modeling should be employed as a variance reduction technique.
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outperforms both node-level and dyad-level models in overall error. Figure

4.1 visually compares these three approaches. While we primarily study

homophily with node demographics in mind, results here apply to a wide

range of networked outcomes, such as estimating the fraction of people be-

longing to a certain race/ethnicity experience hate speech in their social

media feeds (55).

i j
node i:

1/2 ingroup
node j:

1/3 ingroup

Homophily measure:
average ego network composition

Average over all       ego networks:
(1/2 + 1/3)/2 = 5/12 ingroup

Figure 4.2: We use average ego network composition to capture ho-
mophily from the perspective of the dark blue nodes. We as-
sume node categories (light and dark blue) must be predicted
with a model. This estimand is expressed analytically in Equa-
tion 4.2.

4.2 Homophily Measure

We study the average fraction of ego networks composed of ingroup mem-

bers (visualized in Figure 4.2). Average ego network composition has been

extensively studied in sociology, primarily in research concerning the Gen-
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eral Social Survey network module (124; 127). The average ego network

composition measures what the network tends to look like from the per-

spective of members of a given group. For instance, Black respondents to

the GSS have been found to have higher average racial heterogeneity in

their core discussion networks than White respondents2 (124).

Average egonet composition can be written as a sum over ego networks,

taking into account the category of both ego and alter. Let Yi indicate the

category of i, for instance in the case of racial homophily, category a may

indicate Black, category b may indicate White, and so on. Without loss of

generality, assume that we are studying a binary outcome where Yi ∈ {a, b}.

For compactness, we write Ya
i to denote 1Yi=a. Then the average fraction of

group a’s ego networks which are composed of alters in group a (Figure 4.2)

can be written,

Haa = T [Ya
i ]−1
∑

i

Ya
i

1
Di

∑
j∈N(i)

Ya
j , (4.1)

where Di indicates the degree of node i, N(i) is a function which returns the

neighbors of i, and T [Ya
i ] indicates the size of group a,

∑
i∈V Ya

i . For example,

if Haa = 0.7, it means that an average ego network for group a is composed

of 70% ingroup members.

Note that Equation 4.1 can be re-written as a sum over dyads in the net-

2We choose this measure of homophily instead of Coleman’s homophily measure (45)
because it is not dominated by high degree nodes, although the Appendix shows that re-
sults for the average egonet measure apply to Coleman’s measure as well.
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work by rearranging the summation,

Haa = T [Ya
i ]−1

∑
(i, j)∈E

1
Di

Ya
i Ya

j = T [Ya
i ]−1

∑
(i, j)∈E

1
Di

Yaa
i j , (4.2)

where E are edges in graph G. Rewriting the edge-level outcome Ya
i Ya

j as

a single random variable Yaa
i j provides an expression in terms of edge cate-

gories. Estimating Haa can therefore be considered either a node or dyadic

prediction task. Note that in the node case, predictions are multiplied.

4.3 Dyadic regression as an unbiased estimator

Equation 4.2 shows how homophily can be estimated with knowledge of

edge categories Yaa
i j . Assume edge categories Yaa

i j are obtained for a random

sample of the edges S , and features correlated with edge categories Xi j are

available both for the sample S and the population of edges P. Assuming

random sampling simplifies the argument, and we discuss deviations from

this assumption in the Appendix.

Assume a model predicting Yaa
i j is chosen which has the property that

the residuals sum to zero in the population and are uncorrelated with fea-

tures3 ∑
i j ei j = 0, Cov(ei j, Xi j) = 0. Then this model trained on the sample S

provides an unbiased estimate of homophily in the population given that 1
Di

is included in Xi j as a feature.

3For instance, ordinary least squares and logistic regression both have this property, as
does any model with mean squared error loss.
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The reason for including 1
Di

as a variable can be seen by the following ar-

gument. First, recall the conditional expectation (CEF) function expression

(2): Yaa
i j = E[Yaa

i j |Xi j]+ei j, where E[Yaa
i j |Xi j] can be estimated with a model such

as OLS. An estimator for Equation 4.2 can be written in terms of predictions,

Ĥaa = T [Ya
i ]−1

∑
(i, j)∈E

1
Di

E[Yaa
i j |Xi j]. (4.3)

We now need to examine when using model predictions in Equation 4.3

provides an answer equal to Equation 4.2 in expectation. This can be done

by substituting the CEF into Equation 4.3 to obtain,

Ĥaa = T [Ya
i ]−1

∑
(i, j)∈E

1
Di

Yaa
i j︸                   ︷︷                   ︸

True value

−T [Ya
i ]−1

∑
(i, j)∈E

ei j

Di︸              ︷︷              ︸
Sum of residuals

. (4.4)

This indicates that the homophily estimate will be unbiased when the sum

of residuals term is zero.

Condition 2. When E[
∑

(i, j)∈E
ei j

Di
] = 0, the expectation of the estimate equals the

true value, E[Ĥaa] = Haa.

Since we assumed a model is used where
∑

i j ei j = 0 and Cov(ei j, Xi j) = 0,

if 1
Di

is included in Xi j then E[
∑

i j
1
Di

ei j] = 0.

This argument concerns model residuals, not error terms. No assump-

tions have been made about causality, true functional form, or predictive

accuracy. With a random edge sample and OLS, 1
Di

is the only required vari-

able in for an unbiased estimate, although this can produce a high variance
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estimate. Including robust predictive features is therefore still important for

variance reduction and addressing cases of non-random sampling.

4.4 Approximating dyadic regression with node-level data

Sampling and labeling limitations often make collecting a large set of

ground-truth dyads infeasible. In this situation, node-level ground truth in-

formation can be employed to estimate homophily. We present a two-step

modeling strategy which we term “ego-alter” which uses only node-level

ground truth information, reduces bias over a standard node-level model,

and reduces variance compared to the edge model in Section 4.3. The ego-

alter approach is biased, although the magnitude of bias in simulations we

examine below is generally substantially less than a node-level model.

The ego-alter model is a hybrid approach: it uses dyadic features Xi j

to predict the node-level ground truth Yi and Y j separately, producing one

prediction per edge for both ego and alter (see Figure 4.1 for a visual repre-

sentation). This has the benefit of reducing bias in two ways: first, predic-

tions for Yi and Y j are improved by including a richer set of features which

improves prediction accuracy; second, it reduces bias by reducing dyadic

residual autocorrelation.

Since Yaa
i j = Ya

i Ya
j , Haa can be estimated with the product of node predic-
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tions,

Ĥaa = T [Ya
i ]−1

∑
(i, j)∈E

1
Di

E[Ya
i |Xi j]E[Ya

j |Xi j]

= T [Ya
i ]−1

∑
(i, j)∈E

1
Di

(Ya
i − ea

i )(Ya
j − ea

j),

where the second line follows by substituting the CEF. This can be expressed

as the true homophily value plus two bias terms,

Ĥaa =

∑
(i, j)

1
Di

Ya
i Ya

j

T [Ya
i ]︸          ︷︷          ︸

True value

−

∑
(i, j)

1
Di

ea
i Ya

j

T [Ya
i ]︸         ︷︷         ︸

R1

−

∑
(i, j)

1
Di
E[Ya

i |Xi j]ea
j

T [Ya
i ]︸                  ︷︷                  ︸

R2

. (4.5)

The bias terms R1 and R2 both indicate dyadic correlation of the model resid-

uals with neighbor outcomes. Assuming 1
Di

is included as a model feature,

R1 and R2 can be thought of similarly: when model residuals are correlated

with neighbor outcomes, the terms will be non-zero. This can happen when

models produce pockets of similar errors in the network due to unobserved,

network correlated features. When inverse ego degree 1
Di

is not included as

a model feature, the bias terms become substantially more complex because

of the interaction between degree, errors by degree, and errors along dyads.

Equation 4.5 indicates that the estimate equals its true value when R1 =

R2 = 0 or when R1 = −R2. Note that R1 = −R2 is unlikely, this is because

residuals for ei and e j have similar correlations with neighbor true outcomes

Y j and Yi since both ego and alter models score the entire network4.

Note that R2 is the result of combining two terms, since E[Ya
i |Xi j]ea

j =

Ya
i ea

j + ea
i ea

j . This suggests an “augmented” ego-alter model: first, fit an ego

4This is confirmed by simulations, where R1 and R2 tend to have similar values.
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model for i, and then fit an alter model for j which includes the ego predic-

tions E[Ya
i |Xi j] as a feature. This, in expectation, eliminates the R2 term and

reduces bias assuming R1 and R2 have the same signs.

4.5 Simulation

We use simulations to evaluate the effectiveness of dyadic regression and

ego-alter regression for estimating average egonet composition (Equation

4.2; Figure 4.2). For an outcome Yi which takes on values {a, b}, the proba-

bility of Yi = a is simulated as follows:

Ya
i ∼ Bernoulli(pi), pi = logistic(2Xi + Zi), (4.6)

where Xi and Zi represent individual and network-correlated features, re-

spectively. The individual-level feature is drawn from a normal distribu-

tion, Xi ∼ N(0, 1), while the network feature is the maximum of the individ-

ual feature among the neighbors of each node i: Zi = max j∈N(i)(X j). Zi is then

standardized to follow a normal distribution. This creates outcomes corre-

lated along some dyads in the network, where nodes with large values of

Xi “influence” neighbors. If Zi is omitted, model residuals will be correlated

along dyads and bias homophily estimates. The level of homophily gener-

ated by these parameters is moderate: the average ego network for group a

contains 59% of nodes in group a (Haa = 0.59), while Coleman’s homophily

index for group a is 0.14.
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We choose Zi to be the maximum X j value among the alters j of ego i to

provide a challenging setting for models: the true response is determined at

the ego-network level yet models operate at the node or dyad levels, mean-

ing a dyadic regression cannot capture the true functional form of the data

generating process. This both approximates real-world scenarios where the

data generating process is unknown, and demonstrates the argument about

bias in Section 4.3. Five alternative simulation specifications are examined

in the Appendix, with qualitatively similar results to this simulation.

Networks with 4000 nodes are generated according to a preferential at-

tachment graph (13) with five links per node and a powerlaw exponent

k = 0.8. Links are considered bidirected. Preferential attachment graphs

have high degree disparities, providing a challenging setting for the esti-

mation task considered here, since model errors on individual high degree

nodes can bias estimates. We conduct simulations for both node and edge

sampling, selecting 20% of nodes or 2.5% of edges randomly as ground

truth cases. This produces roughly 800 ground truth nodes for both types

of sampling. Note that sampling nodes into the ground truth set provides

some ground truth dyads (and vice versa), meaning both node and dyad

models can be fit with either type of sampling.

Using the ground truth sample to estimate a model, we classify all edges

and estimate homophily across 500 simulation runs. Model performance

is estimated in two ways: bias and absolute error. Bias is the average of

(Ĥaa − Haa)/Haa across all simulation runs, and represents the systematic
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deviation from the true value. Absolute error is the average absolute error

relative to the true underlying value, or the average of |Ĥaa−Haa|/Haa across

all simulation runs. It captures how far estimates tend to be from the true

value.

Since both absolute error and bias are normalized, they have the in-

terpretation of “percent error.” The bias-variance tradeoff means that we

should not expect the method with the lowest bias to also have the lowest

absolute error.

We evaluate three types of models: node, dyad, and ego-alter (see Figure

4.1 for a depiction), all fit with logistic regression. For the node model,

we examine models with and without network features. For the ego-alter

model, we examine both the basic version and the “augmented” version.

This gives a total of 5 models, which are described here in terms of their

regression equations, where f (Xi, X j) indicates a main-effects linear model

β0 + β1Xi + β2X j.
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Node (no network) Ya
i = f (Xi) + ei

Node Ya
i = f (Xi,

1
Di
,Di) + ei

Dyad Yaa
i j = f (Xi, X j,

1
Di
,Di,D j) + ei j

Ego-alter Ya
i ( j) = f (Xi, X j,

1
Di
,Di,D j) + ei( j)

Ya
j (i) = f (Xi, X j,

1
Di
,Di,D j) + e j(i)

Ego-alter (augmented) Ya
i ( j) = f (Xi, X j,

1
Di
,Di,D j) + ei( j)

Ya
j (i) = f (Xi, X j,

1
Di
,Di,D j, Ŷa

i ( j)) + e j(i)

The notation Ya
i ( j) indicates that we predict i’s category for each neighbor

j separately, using features of both i and j in the prediction. Ego and alter

degree are included in models because they tend to reduce the bias and

variance of estimates and are available to researchers conducting network

studies.

4.5.1 Simulation results

As shown in Figure 4.3, the default approach of using node-level classi-

fier with no network features performs poorly. Homophily is underesti-

mated by between 10% and 20%, with average absolute error of about the

same magnitude. Even when accounting for the inverse degree term 1
Di

, the

node-level approach still underestimates homophily by around 3%. This

large reduction in bias indicates the importance of including network in-
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Figure 4.3: The bias and absolute error of homophily estimates using five
different models, for random node and random edge sampling.
Node level models without network variables display large
biases in the presence of network-correlated unobserved fea-
tures. Including network information reduces this bias, and
using edge or ego-alter models reduces this bias further. Note
that while dyadic regression is unbiased, it does not provide
the lowest error estimates. Since roughly similar numbers of
nodes are sampled in both edge and node sampling, edge sam-
pling is more efficient.

formation in the model predicting node categories, while the remaining

bias indicates the limitations of a node-level approach in the presence of

network-correlated outcomes.

In this simulation, homophily is under-estimated. This indicates that

errors tend to be positively correlated along dyads, increasing the sum of

residuals term in Equation 4.4 and reducing the overall homophily estimate.

In other words, there are pockets of the network where the model errors are

similar. An alternative scenario exists where a model produces negatively
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correlated dyadic errors and an over-estimate of homophily. An instance

where this happens is residual-degree correlation in the network. When

high degree nodes have positive residuals and low degree nodes have neg-

ative residuals, the overall residual term in Equation 4.4 can be negative and

cause an over-estimate of homophily5.

A dyadic model produces an unbiased estimate of homophily, according

with the argument in Section 4.3. However, the dyadic approach does not

produce the lowest absolute error. Despite a small amount of bias (around

1%), the ego-alter approach produces lower absolute error on average than

the dyadic approach. In alignment with the theoretical argument in Section

4.4, including ego predictions in the alter model reduces bias about 20% on

average.

While this simulation uses random sampling, the ego-alter model is also

more robust to deviations from random sampling compared to other meth-

ods, as shown in the Appendix. In the presence of non-random edge sam-

ples, an edge model can be brittle. One potential corrective is weighting the

ground truth data, but the often high-dimensional nature of edge features

risks large design effects due to the curse of dimensionality (102). Addi-

tionally, a “meta-network-correlation” problem can arise, where errors in

weights are network correlated.

A more practical approach is to employ a modeling strategy such as ego-

5An instance of this phenomenon can be seen in the Section 4.8.1, with the simulation
called “degree.”
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alter which can more flexibly learn class probabilities in a network-aware

way. While we intentionally restrict models here to logistic regression with

only main effects, more flexible functional forms can also be employed to

better approximate class probabilities within subgroups.

4.5.2 Node-level performance and network-level estimands

Machine learning models are usually evaluated on observation-level per-

formance metrics such as precision, recall, and area under the curve (AUC).

When using predictions to estimate an aggregate such as homophily, strong

observation-level performance is encouraging but not sufficient for high-

quality estimates of the aggregate. An error-free model will by definition

produce a perfect estimate of homophily, but even models with strong out

of sample observation-level performance can make dyad-autocorrelated er-

rors that bias homophily estimates.

This can be seen clearly in Figure 4.4, which plots model performance

against bias in estimating homophily6. Models differ only slightly on tra-

ditional performance measures, yet produce large differences in homophily

bias. The best model’s AUC is 0.8% better than the worst model, yet has a

bias reduction of 95% (worst: 17.6% bias; best 0.8% bias).

Note that a meta-analysis of research on demographic classification

6Only models which produce node-level category predictions can be evaluated this way,
which necessitates excluding the edge model.

85



AUC Accuracy Precision Recall
0.75 0.80 0.85 0.75 0.80 0.85 0.75 0.80 0.85 0.75 0.80 0.85

−0.20

−0.15

−0.10

−0.05

0.00

0.05

H
om

op
hi

ly
 b

ia
s

(p
er

ce
nt

)

Model

Ego−alter
Node
Node
(no network)

Sampling

Edge
Node

Homophily bias compared to node−level performance

Figure 4.4: Models with similar node-level classification performance pro-
duce different levels of bias when estimating homophily. The
three models in Figure 4 have average AUCs between 0.846 and
0.853, yet produce average biases ranging from 0.8% to 17.6%.
This demonstrates that observation-level classification perfor-
mance and estimation of relational measures are distinct tasks.

on social media (36) found a median accuracy of 0.81 for predicting

race/ethnicity, while simulations presented here have an average accuracy

of around 0.77. This indicates that similar biases may be present with the

type of classification performance found in real-world tasks.

4.6 Practical advice

When studying homophily in online communities, researchers can poten-

tially improve the quality of estimates in five ways: including network

information in models, using the ego-alter modeling strategy, improving

model flexibility, sampling edges, and using cross-validation to check for
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the presence of network-residual correlation.

First and most importantly, network information should be incorporated

into prediction models. Evidence from Sections 4.5 and 4.8.1 indicates the

single largest improvement in model performance comes from including

degree information ( 1
Di

) in models. The specific information to include is

dependent on the estimand, and can even extend to behavioral information

when outcomes such as political affiliation are studied in networks. We give

an example of applying the process from Section 4.3 to new estimands in the

Appendix (Sections 4.8.2 and 4.8.3).

Second, the simulation results consistently demonstrate that the ego-

alter modeling strategy performs well both in terms of bias and absolute

error. This is true even in the presence of a non-random ground truth sam-

ple. Since the ego-alter strategy is new, we recommend that researchers

present results from both a node-level model and an ego-alter model, with

network information included for both models.

Third, and closely related to the choice of modeling strategy is the choice

of model itself: a logistic regression with only main effects in the presence

of a non-random sample can produce large biases, as seen with the edge

model and non-random edge sampling in the Appendix (Table 4.1). A more

flexible model can mitigate this by better learning conditional class proba-

bilities, although the performance will depend on having sufficient ground

truth data.
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Fourth, edges should be sampled instead of nodes when possible. A

consistent finding of our simulations is that for the same labeling budget,

a random edge sample outperforms a random node sample in terms of ab-

solute error. In practical settings, such as Twitter, it is often much easier to

randomly sample nodes than edges. One strategy for edge sampling is to

use a result from the respondent driven sampling literature (152) that a ran-

dom walk through an undirected network approximates an edge sample

(see (20) for a discussion in the context of online networks). While this may

not be feasible in some research settings, researchers may want to consider

edge sampling if a random walk approach is possible.

Finally, researchers can obtain an estimate of network residual corre-

lation by using cross-validation (see the discussion in (132) for a brief in-

troduction to cross validation; see Chapter 7 of (89) for a more extensive

discussion). Cross validation splits the training data into a number of folds

(usually 5 or 10), and uses all but one fold to train a model, with the held-out

fold used to evaluate the model. This proceeds in a round-robin fashion so

that the entire training set is scored in a way approximating out-of-sample

prediction. In the context of homophily estimation, estimating the resid-

ual term in Equation 4.4 can provide important information about network

residual correlation. This can be accomplished in a cross validation setting

by dividing up all dyads in the training set into folds, and performing cross

validation on the ground truth dyads. If
∑

(i, j)∈S train
1
Di

ei j , 0, where S train is

the training set, then models may need adjustment before providing reliable

estimates of homophily. This strategy does not ensure unbiased homophily
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estimates, particularly in the presence of non-random ground truth sam-

pling, but it does provide a useful diagnostic.

4.7 Conclusion

We have examined the problem of estimating homophily when predictions

must be used for node attributes. While the problem is challenging, the re-

sults we present indicate that homophily can be studied in online networks

when classification performance is strong and network information is in-

corporated directly into models.

The strategies outlined here also provide a pathway for the measure-

ment of other network-level properties. Examples are triadic properties,

such as social closure by demographic group. In studies of dynamic net-

work processes such as contagion, models to reduce measurement error

(19) may benefit from the results here. In the case of signed or multiplex

networks, the distribution of different types of edges across groups may be

important. Similarly to homophily estimation, consideration of how model

errors intersect with graph properties is important for reliable use of pre-

dictions in networks.
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4.8 Appendix

4.8.1 Five simulations

In addition to the simulation presented in the main text, we examine

four additional simulations. These simulations further demonstrate the

strengths and weaknesses of the approaches considered in the main text.

We describe these simulations by the data generating process for Ya
i .

1. Independent: Ya
i = 2Xi, where Xi ∼ N(0, 1). In the independent simu-

lation, node categories depend only on a node-level feature Xi which

is uncorrelated with the network.

2. Degree: Ya
i = 2Xi + Zi, where Xi ∼ N(0, 1) and Zi = mean j∈N(i)(X j),

Zi standardized. In this simulation, node categories are a function of

neighbor degree, meaning nodes with high-degree neighbors are more

likely to have Ya
i = 1.

3. Main: the simulation described in Section 4.5 of the main text.

4. Unobserved: Ya
i = 2Xi + Zi, where Xi ∼ N(0, 1), Z′j ∼ N(0, 1) and

Zi = max j∈N(i)(Z′j), Zi standardized. Z′j is a standard normal unobserved

variable which causes outcomes to be correlated in the network.

5. Sampled: This simulation samples nodes into the ground truth set

according to degree and node features. Ya
i is generated identically to

the main simulation. For the edge simulation, dyads are sampled into
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the ground truth set by,

p((i, j) ∈ ground truth) = logistic(αdyad+0.05Di+0.05D j+0.2Xi+0.2X j).

For the node simulation, nodes are sampled into the ground truth set

by,

p(i ∈ ground truth) = logistic(αnode + 0.05Di + 0.2Xi).

The α variables are constants chosen to make the total number of

ground truth nodes or dyads equivalent to the sampling fractions for

the other simulations.

Tables 4.1 and 4.2 present all simulations by all models, including a “no

model” category using just the ground truth observations for comparison.

The best performing model for each simulation (each row) is bolded.

4.8.2 Example extension: incorporating other factors into

the estimand

Researchers often care about actions in addition to node characteristics. For

instance, what is the fraction of content seen broken down by gender of

the content author? Addressing this question is important for examining

visibility (104) by gender online, and requires combining information about

node gender and action.
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Table 4.1: Bias by simulation, with the best model in each row bolded.

Sampling

level
Simulation No model

Node

(no network)
Node Edge Ego-alter

Ego-alter

(augmented)

Edge Independent 0.003 0.001 -0.0003 0.001 -0.0005 -0.001

Degree 0.005 0.089 0.058 0.006 0.019 0.019

Unobserved 0.001 -0.053 -0.006 -0.001 0.018 0.018

Main 0.002 -0.079 -0.031 0.003 0.018 0.014

Sampled -0.947 -0.064 -0.031 0.623 0.025 0.021

Node Independent 0.004 -0.004 0.001 0.001 0.0003 0.0002

Degree 0.006 0.114 0.033 0.002 0.001 0.001

Unobserved 0.004 -0.145 -0.003 0.005 -0.001 -0.001

Main 0.007 -0.176 -0.032 0.006 0.008 0.003

Sampled -0.057 -0.116 -0.032 0.030 0.015 0.011

In this case, Equation 4.2 is modified with a variable A j indicating some

action of alter j. Assume A j represents number of messages sent by j, and

Yi = a indicates that i is a woman.

Haa
extended = T [Ya

i ]−1
∑

(i, j)∈E

A j

Di
Ya

i Ya
j . (4.7)

In words, Equation 4.7 represents the average fraction of messages seen by

members of group a which come from members of group a. When incorpo-

rating the additional variable A j into the equation, we can apply the same

logic as Section 4.3 to obtain an unbiased estimate: incorporate A j

Di
into the

92



Table 4.2: Mean absolute error by simulation, with the best model in each
row bolded.

Sampling

level
Simulation No model

Node

(no network)
Node Edge Ego-alter

Ego-alter

(augmented)

Edge Independent 0.054 0.030 0.024 0.045 0.023 0.023

Degree 0.063 0.090 0.060 0.051 0.030 0.030

Unobserved 0.051 0.055 0.026 0.042 0.029 0.029

Main 0.051 0.079 0.035 0.038 0.027 0.025

Sampled 0.947 0.081 0.058 1.585 0.051 0.049

Node Independent 0.093 0.044 0.060 0.076 0.059 0.060

Degree 0.107 0.116 0.072 0.088 0.072 0.072

Unobserved 0.076 0.145 0.049 0.069 0.050 0.050

Main 0.079 0.176 0.052 0.059 0.047 0.046

Sampled 0.060 0.116 0.037 0.040 0.029 0.028

predictive model, instead of 1
Di

alone.

4.8.3 Example extensions: Coleman’s homophily index

We studied average egonet composition in the main text, but another popu-

lar measure of homophily is Coleman’s homophily index (45). This measure

studies the fraction of within group links from the perspective of a certain

group, relative to the proportion expected by chance.
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The challenge is estimating the proportion of within-group links from

the perspective of a given group a. This can be done in a manner similar to

Equation 4.2,

Haa
Coleman = T [Ya

i ]−1
∑

(i, j)∈E

Ya
i Ya

j . (4.8)

This turns out to be a simpler version of the egonet estimand considered in

the main text, and can be addressed with similar modeling strategies.
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CHAPTER 5

DEMOGRAPHIC HOMOPHILY IN TWO LARGE AMERICAN CITIES

Social media platforms have reduced communication costs across so-

cial and geographic distance, yet can create echo chambers leading to in-

creased insularity. To better understand social segregation in online spaces,

we study the pattern of gender and racial social segregation in the ego net-

works of 470,000 Twitter users, bounded to the New York City and Dallas-

Forth Worth metro areas. For both race and gender, we find that the ten-

dency towards social segregation along demographic lines is substantially

less online than in both strong-tie and acquaintanceship offline networks.

The exception to this rule is White Twitter users, who do not appear to asso-

ciate across demographic lines with increased frequency relative to offline.

In order to study social segregation at scale, we introduce a novel machine

learning approach which addresses bias found in previous studies. This

modeling approach can be combined with either survey or rater data, facil-

itating more accurate studies of social segregation in online spaces.

5.1 Introduction

The rise of social media was predicted to reduce barriers to communica-

tion, with the expected effect that social media would facilitate discourse

across traditional boundaries. Scholars have recently focused on the ex-

tent of cross-boundary communication, focusing on online ideological echo
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chambers and demographic interaction.

Although a picture of cross-demographic interaction online has begun

to emerge for weak ties (99; 129; 37), substantial uncertainty exists about

whether online social networks facilitate cross-demographic interaction and

information diffusion.

In this study, we examine the race and gender ego network composi-

tion of Twitter users in the New York and Dallas-Fort Worth metropolitain

areas. Unlike Facebook, where network acquaintainces (“friends”) are fre-

quently real-life acquaintences, Twitter functions as both a social and infor-

mation network where many ties are online-only. This dual informational

and social use of Twitter means that studying Twitter allows examination of

a range of tie types, from passive information consumption (follows) to mu-

tual interaction (bidirected mentions). Follows in particular can be expected

to contain a substantial fraction of alters that ego does not know personally.

This study therefore concerns ties that tend to be more online, more in-

formational, and more instrumental instrumental than studies of Facebook.

These properties of the Twitter network lend themselves to an online-offline

comparison.

We primarily study ego network composition. The ego network repre-

sents an individual’s experience in a given social space. Other measures of

social segregration, such as Coleman’s homophily measure, place emphasis

on ties and weight high-degree nodes in proportion to their degree. Instead,
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we focus on the experience from the perspective of individuals on Twitter:

Who is authoring tweets seen? Who is ego conversing with? Whose infor-

mation is ego retweeting to their own followers?

A growing literature addresses online social segregation along demo-

graphic and other lines, often using predictive methods (such as machine

learning classifiers or dictionary lookups) for the characteristic of interest.

Common examples are gender prediction based on first names (100), race

prediction based on raters (37), and political leanings based on attention

given to accounts (26).

Studies using prediction-based methodologies face an unrecognized

challenge: network residual correlation. When classifiers make errors in

ways correlated with the network, both over and under-estimates of social

segregation are possible. We formalize the the network residual correla-

tion problem and show that it can be phrased only in terms of dyads. We

then propose a modeling and dyadic cross-validation approach which al-

lows researchers to empirically determine the network residual correlation

of a given model. When network residual correlation is low, estimates of

social segregation are more credible. To our knowledge, we are the first to

formalize this problem and propose a solution.

Using this methodology, we find that Twitter networks of all kinds tend

to have lower levels of race and gender social segregation than found in

self-report offline networks. This is true for both strong-tie and acquain-

tanceship networks. The findings in this paper also contribute directly to
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an ongoing debate on the level of racial social segregation on Twitter.

5.2 Core questions and hypotheses

The primary goal of this study is to quantify the pattern of racial and gender

homophily on Twitter, and contextualize these patterns by comparison with

the General Social Survey. While previous work has addressed this question

(129; 37; 99), in the Twitter context there is disagreement about the extent

of homophily. As shown in (21), using a model to predict demographics

in a network and then studying demographic homophily poses substantial

challenges. This study is the first to examine homophily accounting for

these issues, which is likely to provide more precise homophily estimates.

We develop the following hypotheses.

H1: Homophily is lower across follow, mention, and retweet ties on

Twitter than it is among both offline discussion and acquaintanceship net-

works for both race and gender.

H2: Homophily online is higher for reciprocated ties than unidirectional

ties.
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5.3 Defining homophily

Homophily can be studied as an existing pattern of attribute similarity in

networks which structures further social interaction (128; 24), or as the pro-

cess which creates a particular structure, either due to another structure

such as school (111) or as the result of individual choices (54). (128) define

the presence of association at rates above random mixing as “inbreeding ho-

mophily”, while distinguishing homophily “induced” by other structures

from “choice” homophily which is a product of choices within a given struc-

ture. For instance, a school may induce homophily by grouping individu-

als with similar interests together in a class, yet within that class students

make choices about whom to befriend. The overall pattern of association

above baseline for some attribute, whatever the cause, may be described

as inbreeding homophily and has its own implication for subsequent social

interaction (18; 74).

In this study, we focus primarily on the pattern of homophily (“in-

breeding homophily” in McPherson et al.’s terminology) and its implica-

tions. On a site like Twitter—where news and culture are topics of real-time

discussion—the pattern of association along racial and gender lines has im-

plications for information diets (11) and perception of outgroup members.

Additionally, we present evidence about choice homophily through the

mechanism of tie reciprocation. The choice to reciprocate indicates which

incoming links an ego prefers to engage with. While this does not pro-
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vide direct evidence for discrimination, when reciprocation is higher for in-

group members it suggests barriers to communication for out-group mem-

bers.

5.3.1 Homophily measure

We study the composition of ego networks: are in-group members under-

represented or over-represented (124)? This focuses the analysis on the ex-

periences of individuals in the network, treating individuals with different

degrees as equally important. The alternative is an edge-based measure of

homophily such as Coleman’s homophily index (45), which takes edges to

be the primary unit of analysis and gives higher degree nodes more weight.

Formally, if Ya
i is an indicator variable which is 1 when i is a member

of group a and 0 otherwise, the ego network composition measure can be

expressed,

Haa = T [Ya
i ]−1

∑
(i, j)∈E

1
Di

Ya
i Ya

j . (5.1)

Equation 5.1 expresses the average proportion of group a’s ego networks

which are comprised of in-group members. T [Ya
i ] indicates the total number

of people in group a, while Di is the degree of node i and E is the set of edges

in the network.

Variants of this measure can be estimated depending on the question,
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for instance Hab indicates the average fraction of group a’s ego networks

comprised of members of group b. Throughout the paper, this estimate is

used in a way normalized for the size of the group in the population,

Maa =


Haa−pa

1−pa
for (Haa − pa) ≥ 0

Haa−pa
pa

for (Haa − pa) < 0

 . (5.2)

This measure ranges between -1 and 1, and takes random mixing as a base-

line. If group a is 70% of the population, and 70% of group a’s ego networks

are comprised of members of a, then Maa is 0.

5.4 Previous work

5.4.1 Discussion networks

We build most directly on research in sociology on core discussion networks

(124; 127). These studies use the General Social Survey “name generator”

question, which ego networks of discussion partners, up to size 5. (124) de-

scribes findings from the 1985 GSS and (127) describe the 2004 GSS. (162)

describe the changes in demographic interaction among core discussion

networks in the US between 1985 and 2004, finding that both baseline and

observed racial heterophily increased, and that baseline gender homophily

remained the same while observed gender heterophily increased.
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Recently, sociologists have turned to studying intergroup contact in on-

line networks. (99) use an innovative method to study the contact and dis-

cussion networks of Dutch Facebook users, finding that core networks are

more homophilous than extended (Facebook friend) networks, except in the

case of members of the ethnic majority, where extended and core networks

are equally segregated.

This paper studies Twitter, which is a research site that functions as both

discussion and information network. In an early crawl of the entire Twit-

ter network, (113) find that macroscale properties of the Twitter interaction

graph do not resemble most social networks, and argue that the service

provides fast information diffusion more closely resembling an information

or communication network. Yet conversations do happen on Twitter. (42)

studies Black Twitter, focusing on the processes that constitute Black Twitter

as a space. In this analysis, Clark finds both that conversations and infor-

mation play important roles. (35) finds using a network analysis that Black

Twitter users have denser reiciprocal networks, which she argues indicates

that Black users may use Twitter more as a social network, while White

users employ Twitter more as an informational network.

While sociological studies of ego network composition have often fo-

cused on the name generator question in the GSS, (159; 160) finds that im-

portant matters are frequently discussed with “unimportant alters”, defined

as alters that ego does not feel emotionally close to. Small focuses on two

contexts in which egos activate alters: when alter is knowledgeable (“tar-
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geted mobilization”) or when alter is available at the right time (“oppor-

tune mobilization”). It is likely that, for some, Twitter functions as an ex-

pert mobilization site—particularly by other experts, in contexts such as

#AcademicTwitter. Twitter is also used as a support-seeking service during

moments of crisis,

5.4.2 Previous studies of online homophiliy

To our knowledge, two studies have directly addressed the question of ego

network composition on Twitter. These studies have produced different

conclusions about interaction rates, particularly for White Twitter users.

(129) use F++ facial recognition to study follow and interaction relation-

ships among Twitter users in the United States. They find that the outbound

follow networks of White Twitter users are 79% White, 11% Black, and 10%

Asian; and that the outbound follow networks of Black Twitter are 55%

White, 32% Black, and 13% Asian. For combined measures of outbound

interaction (retweets plus mentions), they find that the network of White

users is 74% White, 11% Black, and 15% Asian, while the network of Black

users is 48% White, 38% Black, and 14% Asian.

On the other hand, (37) use a combination of face classification and hu-

man labeling to study same-race connectedness for inbound, outbound,

and mutual follower networks among White and Black Twitter users in the

United States. They find that the outbound follower network of White egos
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is 44.6% White; the inbound follower network is 46.1% White; and the mu-

tual follower network is 59.7% White. For Black egos, they find that the

outbound follow network is 34.0% Black; the inbound follow network is

35.8% Black; and the mutual follow network is 49.8% Black.

The implications of these two studies are different. In an enviornment

where rougly 60% of the people are White and 11% are Black (186) ((129) es-

timates 68% and 14%, respectively), the difference between White egos hav-

ing 60% ingroup interaction rates and 80% ingroup interaction rates is the

difference between homophily and heterophily. From an intergroup con-

tact perspective, the majority group having about half of its contact with

outgroups, as Cesare et al. estimate, would mean majority group members

routinely interact with minority group members and are routinely exposed

to concerns and interests of outgroup members.

5.4.3 Dataset description

We study Twitter, a popular microblogging service for the one year period

between 2014/11/01 and 2015/10/30. Twitter is an open platform which

defaults to public communication, which allows researchers to study rich

behavioral traces in a large online network.

We limited our collection to the New York City and Dallas-Fort Worth

metro areas (see Appendix for filtering details). This yielded 346,050 NYC

users and 122,584 DFW users which had a profile picture of a human and
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had active and non-protected accounts (which we used as criteria for dis-

tinguishing humans from other types of accounts). Data were collected via

Twitter’s REST API, and resulted in 156,719,072 tweets for NYC users and

56,684,443 tweets for DFW users.

We collected follower and followee relationships for these users, which

effectively induces a subgraph within each metro area. This decision re-

stricts results to links within-city, which plausibly increases the likelihood

of offline social relationships in the data.

Tie type Edge type Edges
Follow Bidir 4,341,561

Directed 9,547,646
Retweet Bidir 441,065

Directed 1,246,104
Mention Bidir 166,411

Directed 1,250,580

Table 5.1: Number of edges per network type in the subgraph induced on
nodes in New York City or Dallas-Forth Worth.

5.4.4 Classification methodology

Demographics on Twitter are not known and must be detected. Common

methodologies are to use publicly available signals present on profiles, such

as names (100) or profile pictures (129).

We adopt a strategy of combining human profile annotation with a rich

set of signals. Using CrowdFlower (CF), we have 3 raters classify the race,
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and collapse categories for the purposes of prediction into “Black”, “White”,

and “other”. A total of 5,588 profiles are labeled with race.

For predictor variables, we collect Face++ (faceplusplus.com) labels

for profile pictures, use word2vec (130) embeddings of tweet text, use

DeepWalk (142) embeddings of the follow graph, and use additional pro-

file signals generated from Twitter metadata. These include profile lan-

guage, name-based ethnicity using Census first names, Tweets sent and fol-

lower/followee counts.

This rich set of signals provides strong classification performance as dis-

played in Table 5.2. In addition to standard classification metrics, we in-

corporate the inverse degree term 1
Di

as a covariate which addresses resid-

ual correlation with degree as discussed in (21). Network-residual correla-

tion in predictions (which biases homophily estimates) is mitigated by both

strong classification performance and by the explicit inclusion of network

information in the from of node embeddings and degree information.

Category Accuracy AUC F1
White 0.85 0.91 0.81
Black 0.92 0.96 0.95

Table 5.2: One-vs-rest classification performance using 5-fold cross-
validation.

For gender, we combine first names with F++ profile picture predictions,

building a ground truth set of nodes where both F++ and name agree. Then

we predict using the same covariates as for race. Additional information

about the dataset and classification process can be found in the Appendix.
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5.5 Homophily on Twitter

Tie type Demographic Group fraction Ego network frac. ingroup
Follow Black 0.19 0.52

White 0.64 0.77
Mention Black 0.18 0.46

White 0.66 0.78
Retweet Black 0.19 0.53

White 0.65 0.76
Follow Woman 0.49 0.54

Man 0.51 0.57
Mention Woman 0.48 0.57

Man 0.52 0.60
Retweet Woman 0.49 0.61

Man 0.51 0.58

Table 5.3: Group fractions and raw-ingroup association rate in bidirected
networks. For instance, in the bidirected follower graph, Black
Twitter users are about 19% of the overall network, and the aver-
age ego network in the follow graph for a Black user comprises
about 52% Black users.

5.6 Comparison with offline homophily measures

The General Social Survey provides two modules which provide context for

the Twitter results in this paper. The first is the well-studied GSS network

module, which was administered in 1985 and 2004 (124; 127). The network

module used the “name generator” question, asking about people the re-

spondent discusses “important matters” with. The types of ties it elicits are

themselves an area of study (9), but connections elicited this way tend to

be stronger ties than are present on Twitter. For instance, 55% of the ties
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Figure 5.1: Overall association relative to random mixing for bidirected
networks of each tie type. Zero indicates that the average ego
network for a given group contains the number of same-group
alters which would be expected by random chance. All four de-
mographic groups studied exhibit homophily, with distinctly
different patterns for gender and race. For race, Black Twit-
ter users have higher homophily than White users, with men-
tion ties having the lowest homophily. For gender, men and
women have similar levels of homophily except along follow
ties, where men are slightly more homophilous. For gender,
follow networks have the lowest homophily, with mentions
and retweets exhibiting more preferential association.

elicited are kin ties. The social network module contains the respondent’s

self-report of the race and gender of alters. For a comparison to Twitter

networks, we exclude kin ties.

The second relevant GSS module is the 2006 social connectedness mod-

ule, which has been employed in past research on homophily in online (37)

and acquaintanceship (60) networks. This module asked a question about

whether the people the responded is “acquainted” with are the same race
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Figure 5.2: Association by tie direction. Outgoing ties—which individuals
have control over—exhibit a distinct pattern for both race and
gender. Black outgoing ties are less homophilous while White
outgoing ties are more homophilous; likewise for gender, out-
going ties by women are less homophilous while those by men
are more homophilous. This suggests that members of tradi-
tionally disadvantaged groups make more of an effort to link
to outgroup members in online settings.

as respondent. The answers are an ordinal scale varying from “almost all

a different race” to “almost all the same race”. This question captures an

individual’s broad impression of the types of contacts they have.

Both of these instruments are imperfect comparisons for Twitter, but

both provide important context. The social network module provides an

idea of the homophily expected in an individual’s close contact network.

However, online interaction on a site like Twitter is generally thought to

consist of weaker ties (although these weaker ties may still support dis-
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cussion of important matters (159)). There is therefore a potential tie-type

mismatch between the network module and Twitter.

The social connectedness module asks a question which is likely closer

to the Twitter domain: it concerns acquaintances. However, the question

relies on a general impression and does not ask respondents to provide es-

timates for the fraction of alters who are the same race. To address this,

(37) impose a fraction on each ordinal element to generate “percent equiv-

alents”. In addition, it does not ask about groups besides the respondent’s,

which means that it’s impossible to answer the question: “what fraction of a

black respondent’s acquaintance network is white?” Additionally, the same

question is asked about only race, not gender.

Our view is that both of these questions provide useful comparison

cases, but that we must be careful when drawing conclusions about the dif-

ferential rates of online and offline homophily. In particular with the social

connectedness module, the need to convert an ordinal scale to percentages

creates uncertainty. Our replication of Cesare et al.’s work indicates that

different choices of scale have meaningfully different homophily estimates.

The scale Cesare et al. choose is 10/30/50/70/90 for a 1-5 Likert variable,

which we refer to as the “10-90 scale.” This scale implies that White Amer-

icans have almost no homophily above baseline in their acquaintanceship

networks, which is a surprising finding that does not accord with other ev-

idence on acquaintanceship networks (61).

The 10-90 scale scale assumes that everyone’s acquaintanceship network
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is at least 10% members of a different race. Considering that many localities

in the United States (for instance, Vermont) are well over 90% White, this

assumption may cause an under-estimate of homophily. We propose an

alternative scale which ranges from 0/20/50/80/100 and evaluate using

this scale.

5.6.1 Network module comparison

Non-kin results from the network module are presented in Table 5.6.1. From

1985 to 2004, ego network segregation among both White and Black Amer-

icans fell considerably, with the exception that Blacks were not more likely

to associate with Whites (M of -0.83 in both cases). The tendency of Whites

to associate with other Whites fell considerably, from M of 0.62 to 0.44.

For sex1, we find that in-group preference is slightly stronger among

men than women. From 1985 to 2004, same-gender preference among

women rose substantially (0.36 to 0.52), and fell slightly among men (0.62

to 0.57).
1The GSS asks about sex with a binary male/female response option. In 2018, the GSS

began asking about gender with the S EXNOW question.
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5.6.2 Social connectedness module comparison

Results from the 2006 social connectedness module are presented in Table

5.6.2. We use a percent equivalent strategy of: Almost all the same race

as you (100%); Mostly the same race as you (80%); About evenly divided

(50%); Mostly a different race than you (20%); Almost all a different race

than you (0%). This scale accords more closely with the text of the questions.

However, it still may underestimate homophily: the large overdispersion

coefficients for race reported in (61) suggest that many acquaintanceship

networks may lie in the 80% to 100% range. Even with this potential under-

estimate, we estimate M = 0.53 for Whites and M = 0.66 for Blacks2.

5.7 Limitations

Estimating social segregation in any setting is a difficult task. The present

study is complicated by the use of a classifier for race and gender, which

introduces complications not present when individuals are asked to report

their own demographics. Because of this concern, we have created several

new approaches for the study of interactions between groups in online net-

works, and adapted a specification curve approach to a new domain.

However, these strategies do not completely remove uncertainty about

our conclusions. It is possible that unmeasured variables are correlated both
2An evenly spaced scale of 100/75/50/25/0 gives M = 0.32 for White and M = 0.63 for

Black.
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Figure 5.3: In-group association relative to random mixing for gender,
compared to a baseline of GSS non-kin ties (shaded blue area).
Homophily is substantially lower online. Ties on Twitter are
bidirected, which provides a natural comparison for discussion
network ties studied in the GSS.

with inclusion in the training set and with demographics, which has the

potential to bias our models.

A second limitation is the comparison with offline surveys. While offline

surveys have error just as classifiers do (individuals report their perception

of their network, and may report incorrectly), it is also not clear which of-

fline network is the correct comparison for Twitter. We have compared both

a non-kin network of close confidants and an acquaintanceship network.

A third limitation is the time difference between the collection of the of-

fline networks and the collection of the online networks. This is perhaps
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Figure 5.4: In-group association relative to random mixing for race, com-
pared to a baseline of GSS non-kin ties and the GSS social
connectedness module (shaded blue area). For Black Twitter
users, homophily is lower online than offline. For White Twit-
ter users, the picture is ambiguous depending on the choice of
baseline.

the largest limitation of our study: if offline social segregation declined sig-

nificantly from the survey period (2004 or 2006) to the online data collec-

tion period (2015), then it is possible that the online network we study is

simply reflecting underlying social changes, rather than deviating from the

offline world. This may be particularly plausible in the case of White peo-

ple: offline social segregation among non-kin confidants fell from M = 0.62

to M = 0.44 between 1985 and 2004. This is about a point per year. If

this trend continued linearly we would expect M = 0.34 in 2015, or right

within the range of estimates from the online networks we study. In the

case of Black Americans, the trend toward lower segregation is present but

less pronounced, proceeding at about half the rate of that for Whites. Even
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if social segregation were to decline at double the rate observed between

1985 and 2004, M would equal about 0.58 in 2015, far higher than the rates

observed in the online networks we study.

5.8 Conclusion

The challenges of estimating demographic homophily in online social and

communication networks are formidable. However, this information is nec-

essary to assess the visibility of minority groups (104), the access of disad-

vantaged groups to information and majority networks, and to understand

differences between online and offline social integration.

This paper has shown that from the perspective of cross-demographic

interaction, sites such as Twitter can promote substantial rates of communi-

cation and information flow across demographic lines. Much like previous

work on exposure to cross-cutting sources of news on Facebook (11), this

paper suggests that the presence of demographic filter bubbles (138) is less

pronounced than those occurring in offline social relationships.

Additionally, it has provided additional evidence on an empirical point

where uncertainty currently exists. Estimates here suggest that homophily

is present on Twitter, but that it is less pronounced than offline discussion

networks and, at least for Black Twitter users, less pronounced than offline

acquaintanceship networks. Substantial uncertainty exists about the rate
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of offline discussion network and acquaintanceship network homophily for

Whites in particular, suggesting additional research is needed on this topic.

This study has also uncovered an important type of asymmetry in ho-

mophily on Twitter: outgoing ties are less homophilous when originating

from members of a disadvantaged group (Blacks, Women) than from mem-

bers of an advantaged group (Whites, Men).
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Variables Year Mean SE N
Ego demographic

White 1985 86.8 % 0.86 1534
2004 77.3 0.79 2812
2006 70.1 0.68 4510

Black 1985 10.0 0.76 1534
2004 11.5 0.60 2812
2006 11.9 0.48 4510

Male 1985 47.0 1.28 1534
2004 47.8 0.94 2812
2006 47.1 0.74 4510

Female 1985 53.0 1.28 1534
2004 52.2 0.94 2812
2006 52.9 0.74 4510

Network module
Number of alters 1985 3.06α 0.04 1531

2004 2.18 0.05 1426
Number of kin 1985 1.58 0.03 1531

2004 1.18 0.03 1426
Number of non-kin 1985 1.48 0.04 1531

2004 1.01 0.04 1426
Soc. conn. module

Same-race acquaintances 2006 1.99β 0.03 1322γ

Table 5.4: Descriptive statistics of race and gender in the the American
population from the 1985, 2004, and 2006 GSS. Main variables
from the 1985 and 2004 network module and 2006 social con-
nectedness module is also presented. α: Figures in this column
for the network module section are the raw number of contacts
in each category. A maximum of 6 was allowed; following (124),
cases reporting 6 are recoded to 6.5. β: Same-race acquaintances
is measured on a 1-5 Likert scale; this is the mean of the scale, ac-
cording to acquaintances being “mostly the same race as you”.
γ: N = 1322 for people of all races and N = 1206 for people who
identify as Black or White.
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Year Ego Strategy Mean SE M M se
2006 White 10/30/50/70/90 0.74 0.01 0.12 0.04
2006 Black 0.64 0.03 0.59 0.03
2006 White 0/25/50/75/100 0.80 0.01 0.32 0.04
2006 Black 0.67 0.03 0.63 0.04
2006 White 0/20/50/80/100 0.86 0.01 0.53 0.03
2006 Black 0.70 0.04 0.66 0.04

Table 5.5: Percent-equivalents, self-report same-race acquaintanceship
networks from the 2006 GSS.

118



5.9 Appendix

5.9.1 Machine learning for demographic classification

Many studies have developed machine learning methods for race and gen-

der classification in online settings without the explicit goal of quantifying

cross-group interaction rates. Studies commonly use name, picture, pro-

file, content (e.g. Tweets), and network information. (36) review this work,

finding that accuracy of gender predictions have the highest mean accuracy,

but are high variance; the average accuracy of race predictions are some-

what lower than gender but lower variance. The bulk of such studies work

within a maximum performance framework, where the goal is to maximize an

accuracy measure such as precision or recall.

When the goal is to estimate group properties, this is not always appro-

priate as studies of quantification recognize (69; 20; 21). We employ a quan-

tification framework here, where the primary goal is to estimate a property

of groups from individual-level predictions. It is the opposite of ecological

inference (109), where the goal is to go from the group to the individual. Al-

though performance measures are not dispositive for quantification tasks,

we note that we achieve among the highest reported performance for clas-

sification of Twitter profiles.
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5.10 Network residual correlation

A primary challenge to obtaining reliable estimates of intergroup contact in

networks is the network residual correlation problem (21). When a method

with error (such as a survey question or machine learning classifier) is used

in a network, there is the possibility that errors will be correlated along the

network.

For example, if a machine learning classifier predicts ego is “White” but

ego is actually “Black”, it is then more likely that the neighbors of ego both

will actually be “Black” (due to network correlation) and that they will be

classified as “White” (due to network residual correlation).

This formalization of this problem provided in (21) shows that the prob-

lem can be written entirely in terms of dyads.

5.11 Normalized egonet composition

An estimate of average egonet composition is more useful if normalized by

expected egonet composition. This facilitates cross-network comparisons:

without normalization by expected composition, it is difficult to draw con-

clusions about whether an observed ingroup association indicates high or

low segregation.

Previous work comparing online and offline ego networks has not em-
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ployed normalization by group size, making drawing conclusions about

relative rates of segregation difficult. Few purely online studies report nor-

malized figures, often working directly with group percentages in ego net-

works (e.g. (99)).

Inspired by Coleman’s homophily measure (45), we propose a measure

of normalized average egonet composition, which we refer to as M. This

measure captures, from the perspective of the average person in a given

group, the relative likelihood of associating with an individual in a target

group.

Similarly to Coleman’s homophily, M between groups a and b (where

possibly a = b) is defined as

Maa =


Haa−pa

1−pa
for (Haa − pa) ≥ 0

Haa−pa
pa

for (Haa − pa) < 0

 . (5.3)

In contrast to Coleman’s homophily, Maa concerns average ego net-

works, not the fraction of links within and between groups. Coleman’s ho-

mophily measure can be influenced by idiosyncratic patterns among high-

degree nodes, and the Twitter networks we study exhibit several orders of

magnitude of degree differences. Maa focuses on the average over all peo-

ple in a group, which is more appropriate for studying how participants in

online communities perceive spaces than a link-based measure.

We use Maa as a standardized measure of segregation. We present both
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nominal (Haa) and standardized (Maa) measures. Nominal measures pro-

vide important information, but are difficult to interpret alone.

5.12 Uncertainty estimates

We use the bootstrap (63) to provide confidence intervals for estimates. For

each bootstrap replicate, we begin by resampling the nodes in the network.

Nodes may appear more than once. Then, we construct a replicate edgelist

taking into account the multiplicity in the node replicate. For instance, if

node a occurs twice in the node replicate, its edges to other nodes in the

node replicate are doubled in the edge replicate.

5.13 Classifying race and gender

Race and gender classification are common tasks in machine learning and

social science (36). For race, we build our ground truth set from a human-

labels on the CrowdFlower labeling site. For gender, we use the intersection

of two well-studied signals: F++ predictions based on profile photos and

first name recognition based on Census data.

For prediction models, we use logistic regression which provides well-

calibrated probabilities (135). We employ covariates for prediction as de-

scribed in the next section.
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5.13.1 Covariates

Models predicting race and gender use the following covariates:

1. Tweet text: 32-dimensional word2vec embeddings of timelines, with

word embeddings averaged within nodes to create a “timeline em-

bedding”. This is done with Gensim (147), using skipgrams, negative

sampling, 25 epochs, and a window size of 5.

2. Network data: for each tie type, we use inverse in-degree and

inverse out-degree. We also embed the follow graph using 32-

dimensional embeddings based on random walks (similar to the

DeepWalk method (142)). We use the same settings as for word vec-

tors. Notably, this means using negative sampling rather than Deep-

Walk’s hierarchical softmax for negative examples.

3. Names: We use the race and gender breakdown of first names.

4. Language: We use language of the account detected by Twitter.

5. F++: We use classifications of race, gender, and age from F++.

6. Twitter activity information: the following covariates are provided by

Twitter at the user level: days since joining, number of Tweets, number

of followers, number of times listed, number of people user is follow-

ing, number of favorites (likes), and days since active.
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5.13.2 Differences with past GSS estimates

Small differences in estimates compared to prior work is due to two factors:

different weighting schemes and a potential error by (127). This paper uses

the GSS variables ADULTS to weight the 1985 sample, and the combined

ADULTS ∗WTS S NR to weight the 2004 and 2006 samples.

Differences between Table 5.6.1 and (124) can be explained by Mars-

den using an unweighted sample. Here, the variable ADULTS is used to

weight the sample, giving these estimates an individual-level rather than

household-level interpretation.

Differences between Table 5.6.1 and (127) can be explained by two fac-

tors. First, McPherson et al. use the inverse of the weights, e.g. 1/ADULTS

rather than ADULTS . Using 1/ADULTS replicates the 1985 estimates pre-

sented in McPherson et al.

A second discrepancy of unknown origin leads to McPherson et al.

claiming N = 1467 rather than N = 1426. This discrepancy in observa-

tions cannot be explained by the inclusion of category 9 for the NUMGIVEN

variable (“No answer”), which would change the number of observations

to 1472.

Differences between Table 5.6.1 and (37) can be explained by Cesare et

al’s use of an unweighted sample. Cesare et al.’s N = 1206 is only account-

ing for egos who identify as White or Black.

124



CHAPTER 6

EXAMINING THE IMPLICATIONS OF HOMOPHILY ON SOCIAL

DILEMMAS

Probabilistic social structural models in the tradition of Peter Blau pro-

vide useful theoretical description of group arrangements. However, be-

havioral dynamics with specific structural configurations are often dis-

cussed more informally. To address this, I propose an analytic evolutionary

game theory model which examines pairwise game outcomes within social

structures defined by intergroup contact rates. This model allows examin-

ing game dynamics given a level of homophily. This is a minimal model

that allows exploration of the entire homophily-by-pairwise-game space in

the case of two groups. The model yields several interesting results. First,

the equilibrium outcome of the prisoner’s dilemma is not changed by so-

cial structure. However, when group-based payoffs exist—as in a modified

prisoner’s dilemma with in-group preferences—some structural configura-

tions can facilitate cooperation. In the case of coordination games such as

the stag hunt, homophily can facilitate cooperation even when games do

not have payoffs which vary with group status. The reason for this is that

once a single group has converged on a high-payoff outcome, the strategy

can then spread to the other group. Taken together, these results indicate

that for pairwise games, homophily can both facilitate and inhibit coopera-

tion.
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6.1 Introduction

Sociologists have long argued for the causal importance of social structure

on macrolevel outcomes (23; 30; 31). To examine the effects of social struc-

ture on resolving social dilemmas, I propose a model that I call the So-

cial Evolutionary Game (SEG), which integrates a probabilistic model of

macrosocial structure (145; 66; 156) with the theory of asymmetric evolu-

tionary games (153; 76). In contrast with previous formally similar models

(94; 93), SEGs are parameterized in a way that allows direct examination

of the effects of important structural parameters, such as group size and

homophily.

In Section 6.2, I lay out the two theoretical traditions I draw on: Blau’s

theory of social structure and asymmetric evolutionary games. In Section

6.3, I state the replicator dynamics of the SEG model formally and detail the

model’s specific assumptions and interpretation for sociologists. In section

6.4, I show that social structure is irrelevant for facilitating cooperation in

the prisoner’s dilemma. In section 6.5, I analyze two important classes of

situations for which social structure can play a pivotal role in engendering

cooperation: when there are social roles and group-based payoff preferences.

By allowing formal analysis of the effects of social structure on

macrolevel outcomes, the SEG model provides scope conditions for the sit-

uations where structure matters. In Section 6.6, I provide simple heuristics

for such cases. This paper uses a stylized model to illustrate how social
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structure can both facilitate and inhibit cooperation.

6.2 Theory

6.2.1 Social Structure

Sociologists have long been concerned with the importance of social struc-

ture. Structure is commonly conceptualized as a network of contacts, who

provide information (84), social support (46), brokerage opportunities (30),

and the ability to transmit behaviors (72). In addition to specific network

positions, sociologists have developed a variety of methods for inferring

hierarchies (70; 49; 123; 22) and characterizing types of positions based on

network structure (184; 29).

In contrast to inductively determining positions and roles from network

structure, class analysts and demographers have been concerned with inter-

action rates among socially salient groups, such as marriages across income

or educational levels (103; 154; 155). Such analyses are deductive: they be-

gin with knowledge of the socially salient groups (e.g. income category),

and seek to understand the important interaction patterns among individ-

uals with such socially salient characteristics. Such analyses can be said to

be probabilistic, in the sense that an important part of the analysis resides in

determining the level of homophily (45; 126) for each group.
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Blau’s theory of social structure (23) falls into the second category: we

are interested in deriving properties of the social world from interaction

rates among groups. For this type of macrostructural theory, specific net-

work structures and the position of any given individual are less impor-

tant than the interaction rates among socially salient groups. The inductive

and deductive conceptualizations of social structure are not incompatible: a

given network may have a stochastic blockmodeling procedure applied to

inductively find similar individuals, while also containing information on

interactions between various social groups.

However, the two procedures emphasize different levels: an inductive

approach seeks to characterize microlevel specifics, while a deductive ap-

proach seeks to summarize larger patterns of interaction based on our prior

knowledge about important groups in the population.

In this article, I take a deductive, probabilistic approach to social struc-

ture. I assume that socially salient characteristics are known in advance, and

that interactions between individuals may be affected by such characteris-

tics. This choice is motivated by a desire to model macrolevel outcomes,

which can be difficult when considering the vast array of network topolo-

gies that may be consistent with any model of probabilistic interaction.

Work in this deductive, probabilistic often leaves a model of action im-

plicit (23; 145; 24; 156; 66; 67; 157). The main action studied has been

whether or not to associate with another individual based on characteris-

tics. Considerations of behavioral outcomes, such as cooperation and co-
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ordination, in such structures have only recently become objects of study

(93; 94; 95). I argue that the usefulness of such probabilistic models is lim-

ited without a behavioral component.

Blau’s (23) analysis stops after determining that group sizes and corre-

lation between individual characteristics matter for rates of intergroup con-

tact. But why is intergroup contact a worthy object of study? I argue that we

should care about intergroup interaction rates because different interaction

patterns have different implications for macrolevel outcomes (e.g. cooper-

ation). In this sense, the importance of structural theories is greatly limited

when not accompanied by a theory of action.

Formalization

I will use a simple mathematical object to represent social structure: the

interaction matrix. If there are b social groups, the interaction matrix B is

the b × b matrix where entry btu represents group t’s interaction with group

u. B must be stochastic, such that
∑

u btu = 1. However, it does not have to

be symmetric, so btu does not necessarily equal but.

Interaction probabilities can be decomposed further to explicitly incor-

porate sociological parameters such as group size, mean degree, and ho-

mophily. For group t, call group fraction N t and fraction of edges to group

u etu. Then any cell of B is just btu = etu. This is the fraction of t’s edges origi-

nating in t that end in u. Homophily can be computed straightforwardly for
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groups:

ht =
ett − N t

1 − N t

B models interaction between groups. In cases where groups along more

than one dimension (e.g. race and gender) are analyzed, analysis can pro-

ceed by creating a new set of groups of the form (race, gender) and a new,

larger interaction matrix that represents one race-gender group.

6.2.2 Evolutionary Games

The game theoretical models most familiar to sociologists are in the form of

the prisoner’s dilemma (91; 6; 120; 119). The PD models a situation where

social benefit (the sum of all player payoffs) is maximized by a strategy

that nobody has an individual incentive to play. Evolutionary games (76)

expand upon this type of one-shot game by modeling how a population

players change strategies over time to reach an equilibrium state.

For instance, in an evolutionary one-shot PD, nearly everyone may start

by cooperating, but over time players receive more benefit from defection,

and so switch strategies at some rate towards the asymptotically stable state

of everyone defecting.
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Motivation

Evolutionary games are traditionally motivated by modeling a process of

genetic selection (161; 137). An animal has a strategy (e.g. aggressive or

passive) hard-wired. In a strategic environment, this strategy confers a cer-

tain fitness, or number of offspring. More successful strategies are those

which replicate themselves at greater rates by having higher fitness. Repli-

cator dynamic (51) equations are employed to analyze how the population

of players changes strategies over time, with asymptotic stability as the key

solution concept.

An asymptotically stable equilibrium is a refinement of a Nash equi-

librium, and is any equilibrium where all trajectories of the replicator dy-

namics in some area around the equilibrium converge to the equilibrium

as time goes to infinity. This means that an asymptotically stable point is

robust to invasions by small numbers of mutants, much as an evolutionary

stable point is. However, evolutionary stability is often defined as a point

that is robust to invasion by one alternative strategy, whereas an asymp-

totically stable point is robust to invasions by mixed strategies (76). If an

ESS is defined as robustness against mixed strategy mutants, then ESS and

asymptotic stability coincide.

Evolutionary games have been applied to explaining human culture and

cooperation across generations (7; 27). In these models, the strategy played

by a human is assumed to be fixed within individuals, and certain behav-
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iors (e.g. cooperation) give higher or lower fitness, and then replicate ac-

cordingly across generations.

This multi-generational interpretation of the replicator dynamic is com-

mon, but it is usually not appropriate for sociology. We study changes that

take place on shorter timescales. For instance, we would not try to explain

the collapse of a state in terms of a multi-generational process of differential

reproduction of certain genes. However, the replicator dynamic can also be

interpreted as a fixed population of individuals who change strategies based

on information.

Consider the the following scenario (76): in the morning, individuals

are paired with another member of the population at random and play a

pairwise game (the stage game). In the afternoon, individuals are paired with

another random individual, and exchange information about the strategies

they played and the payoffs they received. In the evening, players reflect

by comparing the payoff they received in the morning versus the payoff

they learned about in the afternoon, and decide to try out a new strategy

the following morning with some probability if they can receive a higher

payoff by switching.

This type of interpretation is consistent with the replicator dynamics,

and with the sociological goal of analyzing behavioral changes within a

fixed population. Here, strategies replicate based on the utility they con-

fer to individuals. In this scenario, the replicator dynamics are a result of

individuals learning new information about payoffs they can receive for

132



playing different strategies in a given environment.

Asymmetric Evolutionary Games

In a standard evolutionary game, there is one population, and pairs of play-

ers are paired to play the stage game. In an asymmetric game, there are two

populations that are paired both within and between groups. Populations

may receive different payoffs when paired with the ingroup and outgroup

(5; 51; 93; 94).

As an example, consider the case of heterosexual marriage. We could

model this social situation as an asymmetric evolutionary game. A sim-

ple asymmetric model would have women and men playing only between-

groups, so that all pairings were between a woman and a man. In a richer

model, we can allow women and men to play both within- and between-

group games. For instance, women play other women for the opportunity

to inhabit the “woman” space, and play between groups to select partners.

Asymmetric evolutionary games either assume random mixing or fixed

group sizes (93; 94). However, in the social world, different groups have

different interests and interact at different rates. I extend the previous work

on asymmetric evolutionary games by incorporating arbitrary probabilistic

social interactions into such models.

Such a model yields a phase space that may be compared with empirical

data or tested in the laboratory.
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6.3 Model

In this section, I present the assumptions and formal statement of the SEG

model. I present a two-group, two-strategy version of the model for sim-

plicity. Such a model may be easily solved numerically, along with facilitat-

ing analytical treatment similar to (93).

6.3.1 Assumptions

Here are four important assumptions that are encoded in the SEG model.

Assumption 2. Fixed individual characteristics: Individuals cannot change

their group.

Assumption 3. Fixed group sizes: While a simplification of reality, this assump-

tion means that interaction and information drive the evolution of behavior.

Assumption 4. Behavior separate from characteristics: Within-individuals

we assume that characteristics are fixed, but that individuals still have choices about

behavior.

Assumption 5. Heterogeneous reference groups: Individuals look to specific

others based on characteristics. I assume that individuals compare their payoffs

with ingroup members.

These assumptions straightforwardly outline the scope of the model. We

do not allow certain elements, such as individual characteristics and the
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interaction pattern, to change. The result of the model then yields a set of

ESS which can be analyzed. One parameter can then be varied (e.g. group

interaction rates) to examine how the ESS set changes.

I leave endogenizing parts fixed parts of the model for future research.

For instance, allowing group interaction rates to change endogenously

could produce insights into how payoffs affect group interaction rates.

6.3.2 Formal Statement

I assume two groups and two strategies. I’ll call the strategies c and d,

which could represent actions such as cooperate/defect, hunt stag/hunt

rabbit, aggressive/passive, and so forth. I’ll call the groups t and u, which

could represent sex, ethnic groups, nationalities, fans of two different base-

ball teams, and so forth. The stage game is assumed to be two-player, so that

pairs of players are selected, play the game, and receive a payoff at each

time period.

Assume we have a payoff matrix for the stage game for each group

against each other group. Since we have two groups, this yields four payoff

matrices1. I will denote the payoff matrices for t by Att and Atu and the pay-

off matrices for u by Auu and Auu. I will use the convention that superscripts

refer to groups and subscripts refer to strategies. This gives,

1t against t, t against u, u against u, and u against t.
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Att =

a
tt
cc att

cd

att
dc att

dd



Atu =

a
tu
cc atu

cd

atu
dc atu

dd



Auu =

a
uu
cc auu

cd

auu
dc auu

dd



Aut =

a
ut
cc aut

cd

aut
dc aut

dd


If a member of t plays c against a player of u group playing c, they receive

atu
cc, while a member of u playing c against a member of t playing c receives

aut
cc. These payoff matrices represent the payoffs to individuals from a one-

shot game.

To incorporate temporal dynamics, we focus on two quantities, the pro-

portion of t playing c and the proportion of u playing c, which I’ll denote

pt and pu, respectively, while p is the overall state of the game given by pt

and pu. Note that the proportions of each group can be derived from these

quantities straightforwardly: the proportion of t playing d is (1 − pt). This

means our dynamics need only two equations, modeling the change in the

proportion of cooperators in t and u over time. Denote these quantities ṗt

and ṗu, respectively.
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Recall from Section 6.2.1 that the interaction matrix is given by B. I use π

to denote payoffs. πt
c(B, p) is the payoff to playing c for group t with interac-

tion matrix B, when the game is at state p. π̄t(B, p) is the average payoff for

group t with interaction matrix B at game state p. We then have a system of

two differential equations:

ṗt = pt[πt
c(B, p) − π̄t(B, p)] (6.1)

ṗu = pu[πu
c(B, p) − π̄u(B, p)] (6.2)

Equivalently,

ṗt = pt(1 − pt)[πt
c(B, p) − πt

d(B, p)] (6.3)

ṗu = pu(1 − pu)[πu
c(B, p) − πu

d(B, p)] (6.4)

Take Equation 6.1, which is the rate of change for cooperators in group t

at game state p. This equation says that the proportion of cooperators in-

creases in group t when cooperators do better than the average member

of t, and decreases when cooperators do worse than the average member

of t. This is not a forward-looking best response dynamic, but encodes the

assumption that individuals change to better strategies with some positive

probability. Adjusting the rates of switching does not change the trajecto-

ries of the replicator dynamic, but does change the speed with which con-

vergence occurs (76).
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Consider the payoff term π̄t(B, p). To understand the dynamics of the

game, it’s helpful to write down the components of this term explicitly:

πt
c(B, p) = btt(ptatt

cc + (1 − pt)att
cd) + btu(puatu

cc + (1 − pu)atu
cd) (6.5)

πt
d(B, p) = btt(ptatt

dc + (1 − pt)att
dd) + btu(puatu

dc + (1 − pu)atu
dd) (6.6)

This form can be simplified further, but this expression clearly demonstrates

how social structure enters into payoffs: btt multiplies the in-group payoff

and btu multiplies the out-group payoff. In a case where playing c yields a

high in-group payoff and low out-group payoff, a high in-group interaction

rate can make c beneficial.

6.4 Social Structure as Correlation

When analyzing the evolutionary prisoner’s dilemma, scholars have ar-

gued that correlation (also “clustering”) provides a potential explanation for

the presence of cooperation (6; 7; 158). Correlation occurs when individu-

als who play similar strategies are paired at higher-than-average rates. For

instance, a group of cooperative animals may by chance inhabit the same

environment. This pairing of cooperators then leads to cooperative animals

having high payoffs and successfully reproducing.

This argument relies on a reliable mechanism to pair individuals based
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on strategies. If organisms have hard-to-mimic signs of cooperativity and

strategies are fixed within organisms, correlation provides a plausible

mechanism for cooperation to evolve. Alternatively, if an omniscient and

costless mechanism2 pairs individuals based on strategies, then defectors

can be consistently punished by interacting with other defectors.

In the social world, two problems with this argument arise. First, strate-

gies are often different from characteristics. Second, individuals are paired

on characteristics and not strategies, since characteristics are publicly ob-

servable, while strategies are only revealed at the time of action.

Together, these two features make it unlikely that correlation provides

a reliable mechanism for the evolution of cooperation without other fac-

tors, such as difficult-to-change strategies, reputation, or punishment (136).

However, this discussion does reveal an often overlooked theoretical point

about social structure: it can be seen as a source of correlation in the so-

cial world, although the interpretation of this correlation for social behavior

is less straightforward than for biological behavior since strategies are di-

vorced from characteristics.
2Perhaps individuals would be willing to pay some cost, but assume that individuals

do not have the ability to agree on such a mechanism in advance.
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6.4.1 Irrelevant Structure in the Prisoner’s Dilemma

If we accept that pairing individuals based on the strategies they will play is

infeasible, then we rely on pairing individuals based on characteristics. For

instance, assume brown-eyed people are be paired to play together, either

through choice homophily or some outside structure that encourages this

interaction, leading to inbreeding homophily hblue eyes > Nblue eyes (128).

Consider the prisoner’s dilemma game given by the following payoff

matrix:

A =

3 0

5 1


Then we have the following result: if A = Att = Atu = Auu = Aut, then for

any values of B, defection is still the only asymptotically stable strategy.

Further, the basin of attraction for defection remains the entire range of p

values. In other words, if all groups play a prisoner’s dilemma against all

other groups, no social structure B changes the substantive outcome of the

game.

The reason for this is easy to see. Note that in Equation 6.3, group t’s

fraction of c players increases precisely when3 πt
c > πt

d, or when strategy

c has a higher payoff than strategy d. For social structure B to facilitate

cooperation, there must be some B such that πt
c > π

t
d, for some value of p. In

3For this discussion I simplify πt
c(B, p) to πt

c.
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other words, if there is any hope of B facilitating cooperation, at some p, c

must do better than d. If at all points d does better than c, then the replicator

dynamics will never lead to a larger proportion of c.

Using the “column operation”, we can get zeroes on the off-diagonals

of A by subtracting a constant from a column. This does not change the

replicator dynamics. We use this to get A′,

A′ =

−2 0

0 1


We then write the payoffs for group t playing strategy c and d by plugging in

for Equations 6.5 and 6.6 (the zeroes in A′ make these expressions simpler),

πt
c = −2(btt pt + btu pu) (6.7)

πt
d = (1 − pt)btt + (1 − pu)btu (6.8)

Since pt, pu, btt, btu are always non-negative, πt
c ≤ 0 and πt

d ≥ 0. These are both

zero in the case where btt = 0 = pu or btu = pt = 0. As long as we have a mixed

trajectory, where all strategies in all groups appear with positive probability,

πt
d > π

t
c since (1 − pt)btt + (1 − pu)btu > 0 and −2(btt pt + btu pu) < 0.

This proves that in the case of the prisoner’s dilemma given by A for any

mixed trajectory, the replicator equations 6.1 and 6.2 are always negative.

In other words, cooperation is always declining, for any values of B and p.
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In an arbitrary version of the Prisoner’s dilemma given by

A =

R S

T P


where T > R > P > S , we can rewrite Equations 6.7 and 6.8 as:

πt
c = (R − T )(btt pt + btu pu) (6.9)

πt
d = (P − S )((1 − pt)btt + (1 − pu)btu) (6.10)

Since we can always add a constant to a column of A without changing

the replicator dynamics, without loss of generality we can assume that

T, P,R, S > 0. Note that R − T < 0 and P − S > 0. Using the fact that

pt, pu, btt, btu are non-negative, again we have the result that for all mixed

trajectories, πt
d > π

t
c.

In this case, social structure given by B can be said to be irrelevant.

This should not be surprising, given that all individuals in this case have

a strictly dominant choice in the stage game: defection. No matter what the

other groups are doing, individuals do best by defecting.
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6.4.2 Numerical Evidence

We can see the above result from solving prisoner’s dilemma models nu-

merically and plotting the phase space. This shows the trajectories of the

replicator dynamics equations 6.1 and 6.1. I assume groups are of equal

size, and choose the following interaction matrices:

Bno =

.5 .5

.5 .5



Bhigh =

.9 .1

.1 .9


In Bno, there is no homophily. In Bhigh, homophily is 0.8 for both groups.

We can see the results in Figures 6.4.2 and 6.4.2. Trajectories are nearly un-

changed, and the bottom left corner (full defection for both groups) is the

only basin of attraction.
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Figure 6.1: The Prisoner’s Dilemma with two groups and no homophily.
There is a single equilibrium at defect-defect (bottom left).

Figure 6.2: The Prisoner’s Dilemma with two groups and a homophily
value of 0.8. This leaves the single equilibrium (defect-defect)
unchanged (bottom left).

144



6.5 When Social Structure Matters

The previous section can be interpreted pessimistically: no social structure

B will change the outcome of a pure prisoner’s dilemma. However, when

social roles, social norms, or group-based preferences exist, social structure can

play a pivotal role in facilitating cooperation (64; 43) . I present two such

examples in this section using numerical methods.

6.5.1 Roles and Norms

Social roles and social norms are encoded the payoff matrices Att, Atu, Auu, Aut.

For instance, in a simple game where there is one leader and one follower,

the leader could derive higher payoffs from an aggressive strategy, and the

follower could derive higher payoffs from a passive strategy. In this case,

roles and norms would be internalized, since they are reflected in individual

payoffs and not enforced by an outside sanction.

Consider a simple situation where individuals play the stag hunt (as-

surance game) against ingroup members, and a prisoner’s dilemma against

outgroup members, must chose to play one strategy regardless of the iden-

tity of their opponents. This could represent a situation where a social norm

of cooperation obtains within-group, but there is no norm prohibiting de-

fection in between-group play. Payoff matrices are given by:
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Aingroup =

3 0

1 1



Aoutgroup =

3 0

5 1


In this situation, social structure has a pivotal effect. Increasing levels of

homophily make cooperation asymptotically stable. In this sense, social

structure has the ability to change an in-group norm into a norm for the en-

tire population, even though between-group interactions are governed by

a mixed-motive game. In Figures 6.5.1, 6.5.1, and 6.5.1, we plot the phase

space of the system with homophily values of 0, .2, .4, .8. Note that at ho-

mophily of .4, cooperation has an asymptotically stable basin of attraction

of reasonable size. At homophily of .8, cooperation has the largest basin of

attraction.
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Figure 6.3: A game where individuals face a coordination game (Stag
Hunt) with ingroup members and a Prisonner’s Dilemma with
outgroup members, and must decide on a strategy to play. The
defect-defect outcome (bottom left) is the most probable out-
come but other outcomes are possible depending on the start-
ing state. The defect-cooperate (top left; bottom right) out-
comes are possible, where one group is filled with coopera-
tors and the other defectors. If the game starts near cooperate-
cooperate (top right), it will stay there, although relatively
small perturbations will push the game to a different equilib-
rium.
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Figure 6.4: A game where individuals face a coordination game (Stag
Hunt) with ingroup members and a Prisonner’s Dilemma with
outgroup members, and must decide on a strategy to play. As
homophily is increased, the non defect-defect outcomes (bot-
tom left) become more likely.
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Figure 6.5: A game where individuals face a coordination game (Stag
Hunt) with ingroup members and a Prisonner’s Dilemma with
outgroup members, and must decide on a strategy to play.
With high levels of homophily (0.8 in this plot), the coopera-
tive outcome becomes the most likely.
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6.5.2 Group Preferences

Individuals often favor their own group over others. This could be repre-

sented by the following payoff matrices:

Aingroup =

6 0

5 1



Aoutgroup =

3 0

5 1


In other words, individuals play a prisoner’s dilemma game against the

outgroup, but receive 6 points for cooperation in-group. In this case, high

levels of homophily can facilitate cooperation, as seen in Figure 6.5.2.
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Figure 6.6: The Prisoner’s Dilemma but with an ingroup bias and no ho-
mophily. Defection dominates (bottom left).

Figure 6.7: The Prisoner’s Dilemma but with an ingroup bias and high ho-
mophily (0.8). Cooperation, as well as mixed cooperate-defect
outcomes, are stable equilibria in addition to defect-defect.
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6.6 Conclusion

The two main results of this paper appear contradictory: social structure can

be irrelevant, and changes to social structure can qualitatively alter the set

of stable outcomes. The tension in these results imply that social structure’s

effect on outcomes is situation-specific. Such a result aligns with the expe-

rience of sociologists. If we understand the utility that individuals derive

from social interactions, and we understand information transmission pro-

cedures among individuals, then we can directly analyze how social struc-

ture affects macrolevel outcomes.

Sociologists have long argued for the causal importance of social struc-

ture. This paper has shown that in one theoretical formulation of this prob-

lem, social structure can be pivotal for facilitating or inhibiting cooperation.

This model has clear limitations that can be studied in future work.

Here, agents play a simple pairwise game and must pick a single strategy. In

reality, it is often easy for individuals to choose strategies based on the iden-

tity of their game partners. Future work can study the impact of strategy

switching based on group identity. A particularly interesting case could be

when individuals must pay a cost to switch strategies (which in some cases

can be thought of as a cost of discrimination against outgroup members).

The game space can also be further explored. I have studied primarily

well-known games like the Prisoner’s Dilemma and the Stag Hunt. How-

ever, other pairwise games may provide fruitful for analysis.
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CHAPTER 7

CONCLUSION

This dissertation has explored two challenges to sociological research

using behavioral trace data, along with empirical findings about intergroup

contact online and theoretical implications of homophily for cooperation.

There are important future directions to this work, several of which I outline

here.

Microlevel social contagion research must account for the opacity prob-

lem to properly estimate individual sensitivity to peer behavior. This in-

creased precision can directly improve the precision of estimates of so-

cial reinforcement. It can also be employed to better study complex con-

tagion. Accounting for opacity has the potential to facilitate a better ty-

pology of how behaviors, norms, fads, and social change spread through

social network by facilitating understanding of microlevel dynamics. Bet-

ter understanding of microlevel dynamics can also facilitate more accurate

macrolevel modeling: how far will cascades reach? Which nodes will ul-

timately refuse to adopt and stall cascade progress? Because cascades are

difficult to study experimentally, accounting for the opacity problem can

facilitate better understanding of macrolevel dynamics as well via under-

standing the heterogeneity in behavior. This heterogeneity is fundamental

to contagion research, being a core part of models dating at least to (85), but

is difficult to study in practice. Subsequent research can more directly ad-

dress the presence of and implications of heterogeneity in social contagion.
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Research into social segregation in online spaces is frequently difficult

because of data access, privacy, and data quality concerns. In public media

such as Twitter, an important challenge is obtaining predictions for social

interaction within and between groups. I have studied two approaches to

the problem: correcting group proportions post-hoc, or adjusting predic-

tions to account for the network. These approaches allow better inference

of intergroup contact and can be employed to more accurately study social

structure in online spaces. Future methodological work can focus on at least

two primary directions. First, there is the issue of using novel methodol-

ogy to improve prediction and inference quality. Methods for summarizing

graph properties such as node embeddings may prove useful in this direc-

tion. Secondly, there is the application of these results to offline measures of

social interaction, such as survey methodology found in the General Social

Survey. When an individual reports from memory the education, race, gen-

der, age, income, or occupation of a peer, there is the possibility for error.

When error is correlated with the network, intergroup contact may be esti-

mated with error much in the same way a prediction model would make an

error. There is the need for additional research on both of these topics.

Substantively, studying social segregation in online spaces is important

for many reasons. Among these are understanding the reproduction of of-

fline social segregation online, the presence of unique cross-cutting foci,

the presence or absence of informational echo chambers, the presence of

in-group social support in online communities, and the process of insular

communities generating harassing or other toxic behavior. The findings
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presented here about race and gender social segregation on Twitter indi-

cate that cross-gender interaction is more common in this online space than

is reported among discussion partners in the General Social Survey, while

cross-race interaction displays an asymmetric pattern: it is lower for Black

Twitter users and may be lower for White Twitter users. These findings sug-

gest that online spaces can facilitate greater cross-group interaction, but say

nothing as to the particular qualities of those interactions. Further research

is needed on this topic to better understand types of communication across

groups.

It is my hope that the work in this dissertation will meaningfully facili-

tate addressing these important questions.
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